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Foreword to the English Translation

This is a translation of the book that opens the series “Nonstandard Methods
of Analysis” in print by the Sobolev Institute Press at Novosibirsk.

Nonstandard methods of analysis consist generally in comparative study of two
interpretations of a mathematical claim or construction given as a formal symbolic
expression by means of two different set-theoretic models: one, a “standard” model
and the other, a “nonstandard” model. The second half of the twentieth century is
a period of significant progress in these methods and their rapid development in a
few directions.

The first of the latter appears often under the name coined by its inventor,
A. Robinson. This memorable but slightly presumptuous and defiant term, non-
standard analysis, often swaps places with the term Robinson’s or classical non-
standard analysis. The characteristic feature of Robinson’s nonstandard analysis is
a frequent usage of many controversial concepts appealing to the actual infinitely
small and infinitely large quantities that have happily resided in natural sciences
from ancient times but were strictly forbidden in modern mathematics for many
decades. The present-day achievements revive the forgotten term infinitesimal anal-
ysis which expressively reminds us of the heroic bygones of Calculus.

Infinitesimal analysis expands rapidly, bringing about radical reconsideration
of the general conceptual system of mathematics. The principal reasons for this
progress are twofold. Firstly, infinitesimal analysis provides us with a novel under-
standing for the method of indivisibles rooted deeply in the mathematical classics.
Secondly, it synthesizes both classical approaches to differential and integral cal-
culuses which belong to the noble inventors of the latter. Infinitesimal analysis
finds newer and newest applications and merges into every section of contemporary
mathematics. Sweeping changes are on the march in nonsmooth analysis, measure
theory, probability, the qualitative theory of differential equations, and mathemat-
ical economics.

The second direction, Boolean valued analysis distinguishes itself by ample
usage of such terms as the technique of ascending and descending, cyclic envelopes
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and mixings, B-sets and representation of objects in V(5), Boolean valued analysis
originated with the famous works by P. J. Cohen on the continuum hypothesis.
Progress in this direction has evoked radically new ideas and results in many sections
of functional analysis. Among them we list Kantorovich space theory, the theory
of von Neumann algebras, convex analysis, and the theory of vector measures.

The book [135], printed by the Siberian Division of the Nauka Publishers in
1990 and translated into English by Kluwer Academic Publishers in 1994, gave a
first unified treatment of the two disciplines forming the core of the present-day
nonstandard methods of analysis.

The reader’s interest as well as successful research into the field assigns a task
of updating the book and surveying the state of the art. Implementation of the
task has shown soon that it is impossible to compile new topics and results in a
single book. Therefore, the Sobolev Institute Press decided to launch the series
“Nonstandard Methods of Analysis” which will consist of the monographs devoted
to various aspects of this direction of mathematical research.

The present book opens the series and treats Boolean valued analysis. The
formal technique of the discipline is expounded in detail. The book also pays much
attention to studying the classical objects of functional analysis, namely, Banach
spaces and algebras by means of Boolean valued models.

This edition was typeset using ApS-TEX, the American Mathematical Soci-
ety’s TEX macro package.

As the editor of the series, I am deeply grateful to Kluwer Academic Publishers
for cooperation and support of the new project.

S. Kutateladze



Preface

As the title implies, the present book treats Boolean valued analysis. This
term signifies a technique for studying the properties of an arbitrary mathematical
object by means of comparison between its representations in two different set-
theoretic models whose construction utilizes principally distinct Boolean algebras.
We usually take as these models the classical Cantorian paradise in the shape
of the von Neumann universe and a specially-trimmed Boolean valued universe
in which the conventional set-theoretic concepts and propositions acquire bizarre
interpretations. Usage of two models for studying a single object is a family feature
of the so-called nonstandard methods of analysis. For this reason, Boolean valued
analysis means an instance of nonstandard analysis in common parlance.

Proliferation of Boolean valued analysis stems from the celebrated achievement
of P. J. Cohen who proved in the beginning of the sixties that the negation of the
continuum hypothesis, CH, is consistent with the axioms of Zermelo—Fraenkel set
theory, ZFC. This result by P. J. Cohen, alongside the consistency of CH with ZFC
established earlier by K. Godel, proves that CH is independent of the conventional
axioms of ZFC.

The genuine value of the great step forward by P. J. Cohen could be understood
better in connection with the serious difficulty explicated by J. Shepherdson and
absent from the case settled by K. Godel. The crux of J. Shepherdson’s observation
lies in the impossibility of proving the consistency of (ZFC) + (7 CH) by means of
any standard models of set theory. Strictly speaking, we can never find a subclass
of the von Neumann universe which models (ZFC) + (7 CH) provided that we use
the available interpretation of membership. P. J. Cohen succeeded in inventing
a new powerful method for constructing noninner, nonstandard, models of ZFC.
He coined the term forcing. The technique by P. J. Cohen invokes the axiom of
existence of a standard transitive model of ZFC in company with the forcible and
forceful transformation of the latter into an immanently nonstandard model by the
method of forcing. His tricks fall in an outright contradiction with the routine
mathematical intuition stemming “from our belief into a natural nearly physical
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model of the mathematical world” as P. J. Cohen phrased this himself [30].

Miraculously, the difficulties in comprehension of P. J. Cohen’s results gained
a perfect formulation long before they sprang into life. This was done in the famous
talk “Real Function Theory: State of the Art” by N. N. Luzin at the All-Russia
Congress of Mathematicians in 1927. Then N. N. Luzin said: “The first idea that
might leap to mind is that the determination of the cardinality of the continuum
is a matter of a free axiom like the parallel postulate of geometry. However, when
we vary the parallel postulate, keeping intact the rest of the axioms of Euclidean
geometry, we in fact change the precise meanings of the words we write or utter,
that is, ‘point,” ‘straight line,” etc. What words are to change their meanings if
we attempt at making the cardinality of the continuum movable along the scale
of alephs, while constantly proving consistency of this movement? The cardinality
of the continuum, if only we imagine the latter as a set of points, is some unique
entity that must reside in the scale of alephs at the place which the cardinality
of the continuum belongs to; no matter whether the determination of this place
is difficult or even ‘impossible for us, the human beings’ as J. Hadamard might
comment” [159, pp. 11-12].

P. S. Novikov expressed a very typical attitude to the problem: “...it might
be (and it is actually so in my opinion) that the result by Cohen conveys a purely
negative message and reveals the termination of the development of ‘naive’ set
theory in the spirit of Cantor” [192, p. 209].

Intention to obviate obstacles to mastering the technique and results by P. J.
Cohen led D. Scott and R. Solovay to constructing the so-called Boolean valued
models of ZFC which are not only visually attractive from the standpoint of classi-
cal mathematicians but also are fully capable of establishing consistency and inde-
pendence theorems. P. Vopénka constructed analogous models in the same period
of the early sixties.

¢

The above implies that the Boolean valued models, achieving the same ends
as P. J. Cohen’s forcing, must be nonstandard in some sense and possess some new
features that distinguish them from the standard models.

Qualitatively speaking, the notion of Boolean valued model involves a new
conception of modeling which might be referred to as modeling by correspondence
or long-distance modeling. We explain the particularities of this conception as
compared with the routine approach. Encountering two classical models of a single
theory, we usually seek for a bijection between the universes of the models. If
this bijection exists then we translate predicates and operations from one model to
the other and speak about isomorphism between the models. Consequently, this
conception of isomorphism implies a direct contact of the models which consists in
witnessing to bijection of the universes of discourse.

Imagine that we are physically unable to compare the models pointwise. Hap-
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pily, we take an opportunity to exchange information with the owner of the other
model by using some means of communication, e.g., by having long-distance calls.
While communicating, we easily learn that our interlocutor uses his model to op-
erate on some objects that are the namesakes of ours, i.e., sets, membership, etc.
Since we are interested in ZFC, we ask the interlocutor whether or not the axioms
of ZFC are satisfied in his model. Manipulating the model, he returns a positive
answer. After checking that he uses the same inference rules as we do, we cannot
help but acknowledge his model to be a model of the theory we are all investigating.
It is worth noting that this conclusion still leaves unknown for us the objects that
make up his universe and the procedures he uses to distinguish between true and
false propositions about these objects.|

All in all, the new conception of modeling implies not only refusal from iden-
tification of the universes of discourse but also admission of various procedures for
verification of propositions.

To construct a Boolean valued model, we start with a complete Boolean al-
gebra B, a cornerstone of a special Boolean valued universe V(B) consisting of
“B-valued sets” that are defined recursively as B-valued functions over available
B-valued sets. This V(B) will serve as a universe of discourse for ZFC. Also, we
appoint B as the target of the truth value sending each formula of ZFC to a member
of B. More explicitly, to each formula ¢ of ZFC whose every variable ranges now
over VB) we put in correspondence some element [] of the parental Boolean alge-
bra B. The quantity [¢] is the truth value of . We use truth values for validating
formulas of ZFC. In particular, every theorem ¢ of ZFC acquires the greatest truth
value 15, and we declare ¢ holding inside the model V(5.

This construction is elaborated in Chapters 1-3. Application of Boolean valued
models to problems of analysis rests ultimately on the procedures of ascending and
descending, the two natural functors acting between V(&) and the von Neumann
universe V. Preliminaries to the axiomatics of Zermelo—Fraenkel set theory are
gathered in the Appendix in order to alleviate the burden of the reader. This
Appendix also contains preliminaries to category theory.

In the concluding chapters we demonstrate the main advantages of Boolean
valued analysis: tools for transforming function spaces to subsets of the reals; oper-
ators, to functionals; vector functions, to numerical mappings, etc. Surely, selection
of analytical topics and objects and the respective applications to functional anal-
ysis is mainly determined from the personal utility functions of the authors.

We start with thorough examination of the Boolean valued representations of
algebraic systems in Chapter 4. The theory of algebraic systems, propounded in the
works by A. I. Maltsev and A. Tarski, ranks among the most vital mathematical

t The “E, Eir, and Em” of the celebrated Personal Pronoun Pronouncement seems by far
a better choice of pronouns for this paragraph (cf. [228]).
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achievements of general import. A profusion of algebraic systems makes information
on their Boolean valued representation a must for meaningful application to every
section of the present-day mathematics.

Of the same high relevance are the constructions of Chapter 5. Mathematics, in
any case mathematics as the Science of Infinity, is inconceivable without the reals.
Boolean valued analysis has revealed the particular role of a universally complete
Kantorovich space. It turns out that each of these spaces serves as a lawful and
impeccable model of the reals. Recall that L. V. Kantorovich was the first who
introduced Dedekind complete (that is, boundedly order complete) vector lattices
as fruitful abstraction of the reals in the thirties. These spaces are also called K-
spaces or Kantorovich spaces in memory of Leonid Vital’evich Kantorovich, a great
mathematician and a Nobel Laureate in economics. Considering the new objects,
L. V. Kantorovich propounded the heuristic transfer principle. Kantorovich’s prin-
ciple claims that the members of a K-space are analogs of real numbers and to
each theorem about functionals there corresponds a similar theorem about opera-
tors taking values in a K-space. Time enables us to ascribe a clear and rigorous
meaning to this heuristic transfer principle. The relevant tools, including the fun-
damental theorem by E. I. Gordon, comprise the bulk of Chapter 5. Here we also
expatiate upon the problem of Boolean valued representation for Banach space, the
central object of classical functional analysis. It turns out miraculously that the
so-called lattice normed spaces, discovered at the cradle of K-space theory, depict
the conventional normed spaces.

Chapter 6 deals with the theory of operator algebras. Boolean valued analysis
of these algebras is the direction of research originated with the pioneer works by
G. Takeuti. Study in this direction is very intensive in the recent decades. Our
exposition leans upon the results of Chapter 5 about Boolean valued representation
of lattice normed spaces. This approach enables us to treat in a unified fashion
various analytical objects such as involutive Banach algebras, Banach modules,
Jordan—Banach algebras, algebras of unbounded operators, etc.

Our book is intended to the reader interested in the modern set-theoretic mod-
els as applied to functional analysis. We tried to make the book independent to the
utmost limits. However, we are fully aware that our attempts at independence were
mostly foiled. Clearly, the topic of exposition needs the mathematical ideas and ob-
jects plenty above our ability to devour them. We nevertheless hope that the reader
will understand our problems and forgive unintentional gaps and inaccuracies.

A. Kusraev
S. Kutateladze



Chapter 1

Universes of Sets

The credo of naive set theory cherishes a dream about the “Cantorian paradise”
which is the universe that contains “any many which can be thought of as one, that
is, every totality of definite elements which can be united to a whole through a
law” or “every collection into a whole M of definite and separate objects m of our
perception or our thought” [26].

The contemporary set theory studies realistic approximations to the ethereal
ideal. These are suitable formal systems enabling us to deal with a wide spec-
trum of particular sets not leaving the comfortable room of soothing logical rigor.
The essence of such a formalism lies in constructing a universe that “approximates
from below” the world of naive sets so as to achieve the aim of current research.
The corresponding axiomatic set theories open up ample opportunities to compre-
hend and corroborate in full detail the qualitative phenomenological principles that
lie behind the standard and nonstandard mathematical models of today. ZFC,
Zermelo—Fraenkel set theory, is most popular and elaborate. So, it is no wonder
that our exposition proceeds mostly in the realm of ZFC. The reader, who desires to
recall the subtleties of the language and axioms of ZFC, will look at the Appendix.

In the present chapter we consider a formal technique for constructing uni-
verses of sets by some transfinite processes that lead to the so-called cumulative
hierarchies. This technique is vital for Boolean valued analysis. Of profound im-
portance is the detailed description of how the von Neumann universe grows from
the empty set. So, we thoroughly analyze the status of classes of sets within the for-
mal system stemming from J. von Neumann, K. Godel, and P. Bernays and serving
as a conservative extension of Zermelo—Fraenkel set theory.

Since the main topic of the book is conspicuously tied with Boolean algebra,
we start this chapter with the relevant preliminaries including the celebrated Stone
Theorem. For the sake of diversity, we demonstrate it by using the Gelfand trans-
form.
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1.1. Boolean Algebras

In this section we sketch the minimum about Boolean algebras which we need

in the sequel. A more explicit exposition may be found elsewhere; for instance, cf.
[74, 89, 171, 220, 250].

1.1.1. To fix terminology, we recall some well known notions.

An ordered set is a pair (M, <), where < is an order on M (see A.1.10). An
ordered set is also called a partially ordered set or, briefly, a poset. It is in common
parlance to apply all names of (M, <) to the underlying set M of (M,<). We
indulge in doing the same elsewhere without further circumlocution.

An upper bound of a subset X of a poset M is an element a € M such that
x < aforall x € X. A least element of the set of upper bounds of X is called a least
upper bound or supremum of X and denoted by sup(X) or sup X. In other words,
a = sup(X) if and only if a is an upper bound of X and a < b for every upper
bound b of X. By reversal, i.e., by passing from the original order < on a poset
M to the reverse or opposite order <~', define a lower bound of a subset X of M
and a greatest lower bound, inf(X) of X, also called an infimum of X and denoted
by inf X. If a least upper or greatest lower bound of a set in M exists then it is
unique and so deserves the definite article.

A lattice is an ordered set L in which each pair {z,y} has the join x V y:=
sup{z,y} and meet x A y:= inf{z,y}. Given a subset X of a lattice L, we use the

notation:
\/X:z sup(X /\X inf(X
\/xazz \/{xa:aEA}, /\xazz /\{xa:aEA},
acA a€A
\/ Tpi=x1 V... Vo, =sup{z1,...,ZTn},
/\ Tp=x1 N ... ANxp:=inf{xy,..., 2, }.
=1
Here (24)aca is a family in L, and 1, ..., x, stand for some members of L.

The binary operations join (x,y) — x Vy and meet (z,y) — = Ay act in every
lattice L and possess the following properties:

(1) commutativity:
tVy=yVzx, TANYy=yANcx;
(2) associativity:

zV(yVvz)=(xVy)V cAN(yNz)=(xAy)Az
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By induction, from (2) we deduce that every nonempty finite set in a lattice has
the join and meet. If every subset of a lattice L has the supremum and infimum
then L is a complete lattice.

A lattice L is distributive provided that the following distributive laws hold:

B) zA(yVz)=(zAy)V(zAz);

(4) zv(ynz)=(zVy A(zVz2).
If a lattice L has the least or greatest element then the former is called the zero
of L and the latter, the unity of L. The zero and unity of L are solemnly denoted
by 0 and 1. It is customary to use the simpler symbols 0 and 1 and nicknames
zero and unity provided that the context prompts the due details. Note also that
0 and 1 are neutral elements:

(5) OVz=2z, 1Az=u.
Specifying the general definitions, note also that \/ @ = sup@ := 0 and Ao =
inf @:= 1. A complement x* of a member x of a lattice L with zero and unity is
an element x* of L such that

(6) xAz*=0, zVaz*=1.
Elements x and y in L are disjoint if x Ay = 0. So, every element x is disjoint from
any complement z*. Recall by the way that a set U is disjoint whenever every two
distinct members of U are disjoint. Note finally that if each element in L has at
least one complement then we call L a complemented lattice. 1t is rather evident
that an arbitrary lattice L may fail to have a complement to each element of L.

1.1.2. A Boolean algebra is a distributive complemented lattice with zero and
unity.

The above definition looks somewhat strange at first sight. Indeed, it does not
reveal the reasons for whatever distributive lattice to be called an algebra since the
term “algebra” refers to conventional objects (cf. Lie algebra, Banach algebra, C*-
algebra, etc.). The arising ambiguity is easily eliminated because a Boolean algebra
is in fact an algebra over the two-element field. The principal importance of this
peculiarity is partially reflected in the subsection to follow. At the same time, it is
perfectly natural to view Boolean algebras in different contexts at different angles.
Below we will however treat a Boolean algebra primarily as a distributive comple-
mented lattice with zero and unity. It is worth emphasizing that the particular
Boolean algebras we deal with in functional analysis appear mostly as distributive
complemented lattices.

Note also that as a formal example of a Boolean algebra we may take the
one-element lattice; i.e., the singleton {z} with the only order relation z < x. This
algebra is called degenerate. A degenerate Boolean algebra is a noble instance of
an algebraic system but an unassuming simpleton in the context of Boolean val-
ued analysis we are interested in. The slimmest nondegenerate Boolean algebra 2,
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alternatively denoted by Zs, is the two-element lattice with the underlying set
{0,1},0 # 1, and the order 0 < 1, 0 < 0, and 1 < 1. Austerity notwithstand-
ing, the two-element Boolean algebra 2 plays an important role in the subsequent
chapters.

Therefore, speaking about a Boolean algebra B, we agree always to assume that
Op # 1p, i.e., we eliminate the degenerate algebras from the further consideration.

Each element x of a Boolean algebra B has a unique complement denoted by z*.
This gives rise to the mapping « — z* (x € B) which is idempotent (i.e., (Vz € B)
(x**:= («*)* = x)) and presents a dual isomorphism or an anti-isomorphism of
B onto itself (i.e., it is an order isomorphism between (B,<) and (B,<7!)). In
particular, the De Morgan laws hold:

(Vo= Ao (Aw)= Vo

a€cA a€cA a€cA a€cA

with z, € B for all o € A.

1.1.3. The three entities V, A, and %, living in every Boolean algebra B, are
jointly referred to as Boolean operations.

Recall that a universal algebra is an algebraic system without predicates. This
concept makes available another definition of Boolean algebra. Namely, a Boolean
algebra B is a universal algebra (B, V, A, x,0,1) with two binary operations V and
A, one unary operation %, and two distinguished elements O and 1 obeying the
conditions:

(1) V and A are commutative and associative;

(2) V and A are both distributive relative to one another;

(3) z and x* complement one another;

(4) 0 and 1 are neutral for V and A, respectively.
Conversely, given a universal algebra B of the above type, make B into a poset by
letting x < y whenever x Ay = = for z,y € B. In this event, note that (B, <) is
a distributive complemented lattice with join V, meet A, complementation %, zero
0, and unity 1.

1.1.4. Using the basic Boolean operations V, A, and *, we may define a few
other operations:

r—y:=xANy", z=>y:=x"Vy,
zoy=(@@-y)ANy—=z)=@Ay")V(yAz"),
rey==>yNy=>z)=(@" Vy Ay V).

We list several easy formulas of constant use in what follows:
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1) z=y=(@-y)", zey=(@Ary;

2)z=y=2)=@Ay)=z=(xAy)= (zA=2)

B) z<y=zeoarAy<zey—z<a’

4) z<ycor=y=1<zx—y=0;

B5) z=yeoresy=1<xAy=0.
It is worth observing that A, the so-called symmetric difference, has the properties
resembling a metric:

(6) zAy=0<x=y;

() zoy=yA

B)zry<(zxarz)V(zAy).
Moreover, the lattice operations become contractive with respect to this “metric,”
while complementation becomes an isometry:

(xVy)A(uVo)<(zAu)V(yAv),
(xAy) A (uhv) < (zAu)V(yAwv),
Ay =x Ay

1.1.5. A Boolean algebra B is complete (o-complete) if each subset (countable
subset) of B has a supremum and an infimum. By tradition, we speak of o-algebras
instead of o-complete algebras.

Associated with a Boolean algebra B, the mappings \/, A\ : #(B) — B are
available that ascribe to a set in B its supremum and infimum, respectively. These
mappings are sometimes referred to as infinite operations. The infinite operations
obey many important rules among which we mention the infinite distributive laws:

(1) xV /\ Lo = /\ TV Ta;

a€cA acA
(2) 2NV za=V Az,
a€cA acA

From (1) and (2) the following useful equalities ensue:

(3) ( \ Cl}a>:>1‘: N\ (zo = 2);

a€A acA
(4)(/\13a):>1’=\/(xa:>x);
a€A acA
(5) z= ( \E/A:):a) = \E/A(x = To);
©) = (A 5)= A (o= a0)

Ensured are also the commutativity and associativity of suprema and infima,
we mentioned earlier in some particular cases, cf. 1.1.1(1,2):
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(M) V Vizasg=V V zap;

a€A BeB BEB acA
B A Azap= A A zap;
a€A BeB BeEB acA

(9) \/( LEJAXQ) = \G/AVXQ;
(10) A(U Xa) = A AXa,

acA acA
where X, C B for all o € A.
Note that (1)—(6) hold in an arbitrary Boolean algebra, whereas (7)—(10) hold
in every poset on duly stipulating existence of the suprema and infima in question.

1.1.6. Consider some methods of arranging new Boolean algebras.

(1) A nonempty subset By of a Boolean algebra B is a subalgebra of B
if By is closed under the Boolean operations V, A, and *; i.e., {zVy,x Ay, z*} C By
for all x,y € By.

Under the order induced from B, every subalgebra B is a Boolean algebra
with the same zero and unity as those of B. In particular, By := {0p,1p} is
a subalgebra of B.

A subalgebra By C B is regular (o-regular) provided that for every set (count-
able set) A in By the elements \/ A and A A, if exist in B, belong to By.

The intersection of every family of subalgebras is a subalgebra too. The same
holds for regular (o-regular) subalgebras, which makes the definition to follow
sound.

The least subalgebra of B containing a nonempty subset M of B is the sub-
algebra generated by M. The regular (o-regular) subalgebra generated by M is
introduced in much the same manner.

(2) An ideal of a Boolean algebra B is any nonempty set J in B obeying
the conditions:

reJNyedJ —-zxzVyeEJ,
reJNy<z—yel

The set B,:= {x € B: x < a}, with a € B, provides an example of an ideal of B.
An ideal of this shape is called principal. If 0 # e € B then the principal ideal B,
with the order induced from B is a Boolean algebra in its own right. The element e
plays the role of unity in B.. The lattice operations of B, are inherited from B,
and the complementation of B, has the form z — e — z for all x € B.

An ideal J is proper provided that J # B. A regular ideal of B is often called
a band or component of B.
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(3) Take Boolean algebras B and B’ and a mapping h : B — B’. Say
that H isotonic, or isotone, or monotone if (z <y — h(x) < h(y)). (Note by the
way that an isotonic mapping from B to B’ with the opposite order is antitonic.)
Say that h is a (Boolean) homomorphism if for all x,y € B the following equalities
are fulfilled:

h(z Vy) = h(z) V h(y),
W Ay) = h(x) Ah(y),
h(z™) = h(z)".

Every homomorphism h is monotone and the image h(B) of B is a subalgebra
of B’. If h is bijective then we call h an isomorphism referring to B and B’ as
isomorphic Boolean algebras. An injective homomorphism is a monomorphism.
A homomorphism h (of B to a complete B’) is complete if h preserves suprema and
infima; i.e., h(sup(U)) = sup(h(U)) and h(inf(V)) = inf(h(V)) for all U C B and
V C B for which there are sup(U) and inf(V).

Assume given a set C' and a bijection h : B — C. We may then equip C
with an order by putting h(z) < h(y) whenever x < y. In this event C' turns into
a Boolean algebra and h becomes an isomorphism between B and C.

(4) Let J be a proper ideal of a Boolean algebra B. Define the equiv-
alence ~ on B by the rule

x~y = Ahyed (z,y€ B).

Denote by ¢ the factor mapping of B onto the factor set B/.J:= B/~. Recall that ¢
is also called canonical. Given cosets (equivalence classes) u and v, i.e., members of
B/ J; agree to write u < v if and only if there are = € u and y € v satisfying = < y.
We have thus defined an order on B/J. In this event B/J becomes a Boolean
algebra which is called factor algebra of B by J. The Boolean operations in B/.J
make ¢ a homomorphism. So, ¢ is referred to as the factor homomorphism of B
onto B/J.

If h : B — B’ is a homomorphism then ker(h) := {z € B : h(z) = 0} is
an ideal of B and there is a unique monomorphism ¢ : B/ ker(h) — B’ satisfying
go @ = h, where ¢ : B — B/ker(h) is the factor homomorphism. Therefore, each
homomorphic image of a Boolean algebra B is isomorphic to the factor algebra of
B by a suitable ideal.

(5) Take a family of Boolean algebras (Bgy)aca. Furnish the product
B:=[],ca Ba with the coordinatewise order or product order by putting x <y for
x,y € B whenever z(a) < y(a) for all @« € A. In this event B becomes a Boolean
algebra.
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Each Boolean operation in B consists in implementing the respective operation
in every coordinate Boolean algebra B,, i.e., it is carried out coordinatewise. The
zero Op and unity 1 of B are as follows: Og(«):= 0, and 1g(a):=1, (o € A),
where 0, and 1, are the zero and unity in B,. The Boolean algebra B is the
Cartesian product or, simply, product of (By)acA-

(6) We again assume given a family of Boolean algebras (Bg)aca-
Then, there are a Boolean algebra B and a family of monomorphisms ¢, : B, — B
(v € A) obeying the following conditions:

(a) The family of subalgebras (14 (Ba))aca of B is independent; i.e.,
every collection of finitely many nonzero elements zj € 14, (Bq, ), With ax # o for
k#1 and aq,...,a, € A, satisfies the condition z1 A ... Az, # 0;

(b) The subalgebra of B, generated by the union of 1,(B,), coin-
cides with B.

If a Boolean algebra B’ and a family of monomorphisms ¢, : B, — B’ (a € A)
obey the same conditions (a) and (b) then there is an isomorphism h of the algebra
B onto the algebra B’ such that 1, o h =1, (a € A).

We call the pair (B, (1a)aca) the Boolean product or tensor product of (By)aca
and denoted it by the symbol &), Ba-

(7) A completion of a Boolean algebra B is a pair (12, A) satisfying the
following conditions: (a) A is a complete Boolean algebra; (b) 2 is a complete
monomorphism from B to A; and (c) the regular subalgebra of A, generated by
1(B), coincides with A.

Naturally, A itself is also called a “completion” of B. Say that pairs (2, A)
and (¢/, A") are isomorphic if there is an isomorphism h : A — A’ such that h o
1 = 7/. All completions of B are isomorphic to one another and so each of them is
sometimes referred to as the completion of B. Avoiding circumlocution, we exploit
this advantage of the English usage to full extend in similar circumstances. The
completion of a Boolean algebra may be obtained for instance by using the classical
method of Dedekind cuts.

1.1.7. EXAMPLES.

(1) Given a nonempty set X, note that the inclusion ordered powerset
P(X) of X is a complete Boolean algebra. This algebra is often the boolean of X.
The Boolean operations on every boolean are the set-theoretic operations of union,
intersection, and complementation.

(2) Let X be a topological space. Recall that a closed and open subset
of X is called clopen. The collection of all clopen sets in X, ordered by inclusion,
is a subalgebra of the boolean &?(X). Denote this subalgebra by Clop(X). The
Boolean operations in Clop(X) are inherited from Z(X). Hence, they are set-
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theoretic. However, Clop(X) is not a regular subalgebra #(X); i.e., the infinite
operations in (X)) and Clop(X) may differ essentially.

(3) A closed subset F' of a topological space X is called regular if F' =
cl(int(F)); i.e., if F' coincides with the closure of the interior of F. By analogy,
a regular open set G is defined by the formula G = int(cl(G)). Let RC(X) and
RO (X) stand for the collections of all regular closed subsets and all regular open
subsets of X.

Equipped with the order by inclusion, RC (X) and RO (X) become complete
Boolean algebras. The mapping F' +— int(F') is an isomorphism between RC (X)
and RO (X). Despite RC (X) and RO (X) are included in the boolean Z(X), they
are not subalgebras of the latter. For instance, the Boolean operations on RC (X)
have the form

EVF=EUF, EAF=cl(int(ENF)), F*=cl(X—-F).

(4) Denote by Zor(X) the Borel o-algebra of a topological space X
(i.e., the o-regular subalgebra of the boolean Z?(X) generated by the open sets
of X). Consider the ideal 4" of Hor(Q(X)) comprising the meager subsets of X
(also called the first category sets in X). The factor algebra ZBor(Q(X)/A) is
a complete Boolean algebra called the algebra of Borel sets modulo meager sets or
briefly Borel-by-meager algebra.

We arrive at an isomorphic algebra if instead of PBor(Q(X)) we take the o-
algebra of sets with the Baire property. (A subset M of X has the Baire property if
there is an open set GG in X such that the symmetric difference M A G is a meager
set.) If X is a Baire space; i.e., if X lacks nonempty open meager subsets; then the
algebra in question is isomorphic to the algebra RC (X)) of regular closed sets.

(5) Assume given a o-complete Boolean algebra, % and a positive
countably additive function p : # — R. Countable additivity, as usual, means

that

oo oo

i Vo) =St

n=1 n=1
for every disjoint sequence (z,) of #. A function p with the above properties is
called a (finite) measure.

Let A = {z € # : u(x) = 0}. Then A is a o-complete ideal. There is

a unique countably additive function fi on the factor algebra B:= /.4 for which
= o, where ¢ : 8 — B is the factor mapping. The algebra B is complete,
and the function [ is strictly positive; i.e., p(x) =0 — z = 0. If p(x,y):= p(x A y)
then p is a metric, and the metric space (B, p) is complete. Assume that (X, %, )
is a finite measure space; i.e., X is a nonempty set, & is a o-complete subalgebra
in Z(X), and p is the same as above. The algebra B is called the algebra of
measurable sets by measure zero sets.
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(6) Assume that (X, %, ) is the same as in (5), and denote by M (u) or
M(X, A, 1) the set of the equivalence classes of p-measurable almost everywhere
finite functions on X. Recall that measurable functions are equivalent provided
that they may differ only on a measure zero set. Furnish M (u) with an order by
putting f < g if and only if f(z) < g(z) for almost all x € X. Here f is the coset
of f. In this event M (1) becomes a lattice. Denote by 1 the coset of the identically
one function on X. Put B:= {e € M(u) : eA(1—e) = 0}. Under the order induced
from M (u), the set B is a complete Boolean algebra with the following Boolean
operations:

cVe=c+e—c-e, cNe=c-e, ee=1—e (c,e€ B),

where +, -, and — stand for the addition, multiplication, and complementation
of M(u).

(7) Assume that H is a complex Hilbert space, and .Z(H) stands for
the bounded endomorphism algebra of H; i.e., the algebra of all bounded linear
operators from H to H.

Given a set A in Z(H), define the commutant A’ of A by the formula A" :=
{ITe Z(H): (VS e€A)(TS=ST)}. Define the double commutant or bicommutant
of A to be the set A" := (A’)’. A subalgebra A of Z(H) is selfadjoint whenever
TeA—T*e A. A von Neumann algebra is a selfadjoint subalgebra A of Z(H)
that coincides with the double commutant of A.

Consider a commutative von Neumann algebra A. Denote by PB(A) the set of
all orthoprojections belonging to A. Furnish PB(A) with the following order:

T<peon(H)CpH) (m,peP(A)).

In this event PB(A) becomes complete Boolean algebra whose Boolean operations
have the form:

TVp=mw+p—mwop, wAp=mop, w =Iyg—m.

1.1.8. COMMENTS.

(1) The theory of Boolean algebras originated from the classical work
by G. Boole “An Investigation of the Laws of Thought on Which Are Founded the
Mathematical Theories of Logic and Probabilities” [16, 17]. The author himself
formulated his intentions as follows: “The design of the following treatise is to
investigate the fundamental laws of those operations of the mind by which reasoning
is performed; to give expression to them in the language of a Calculus, and upon
this foundation to establish the science of Logic and construct its method....”

Pursuing this end, G. Boole carried out, in fact, algebraization of the logical
system lying behind the classical mathematical reasoning. In a result, he become
the author of the algebraic system omnipresent under the name of Boolean algebra.
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(2) The principal objects of G. Boole’s book are propositions. In the
modern language, the proposition algebra or sentence algebra is the Boolean algebra
resulting from identification of equivalent formulas in the set of all sentences of
propositional calculus. We may put this formally as follows:

Let .7 be a first-order theory based on classical (two-valued) logic. Furnish the
set of all sentences ® in the theory .7 with a preorder by putting ¢ < 1 whenever
the formula ¢ — v is a theorem of .7. Consider the associate equivalence ~ in ®:

o~ s p<PAP <@ (0 € D).

Arrange the factor set A(.7):= ®/~ with the induced order. In more detail, if |y
is the coset of ¢ € ® then |p| < |[¢| implies ¢ < 1. The resultant poset A(.7)
is a Boolean algebra called sometimes the Lindenbaum—Tarski algebra of . The
Boolean operations in the algebra A(.7) have the form

ol V [Y] = o VY,
[0l A Y] = | A,
[l ="l

Translation of the logical problems of formal theories into the language of the corre-
sponding Boolean algebras, the Lindenbaum—Tarski algebras, is called the Boolean
method.

(3) The classical ways of deduction (syllogisms, the excluded middle,
modus ponens, generalization, etc.) are constructs that originated from abstracting
the actual operations of mind in the process of reasoning.

Inevitably displaying the reality in rough, the two-valued logic provides, strictly
speaking, only an approximate and incomplete description for the laws of thought,
which explains interest in nonclassical logical systems. One of these systems is elab-
orated within intuitionism. Avoiding details, we briefly describe the corresponding
sentence algebra.

A pseudo-Boolean algebra is a lattice L with zero and unity in which to =z,
y € L there corresponds the pseudocomplement x = y of = relative to y.

By definition, the pseudocomplement x = y is the greatest of the elements
z € L obeying the inequality z A x < y. Hence, the following equivalence holds (cf.
1.1.4(3))

z<z=y—xNz<y (z,y,z€ L)

which may also be considered as the definition of z = y. A pseudo-Boolean algebra
is a distributive lattice. A complete lattice is a pseudo-Boolean algebra if and only
if the following distributive laws hold in it:

T A \/ To = \/ TANzxo (x,24 €L).

a€cA aEA
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The set of all open subsets of a topological space, ordered by inclusion, exhibits an
example of a complete pseudo-Boolean algebra.

A Brouwer lattice is another name for a pseudo-Boolean algebra. However,
the commonest title of a pseudo-Boolean algebra is a Heyting algebra. It may be
demonstrated that the Lindenbaum—Tarski algebra of intuitionistic logic is a Heyt-
ing algebra. Therefore, Heyting algebras are characteristic of intuitionistic logic
in much the same way as Boolean algebras are characteristic of classical logic (for
details, cf. [14, 204)).

(4) As exemplified by intuitionistic logic, study of some types of non-
classical logics leads to various classes of algebraic systems which are distributive
lattices. The most popular instances are as follows: an implicative lattice or pseu-
docomplemented lattice, a topological Boolean algebra (i.e., a Boolean algebra B
with the operation I : B — B obeying the interior azioms: I(x A y) = Iz A Iy,
r<y—Ir <Iy; I? =1, I0 = 0; and I1 = 1), a Post algebra, etc. (see [14,
69, 204]). A general theory of lattices is an established direction of research which
bears a firm and deep relationship with various branches of mathematics.

(5) Origination of all these logics or lattices is associated with “inves-
tigation of the laws of thought” in the spirit of the Boole design we have cited.
Analysis of the laws of the microcosm gives rise to a principally different type
of logic. The logic of quantum mechanics differs significantly from classical, intu-
itionistic, and modal logics.
An ortholattice is a lattice L with zero, unity, and a unary operation of ortho-
complementation (-)* : L — L obeying the following conditions:

w/\xl:O, x\/xlzl;

ztti= (2t =2

(zvy)t =zt Ay, (@Ay)t=ztvyt
A distributive ortholattice is a Boolean algebra.

We call two elements = and y orthogonal and write | y if x < y* or, which
is equivalent, y < . An ortholattice L is an orthomodular lattice or a quantum
logic provided that to all x,y € L, x < y, there is an element z € L such that z | z
and x V z = y, which amounts to the fact that x < y implies y = 2 V (y A 21).

The lattice of all closed subspaces of a Hilbert space with orthogonal comple-
mentation provides an example of quantum logic.

1.2. Representation of a Boolean Algebra

The Stone Theorem opens up a distinct possibility of representing a Boolean
algebra as the Boolean algebra of clopen subsets of a compact space. The basic
goal of this section is to prove this theorem and to describe some opportunities it
affords.
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1.2.1. Let 2 := Zy := Z({@}) := {0,1} be the underlying set of the two-
element Boolean algebra now viewed as a field with the following operations:

0+0:=0, 0+1=1+0:=1, 1+1:=0,
0-1=1-0:=0, 0:-0:=0, 1-1:=1.

Note that every member of 2 is idempotent.

Consider an arbitrary set B with the structure of an associative ring whose
every element is idempotent: (Vb € B)(b? = b). In this case B is called a Boolean
ring. A Boolean ring is commutative and obeys the identity b = —b for b € B.
Each Boolean ring is obviously a vector space and, at the same time, a commutative
algebra over 2. Recall that the unity of an algebra differs from its zero by definition.
So, we may and will identify the field 2 with the subring of a Boolean ring comprising
the zero and unity of the latter. We usually reflect the practice in symbols by
letting O stand for the zero and 1, for the unity of whatever ring. This agreement
leads clearly to a rather popular notational collision: the addition and multiplication
of 2 may be redefined on making 0 play the role of 1 and vice versa.

It is customary to endow a Boolean ring B with some order by the rule:

b1 < by < biby = by (bl,bg EB).

The poset (B, <) obviously becomes a distributive lattice with the least element
0 and the greatest element 1. In this event the lattice and ring operations are
connected as follows:

sVy=x+y+zy, TANYy=2xy.

Moreover, to each element b € B there is a unique b* € B, the complement of b,
such that

b»*Vb=1, b*Ab=0.

Obviously, b* = 1 4+ b. Hence, each Boolean ring is a Boolean algebra under the
above order.
In turn, we may transform a Boolean algebra B into a ring by putting

r4+y=xAry, zxy=xAy (z,y€ B).
In this case (B,+, -,0,1) becomes a unital Boolean ring whose natural order co-

incides with the initial order on B. Therefore, a Boolean algebra can be viewed as
a unital algebra over 2 whose every element is idempotent.
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1.2.2. Let B be an arbitrary Boolean algebra.

(1) A character x of B is a Boolean homomorphism or, which is the
same, a ring homomorphism y from B to 2. Denote by X(B) the set of all characters
of B and make X(B) into a topological space on furnishing it with the topology of
pointwise convergence. To put it more explicitly, the topology on X(B) is induced
by the product topology of 22, where we consider 2 with the unique compact
Hausdorff topology on this set, the discrete topology of 2. Recall that a topological
space X is connected whenever the only clopen subsets of X are @ and X. A
topological space X is totally disconnected provided that each connected subspace
of X is at most a singleton. The topological space 27, called sometimes a Cantor
discontinuum, is Hausdorff, compact, and totally disconnected. A topological space
with all these properties is a Boolean space. Evidently, X(B) is a closed subset of
28, Therefore, X(B) itself is a Boolean space. Say that the Boolean space X(B) is
the character space of a Boolean algebra B.

(2) Recall that a nonempty subset % of B is a filter on B provided
that

rEFNYeEF -xVyeF,
reEFNr<y—ye.ZF.

A filter other than B is proper. A maximal element of the inclusion ordered set of
all proper filters on B is an ultrafilter on B.

Let U(B) stand for the set of all ultrafilters on B, and denote by U (b) the set of
ultrafilters containing b. Introduce in U(B) the topology with base {U(b) : b € B}.
This definition is sound since it is easy to check that U(zAy) = U(x)NU(y) (z,y €
B); i.e., U(B) is closed under finite intersections. The topological space U(B) is
often referred to as the Stone space of B and is denoted by St(B).

(3) Denote by M(B) the set of all maximal (proper) ideals of a Boolean
algebra B. An ideal here may be understood in accord with 1.1.6(2) or in the
conventional sense of ring theory. Clearly, a set J in B is an ideal of B if and
only if J*:= {2* : x € J} is a filter on B. Moreover, J € M(B) < J* € U(B).
Therefore, the mapping J — J* is a bijection between M (B) and U(B). The set
M (B) is usually called the maxzimal ideal space of B and is always furnished with
the inverse image topology translated from U(B) which makes the mapping J +— J*
a homeomorphism.

1.2.3. Recall the prerequisites we need for applying the Gelfand transform in
the case of a Boolean algebra.

(1) A Boolean ring B is a field if and only if B is the pair of 0 and 1.
Hence, there is a unique Boolean field to within isomorphism; namely, 2.



Universes of Sets 15

< Indeed, a nonzero element x € B is invertible, and so the following implica-
tions hold:
zxt=1—zzz =12 t=2z—2z=1 >
Given x € X(B), denote by x* the mapping x — x(x)* (z € B). Obviously,
ker(x):={z € B : x(z) = 0} is an ideal, and ker(x)* is a filter.
(2) The mappings x — ker(x) (x € X(B)) and x — ker(x)* (x € X(B))
are homeomorphisms of X(B) onto M (B) and U(B), respectively.
< The mapping x — ker(x) is injective. If J € M(B) then B/J is a field and,
by (1), B/J is isomorphic to 2. Fix such an isomorphism A : B/J — 2; and put
X:= Aoy, where p : B — B/J is the factor mapping. Obviously, ker(y) = J and
so the mapping under discussion is bijective. The remaining claims are obvious. >

(8) For z in B to equal zero it is necessary and sufficient that x(b) = 0
for all x € X(B).

< Assume that © # 0. Then the principal ideal {y € B : y < x*} is proper,
and so it can be extended to a maximal ideal J € M (B). This claim, known as
the Krull Theorem, is immediate from the Kuratowski-Zorn Lemma (cf. A.3.9).
By (2), J = ker(x) for some y € X(B). Since = ¢ J; therefore, x(z) # 0. >

1.2.4. Stone Theorem. FEach Boolean algebra B is isomorphic to the Boolean
algebra of clopen sets of a Boolean space unique up to homeomorphism, the Stone
space of B.

< Denote by C(X(B),2) the algebra of continuous 2-valued functions on the
character space X(B) of B which is a Boolean space. The Gelfand transform ¥p
sends an element x € B to the 2-valued function

T:x—x(x) (x €X(B)).

Obviously, ¥5 : B — C(X(B),2) is a injective homomorphism, i.e., a monomor-
phism (cf. 1.2.3(3)). Take f e C(X(B),2) and put Vy:={x € X(B) : f(x) = 1}.
The set V¥ is clopen. By the definition of the topology of X(B), there are by, ..., b, €
B and cq,...,c € B such that

Vi={x e X(B):x(b,) =1 (n<k), x(cm) =0 (m <)}

Assign by:=by A...Abg,co:=c1 V...V, and b:= by Acj. The set V can be
presented as follows:

Vi ={x € X(B) : x(bo) =1, x(co) = 0}
={x € X(B): x(b) =1} = {x € X(B) : b(x) = 1}.
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Therefore, f = /Z;, and so ¥p is an isomorphism.

Assume now that )7 and Q2 are Boolean spaces such that the mapping h :
C(Q1,2) — C(Q2,2) is an isomorphism of these algebras.

If x is a character of C(Q2,2) then x o h is a character of C(Q2,2). Hence,
X — X © h is a homeomorphism between the character spaces.

On the other hand, the character space of C(Qg,2) is homeomorphic to Q.
The Boolean spaces (01 and ()5 are thus homeomorphic. It suffices to note that the
algebra C'(X(B),2) is isomorphic to the algebra of clopen sets of the space X(B)
and so, of the space U(B) as well. >

The isomorphism of this theorem between B and Clop(St(B)) is occasionally
called the Stone transform of B.

1.2.5. In the sequel we are mostly interested in complete Boolean algebras.
The notion of a complete Boolean algebra is closely tied with that of an extremally
disconnected compact space. Recall that a Hausdorff topological space X is ez-
tremally disconnected provided that the closure of each open set in X is open too.
Clearly, an extremally disconnected space is totally disconnected.

Ogasawara Theorem. A Boolean algebra is complete if and only if its Stone
space is extremally disconnected.

< Let B be a complete Boolean algebra. Assume further that h is an isomor-
phism of B onto the algebra of clopen sets of the compact space @ := St(B). Take
an open set G C Q. Since @ is totally disconnected; therefore, G = |J %, where %
stands for the set of all clopen subsets of G.

Put %"= {h Y (U):U € %} and b:= \/ %'. The clopen set h(b) is the closure
of G. Indeed, cl(G) C h(b) and h(b)\ cl(G) is open. If the last set is nonempty then
h(c) C h(b)\ cl(G) for some 0 # ¢ € B. This implies in turn that h(c) vV h(u) < h(b)
for all w € %', which contradicts the equality b = \/ . Consequently, cl(G) = h(b)
is an open set.

Assume now that the compact space @ is extremally disconnected. Let ¢ stand
for some collection of clopen subsets of @, and put G:= J¥. The set G is open and
the closure cl(G) of G must be open by the hypothesis about ). Obviously, cl(G)
is the least upper bound of ¢ in the Boolean algebra of clopen sets Clop(Q). >

1.2.6. EXAMPLES.

(1) The Stone space of the Boolean algebra {0,1} is a singleton. In
case a Boolean algebra B is finite, it has 2" elements for some n € N, and the Stone
space of B consists of n points.

(2) Take a nonempty set X. The Stone space of the boolean #(X) of
X is the Stone—Cech compactification 3(X) of X made into a discrete topological
space.
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(3) IfQ is a Boolean space then the Stone space of the algebra Clop(Q)
of all clopen subsets of () is homeomorphic to Q).

(4) Assume that B and B’ are Boolean algebras, and h : B — B’ is
a homomorphism between them. Denote the Stone transforms of B and B’ by
1 : B — Clop(St(B)) and ¢/ : B’ — Clop(St(B’)). There is a unique continuous
mapping 60 : St(B’) — St(B) such that

h(z) = ()70 (u()) (z € B).

The mapping h +— St(h):= 0 is a bijection between the sets of all homomorphisms
from B to B’ and the set of all continuous mappings from St(B’) to St(B). If B”
is another Boolean algebra and g : B’ — B” is a homomorphism, then St(g o h) =
St(h) o St(g). Moreover, St(Ig) = Isy(p)-

Denote by Boole the category of Boolean algebras and homomorphisms, and let
Comp stand for the category of Hausdorff compact spaces and continuous mappings.
Then the above may be paraphrased as follows (see A.3):

Theorem. The mapping . is a contravariant functor from the category Boole
to the category Comp.

Two important particular cases of the situation under consideration are worthy
of special attention.

(5) A Boolean algebra By is isomorphic to a subalgebra of a Boolean
algebra B if and only if the Stone space St(By) of By is a continuous image of the
Stone space St(B) of B.

(6) A Boolean algebra B’ is the image of a Boolean algebra B under
a homomorphism (or B’ is isomorphic with a factor algebra of B) (see 1.1.6 (4)) if
and only if the Stone space St(B') of B’ is homomorphic to a closed subset of the
Stone space St(B) of B.

(7) Assume that B := [] . Ba, with (By)aea a nonempty family
of Boolean algebras. The Stone space St(B) of B coincides with the Stone-Cech
compactification of the topological sum |J . St(Bas) x {a} of the Stone spaces
St(Bg) of B,

(8) Let B:= @,ca Ba be the Boolean product of a nonempty family of
Boolean algebras (cf. 1.1.6 (6)). Then the Stone space St(B) of B is homeomorphic
to the product [], . St(Ba).

(9) An absolute of a compact space X is a compact set aX meeting the
following conditions:

a€cA

(a) X is a continuous irreducible image of aX; i.e., there is a con-
tinuous surjection of a. X onto X whereas X is not a continuous image of any proper
closed subset of a.X;
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(b) every continuous irreducible inverse image of X is homeomor-
phic to aX.

If oB is the completion of a Boolean algebra B then St(oB) = aSt(B); i.e.,
an absolute of the Stone space of B is homeomorphic to the Stone space of the
completion oB of B.

1.2.7. An atom of a Boolean algebra B is a nonzero element a of B such that
{r € B:0 <z <a}=1{0,a}. In other words, a # 0 is an atom of B if a < x or
a < z* for whatever x € B.

An algebra B is atomic if to each nonzero element x € B there exists an atom
a < x. A Boolean algebra is atomless if it contains no atom.

Say that a Boolean algebra B is completely distributive if the following complete
distributive laws hold

/\ \/ Tmn = \/ /\ Tm, f(m)

meM neN fENM meM

for x,, , € B, with m and n ranging over arbitrary sets M and N. As usual, N M
is the set of all mappings f : M — N. Assuming M and N countable, say that B
is o-distributive or countably distributive (see 5.2.15(6) below).

Theorem. Let B be a complete Boolean algebra. The following are equivalent:
(1) B is isomorphic to the boolean &(A) of a nonempty set A;
(2) B is completely distributive;
(3) B is atomic.
< (1) — (2) It suffices to note that the set-theoretic union and intersection
obey the complete distributive laws.
(2) — (3) Consider a double family {x;; € B : b € B, t € 2}, where 2:= {0, 1},
Zp,0:= b", and xp 1 := b. In this case

1= /\ Tpo V Tp1 = /\ \/ Tt

beB beB te2

Since B is a completely distributive Boolean algebra; therefore,

1= \/{c(f) : f is a function from B to 2},

where ¢(f):= \/{z} ) : b € B}. This yields b= V{bAc(f): f € 2P} for b € B.
Hence, to a nonzero b € B there is some g € 28 such that bAc(g) # 0. On the other
hand, for arbitrary b € B and f € 27 only the following two cases are possible
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(@) f(b) =0 — mp ¢4y =b" — c(f) <" = bAc(f)=0,

(b) f(0)=1— x50y =b—c(f) <D
Therefore, if b # 0 then either b A ¢(f) = 0 or ¢(f) < b; i.e., ¢(f) is an atom of B
provided that ¢(f) # 0. However, there are sufficiently many nonzero ¢(f), and so
B is atomic.

(3) — (1) Denote by A the set of all atoms of B. Given = € B, denote by h(x)

the set of all atoms a € B such that a < x. The mapping h: B — (A) is clearly
an isomorphism. >

1.2.8. COMMENTS.

(1) The Stone Theorem shows that every Boolean algebra is perfectly
determined from its Stone space. In more detail, each property of a Boolean algebra
B translates into the topological language, becoming a property of the Stone space
St(B) of B. This way of studying Boolean algebras is the representation method.

(2) The basic idea behind the Stone Theorem remains workable in the
case of distributive lattices. For a distributive lattice L the role of the Stone space
St(L) of L is played by the set of all prime ideals (or filters) which is equipped with
a topology in a special way. Recall that a proper ideal J C L is prime whenever

xANyed —xeJVyel

The Stone spaces of distributive lattices may be used for constructing new lattices
and finding the topological meaning of lattice-theoretic properties (the representa-
tion method), cf. [14, 69, 204].

1.3. Von Neumann—Godel-Bernays Theory

The axiom of replacement ZF{ of Zermelo—Fraenkel set theory ZFC is in fact
an axiom-schema embracing infinitely many axioms because of arbitrariness in the
choice of a formula ¢. It stands to reason to introduce some primitive object that is
determined from each formula ¢ participating in ZF¥. With these objects available,
we may paraphrase the content of the axiom-schema ZF] as a single axiom about
new objects. To this end, we need the axioms that guarantee existence for the
objects determined from a set-theoretic formula.

Since all formulas are constructed by a unique procedure in finitely many steps,
we find highly plausible the possibility of achieving our goal with finitely many
axioms. It is this basic idea stemming from von Neumann that became a cornerstone
of the axiomatics of set theory which was elaborated by Godel and Bernays and is
commonly designated by NGB.

The initial undefinable object of NGB is a class. A set is a class that is a mem-
ber of some class. A class other than any set is a proper class. Objectivization of
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classes constitutes the basic difference between NGB and ZFC, with the metalan-
guage of the latter treating “class” and “property” as synonyms.

Axiomatic presentation of NGB uses as a rule one of the two available modifi-
cations of the language of ZFC. The first consists in adding a new unary predicate
symbol M to the language of ZFC, with M (X) implying semantically that X is
a set. The second modification uses two different types of variables for sets and
classes. It worth observing that these tricks are not obligatory for describing NGB
and reside routinely for the sake of convenience.

1.3.1. The system NGB is a first-order theory. Strictly speaking, the language
of NGB does not differ at all from that of ZFC. However, the upper case Latin
letters X,Y, Z, ..., possible with indices, are commonly used for variables, while
the lower case Latin letters are left for the argo resulting from introducing the
abbreviations that are absent in the language of NGB.

Let M(X) stand for the formula (3Y)(X € Y). We read M(X) as “X is
a set.”

Introduce the lower case Latin letters z, y, z, ... (with indices) for the bound
variables ranging over sets. To be more exact, the formulas (Vz)p(x) and (Fx)p(x),
called generalization and instantiation of ¢ by x, are abbreviations of the formulas
(VX)(M(X) — ¢(X)) and (X )(M(X) A o(X)), respectively. Semantically these
formulas imply: “¢ holds for every set” and “there is a set for which ¢ is true.” In
this event the variable X must not occur in ¢ nor in the formulas comprising the
above abbreviations.

The rules for using upper case and lower case letters will however be observed
only within the present section. On convincing ourselves that the theory of classes
may be formalized in principle, we will gradually return to the cozy and liberal
realm of common mathematical parlance. For instance, abstracting the set-theoretic
concept of function to the new universe of discourse, we customarily speak about
a class-function F implying that ' might be other than a set but still obeys the
conventional properties of a function. This is a sacrosanct privilege of the working
mathematician.

We now proceed with stating the special axioms of NGB.

1.3.2. Axiom of Extensionality NGB;. Two classes coincide if and only
if they consist of the same elements:

VXV X =Y & (VZ)(ZeX o ZEY)).

1.3.3. We now list the axioms for sets:
(1) Axiom of Pairing NGB,:

V) Vy)(Fz)(Vu)(u € z > u=aVu=y);
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(2) Axiom of Union NGB3;:
Vz)3y)(z€ey— Bu)(ucxzAzeu)),
(3) Axiom of Powerset NGBy:
(Vo) Ay)(V2)(z € y > 2 C a);
(4) Axiom of Infinity NGB5:
(Fz)(@exn(Vy)(y €z < yU{y}t €x)).
These axioms coincide obviously with their counterparts in ZFC, cf. A.2.3, A.2.4,
A.2.7, and A.2.8. However, we should always bear in mind that the verbal formu-
lations of NGB;-NGBj; presume a “set” to be merely a member of another class.
Recall also that the lower case Latin letters symbolize abbreviations (cf. 1.3.1).
By way of illustration, we remark that, in partially expanded form, the axiom of
powerset NGBy looks like
VX)(M(X)—= (IV)(MY)ANNZD)(M(Z)— (ZeY « Z C X)))).
The record of the axiom of infinity uses the following abbreviation
gex:=3y)yexn(Vu)(uéy)).
Existence of the empty set is a theorem rather than a postulate in NGB in much

the same way as in ZFC. Nevertheless, it is common to enlist the existence of the
empty set in NGB as a special axiom:

(5) Axiom of the Empty Set:

Fy)(Vu)(u ¢ y).
1.3.4. Axiom of Replacement NGBg. If X is a single-valued class then,

for each set y, the class of the second components of those pairs of X whose first
components belong to vy, is a set:

VX)(Un(X) — (Vy)3Fz)(Vu)(u € z — (Fv)((v,u) € X Av € y))),

where U, (X):= (Vu)(Vv)(Vw)((u,v) € X A (u,w) € X — v=w).
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As was intended, the axiom-schema of replacement ZF} turns into a single
axiom. Note that the axiom-schema of comprehension in ZFC (see A.2.5) also
transforms into a single axiom, the aziom of comprehension. This latter reads that,
to each set x and each class Y, there is a set consisting of the common members of
r and Y;

Vz)VY)32)Vu)(lue z—uexAuey).

The axiom of comprehension is weaker than the axiom of replacement since the
former ensues from NGBg and Theorem 1.3.14 below. However, comprehension is
often convenient for practical purposes.

The collection of axioms to follow, NGB7;—NGB3, relates to the formation of
classes. These axioms state that, given some properties expressible by formulas, we
may deal with the classes of the sets possessing the requested properties. As usual,
uniqueness in these cases results from the axiom of extensionality for classes NGB;.

1.3.5. Axiom of Membership NGBy;. There is a class comprising every
ordered pair of sets whose first component is a member of the second:

EX)VY)(V2)((y,2) € X <y € 2).

1.3.6. Axiom of Intersection NGBg. There is a class comprising the com-
mon members of every two classes:

VX)VY)F2)Vu)(ue Z sue X ANuey).

1.3.7. Axiom of Complement NGBg. To each class X there is a class
comprising the nonmembers of X :

VX)FY)Vu)(ueY < u ¢ X).

This implies the existence of the universal class U:= & which is the comple-
ment of the empty class &.

1.3.8. Axiom of Domain NGBg. To each class X of ordered pairs there
is a class Y := dom X comprising the first components of the members of X :

VX)EY)Vu)(ueY « (Fv)((u,v) € X)).

1.3.9. Axiom of Product NGB;;. To each class X there is a class Y :—
X x U comprising the ordered pairs whose first components are members of X :

VX)EY)Vu)(Vo)(u,v) €Y < ue X).

1.3.10. Axioms of Permutation NGB;> and NGB;3. Assume that o:=
(21,22,123) is a permutation of {1,2,3}. A class Y is a o-permutation of a class X
provided that (z1,x2,x3) € Y whenever (x,,,%,,,x,;) € X.
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To each class X, there are (2,3,1)- and (1, 3, 2)-permutations of X :

VX)3Y)Vu)(Vo)Vw)((u,v,w) €Y < (v,w,u) € X);
VX)3Y)Vu)(Vo)(Vw)((u,v,w) €Y < (u,w,v) € X).

The above axioms of class formation proclaim existence of unique classes, as
was mentioned above. It is so in common parlance to speak about the complement
of a class, the intersection of classes, etc.

1.3.11. Axiom of Regularity NGBi4. Each nonempty class X has a mem-
ber having no common elements with X :

VX)X #2—-Fylye X AnynX = 0)).

1.3.12. Axiom of Choice NGB5. To each class X there is a choice class-
function on X ; i.e., a single-valued class assigning an element of X to each nonempty
member of X :

VX)AY)Vu)(u£ D Aue X — () (veuA (u,v) €Y)).

This is a very strong form of the axiom of choice which amounts to a possibility of
a simultaneous choice of an element from each nonempty set.

The above axiom makes the list of the special axioms of NGB complete. A
moment’s inspection shows that NGB, unlike ZFC, has finitely many axioms. An-
other convenient feature of NGB is the opportunity to treat sets and properties
of sets as formal objects, thus implementing the objectivization that is absolutely
inaccessible to the expressive means of ZFC.

1.3.13. We now derive a few consequences of the axioms of class formation
which are needed in the sequel.

(1) To each class X there corresponds the (2, 1)-permutation of X :
VX)3Z)(Yu)(Yv)(u,v) € Z « (v,u) € X).

< The axiom of product guarantees existence for the class X x U. Consecu-
tively applying the axioms of the (2,3, 1)-permutation and (1, 3, 2)-permutation to
the X x U, arrive at the class Y of 3-tuples (alternatively, triples) (v,u,w) such
that (v,u) € X. Appealing to the axiom of domain, conclude that Z:= dom(Y) is
the sought class. >
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(2) To each pair of classes there corresponds their product:

(VX)(VY)(3Z2)(Vw)
(weZ— (FueX)(FveY)(w=(u,v))).
< To prove the claim, apply consecutively the axiom of product, (1), and the

axiom of intersection to arrange Z:= (U x Y) N (X x U). >

Given n > 2, we may define the class U™ of all ordered n-tuples by virtue of
1.3.13(2).

(3) To each class X there corresponds the class Z := (U™ x U™) N
(X xUm™):

VX)3Z)Vzx1)...(Ve)Yy1) .- - (YYm)
(1, Ty Y1y ooy Ym) € Z < (21,...,2p) € X).

(4) To each class X there corresponds the class Z := (U™ x U™) N
(U™ x X):

VX)3Z2)Vx1)...(Ve,)Vy1) .. (Vym)
(Y15 Yms 1,y ooy Tp) € Z < (T1,...,7p) € X).

< To demonstrate (3) and (4), apply the axiom of product and the axiom of
intersection. >

(5) To each class X there corresponds the class Z satisfying

V1) ... (V) Vyr) - - (Y Ym)
((T1, s T1, Y1y - s Ym, Tn) € Z — (21,...,2,) € X).

<1 Appeal to the axioms of permutation and the axiom of product. >

1.3.14. Theorem. Let ¢ be a formula whose variables are among X1, ..., X,
Y1,...,Y,, and which is predicative; i.e., all bound variables of ¢ range over sets.
Then the following is provable in NGB:

(VY1) ... (YY) B Z) (V) ... (V)
((331,...,1'”) € Z gp(xl,...,xn,Yl,...,Ym)).

< Assume that ¢ is written so that the only bound variables of ¢ are those
for sets. It suffices to consider only ¢ containing no subformulas of the shape
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Y € W and X € X, since the latter might be rewritten in equivalent form as
(Jz)(z = Y ANz € W) and (Ju)(u = X Au € X). Moreover, the symbol of
equality may be eliminated from ¢ on substituting for X = Y the expression
(Vu)(u € X < w € Y), which is sound by the axiom of extensionality. The
proof proceeds by induction on the complezity or length k of ; i.e., by the number
k of propositional connectives and quantifiers occurring in .

In case k = 0 the formula ¢ is atomic and has the form z, € z,, or z, € z,,
orz, €Y, 1 <y<n, l <m). If p:= x, € x, then, by the axiom of membership,
there is a class W satisfying

Va,)(Vx,) (2, z,) € Wi < x, € x,).

If p:= x, € x, then, using the axiom of membership again, we find a class W, with
the property
(Va,) (V) (z),2,) € W2 < ) € 1),

and apply 1.3.13(1). In result, we obtain a class W3 such that
(Va,)(Va,) (2, ;) € W3 < x, € x,).
Hence, in each of these two cases there is a class W satisfying the following formula:
O:= (Va,)(Va,)(x,,z) € W = p(z1,..., 20, Y1,...,Yn)).

By 1.3.13(4), we may replace the subformula (z,,z,) € W of ® with the con-
tainment (x1,...,2,—1,%,) € Z1 for some other class Z; and insert the quantifiers
(Vz1)...(Vx,—1) in the prefix of ®.

Let ¥ be the so-obtained formula. By 1.3.13 (5), there is some class Z5 for ¥
so that it is possible to write (z1,...,2,—1,2,,2,) € Z; instead of the subformula
(Z1,...,%, Tyg1,...,%,) € Zo and to insert the quantifiers (Va,41)...(Va,—1) in
the prefix of W. Finally, on applying 1.3.13(3) to Zs, find a class Z satisfying the
following formula:

V1) ...(Van) (21, ...y 2n) € Z = (a1, ... 20, Y1, ..., Y)).

In the remaining case of x, € Y, the claim follows from existence of the products
W:=1U""!xY;and Z:=W x U""*. This completes the proof of the theorem for
k=0.

Assume now that the claim of the theorem is demonstrated for all k& < p and
the formula ¢ has p propositional connectives and quantifiers. It suffices to consider
the cases in which ¢ results from some other formulas by negation, implication, and
generalization.
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Suppose that ¢ := 7. By the induction hypothesis, there is a class V' such
that
Vay)...(Vap)(x1,...,z0) €V o (a1, ..o, 20, Y1, ..., Yi)).

By the axiom of complement, the class Z := U — V := U\V meets the required
conditions.

Suppose that ¢:= 1) — 6. Again, by the induction hypothesis, there are classes
V and W making the claim holding for V' and 1 and such that

Va1)...(Van)((z1,- .-y xn) €W = (21, ..., 20, Y1, .., Yi)).

The sought class Z:=U — (VN (U — W)) exists by the axioms of intersection and
complement.

Suppose that ¢ := (Vz)1, and let V and ¢ be the same as above. Applying
the axiom of domain to the class X := U — V, obtain the class Z; such that

(Vzy) ... (Van)(z1, ..., xn) € Z1 < (Fz) " Y(21, s 0y Y1, .., Yin)).

The class Z:= U — Z; exists by the axiom of complement and is the one we seek
since the formula (Vz) ¢ amounts to "(3z)(7¢). >

1.3.15. Each of the axioms of class formation NGB7;—NGBj3 is a corollary to
Theorem 1.3.14 provided that the formula ¢ is duly chosen. On the other hand,
the theorem itself, as shown by inspection of its proof, ensues from the axioms of
class formation. It is remarkable that we are done on using finitely many axioms
NGB7-NGB;3 rather than infinitely many assertions of Theorem 1.3.14.

Theorem 1.3.14 allows us to prove the existence of various classes. For instance,
to each class Y there corresponds the class Z(Y) of all subsets of Y, as well as the
union |JY of all elements of Y. These two classes are defined by the conventional
formulas:

Vu)(ue 2(Y)—ucCY),
(Vu)(u e U(Y) — (Jv) (veY Auew)).
The above claims of existence are easy on putting ¢(X,Y):= X C Y and ¢(X,Y)

= 3V)(X € VAV €Y). Analogous arguments corroborate the definitions of
Z7Y im(Z), Z Y, Z“Y, X UY, etc., with X, Y, and Z arbitrary classes.

1.3.16. Theorem. FEach theorem of ZFC is a theorem of NGB.

< Each axiom of ZFC is a theorem of NGB. The only nonobvious part of the
claim concerns the axiom of replacement ZF§ which we will proof.
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Assume that y is not free in ¢ , and let {z,t, 21, ..., 2, } stand for the complete
list of variables in the construction of ¢. Assume further that, for all z, u, v,
21, ..., %m, the following formula holds:

(T, Uy 21y ooy Zm) NO(T,0, 21,00y 2m) — U= 0.

The formula is predicative since each bound variable of ¢ ranges over sets. By
Theorem 1.3.14, there is a class Z such that

(V)Vu)((z,u) € Z < oz, u, 21, ...\ 2m))-

This property of ¢ shows that the class Z is single-valued; i.e., Un (Z) is provable
in NGB. By the axiom of replacement NGBg, there is a set y satisfying

(Vo)(v ey« (Fu)((u,v) € ZAu € x)).
Obviously, y satisfies the desired formula
(Vz1)...(Vzm)(Yu)(v €y < (Fu € x) p(u,v,21, ..., 2m)). >

1.3.17. Theorem. Each formula of ZFC that is a theorem of NGB is a the-
orem of ZFC.

< The proof may be found, for instance, in [30]. It uses some general facts of
model theory which lie beyond the framework of the present book. >
Theorems 1.3.16 and 1.3.17 are often paraphrased as follows.

1.3.18. Theorem. Von Neumann—Godel-Bernays set theory is conservative
over Zermelo—Fraenkel set theory.

1.3.19. COMMENTS.

(1) Expositions of set theory are in plenty. We mention a few: [18, 26,
30, 32, 48, 55, 60, 73, 77, 83, 88, 94, 153, 166, 168, 208, 241, 254].
The formal theory NGB, as well as ZFC, is one of the most convenient and
simple axiomatic set theories. To survey other axiomatics, see [18, 55, 218, 254].

(2) Among the other axiomatic set theories, we mention the so-called
Bernays—Morse theory that extends NGB. Bernays—Morse set theory assumes the
special axioms NGB1—-NGBj;, NGB14 and the following axiom-schema of compre-
hension:

AX) VY)Y e X & M(Y)Np(Y, X1,...,Xn)),
with ¢ an arbitrary formula without free occurrences of X.

(3) Theorem 3.1.17 belongs to A. Mostowski. It implies in particular
that ZF is consistent if and only if so is NGB. The latter fact was established by
I. Novak and J. Shoenfield (cf. [217, 254 ]).

It is immediate from 1.3.14 that if the quantifiers of ¢ range over sets then
the axiom-schema of comprehension is a theorem of NGB. The Bernays—Morse set
theory allows quantification over arbitrary classes in the axiom-schema of compre-
hension. This theory may be enriched with the axiom of choice NGB5.
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1.4. Ordinals

The concept of ordinal is a key to studying infinite sets. It is designed for
transfinite iteration of various mathematical constructions and arguments as well
as for measuring cardinality. The topic of the present section is to explain how this
is done.

1.4.1. Consider classes X and Y. Say that X is an order relation or, simply, an
order on Y provided that X is an antisymmetric, reflexive, and transitive relation
onY.

The antisymmetry, reflexivity, and transitivity properties of a relation within
NGB are written in much the same way as in the language of ZFC (cf. A.1.10). An
order of X on Y is total or linear if Y x Y Cc X U XL

A relation X well orders Y or is a well-ordering on Y, or Y is a well ordered
class provided that X is an order on Y and each nonempty subclass of Y has a least
element with respect to X.

Classes X7 and X5, furnished with some order relations Ry and Rs, are similar
or equivalent if there is exists a bijection h from X; on Xs such that (z,y) € Ry «
(h(x),h(y)) € Ry for all z,y € X;.

1.4.2. By definition we let
(z,y) e B (xeyVa=y).

The class F exists by the axiom of membership NGB7 and Theorem 1.3.14. A mo-
ment’s thought shows that E is an order on the universal class U.

A class X is transitive (not to be confused with a transitive relation) if each
member of X is also a subset of X:

Tr(X):=Vy)(y e X -y CX).

An ordinal class is a transitive class well ordered by the membership relation. The
record Ord (X) means that X is ordinal. If x is a set and Ord (X ) then we call X an
ordinal. The terms “ordinal number” or “transfinite number” are also in common
parlance. Denote by On the class of all ordinals. We usually let lower case Greek
letters stand for ordinals. Moreover, we use the following abbreviations:

a<f=acf, a<fB=acfVa=4 ao+l:=aU{a}l.

If a < (@ then we say that a precedes 3 and (3 succeeds a. Using the axiom of
regularity NGB14, we may easily prove the following:
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1.4.3. A class X is an ordinal if and only if X is a transitive class well ordered
by membership.

< Assume that a transitive class X is well ordered by membership. Choose
a nonempty subclass Y C X and show that Y has a least element. There is at least
one element y € Y. If y = 0 then y is the sought least element in Y. If y £ 0 then,
by the axiom of regularity, there is an element = € y such that x Ny = 0.

In this case z is the least element of y because y is well ordered. Since the
class Y is well ordered by membership, x is the least element in the class Y as well.
Hence, X is an ordinal class. Sufficiency of the hypothesis is thus proven, while
necessity is obvious. >

Therefore, NGB and ZFC allow us to use a simpler definition of ordinal as
follows:

Ord(X) o Tr(X)ANVue X)Vve X)(uevVu=vVovEu).

It is worth observing that the equivalence of the above definitions of ordinal can
be established without the axiom of choice. Most of the properties of ordinals below
may be deduced without the axiom of regularity, using only the initial definition of
ordinal. This peculiarity, important as regards proof of consistency of the axiom of
regularity with the remaining axioms of ZF, is immaterial to our further aims.

1.4.4. In the sequel we use some auxiliary facts about ordinals which are listed
now.
Assume that X and Y are arbitrary classes.

(1) If X is an ordinal class, Y is a transitive class, and X # Y; then
the formulas Y C X and Y € X are equivalent.

< If Y € X then the class Y is a set and Y C X since X is transitive.

Conversely, assume that Y C X. Since X # Y therefore, Z:= X — Y # O.
The class Z has the least element x € Z with respect to the order by membership.
This implies that t N Z = @ or x C Y. Moreover, x C X since x € X and X is
a transitive class.

Take y € Y. Since X is totally ordered; therefore, x € y, or x = y, or, finally,
y € x. By transitivity of Y, the first two relations yield x € Y, which contradicts
the membership z € Z. Hence, y € x and so Y C z. Considering inclusion z C Y
proven above, conclude that x =Y and, finally, t =Y Azx e X =Y € X. >

(2) The intersection of every two ordinal classes is an ordinal class.

<1 This is obvious. >
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(3) If X and Y are ordinal classes then
XeYVX=YVY elX.

< Let the intersection X NY = Z coincide with none of the classes X and Y.
Then, according to (1) and (2), Z € X and Z € Y;ie,Z € XNY =Z. For Z € X,
however, the relation Z € Z is impossible. Hence, either Z = X and Y C X, or
Z =Y and X C Y. We are left with appealing to (1). >

1.4.5. Theorem. The following hold:
(1) Each member of an ordinal class is an ordinal;
(2) The class On is the only ordinal class that is not an ordinal;
(8) For every «, the set a+ 1 is the least of all ordinals succeeding ;
(4) The union of a nonempty class of ordinals X C On is an ordinal
class. If X is a set then the union | J X is an upper bound of the
set X in the ordered class On.

< (1) Take an ordinal class X and z € X. Since X is transitive, z C X and
so z is totally ordered by membership. Prove Tr(x). If z € y €  then z € X since
X is transitive.

Of the three possibilities: z = x, z € 2, and z € z, the first two result in the
cycles, z € y € z and z € y € x € z, each contradicting the axiom of regularity.
Therefore, z € z and so z € y — z € x; i.e., y C x, which proves Tr (x) and, at the
same time, Ord ().

(2) By 1.4.4(3), the class On is totally ordered; by (1), it is transitive. Hence,
Ord (On). If On were a set then On would be an ordinal, which leads to the
contradiction On € On.

Hence, On is an ordinal class but not an ordinal. For an arbitrary ordinal class
X, the formula X ¢ On yields X = On. Indeed, 1.4.4 (3) opens the sole possibility:
On € X, which contradicts the fact that On is a proper class.

(3) If « is an ordinal, then, obviously, the set a + 1 := a U {a} is totally
ordered. Given xz € a + 1, we obtain either z € o« or £ = «, and in both cases
x C a. However, @« C a+ 1. Hence, x C a+ 1, which proves that a4 1 is transitive.
All in all, @ + 1 is an ordinal and o < a4+ 1. If a < 3 for some 3 then a € 3 and
a C (B, ie.,aU{a} C 8. By 1.4.4(1), either aU{a} € f or aU{a} = . Therefore,
a+1<p.

(4) Assume that X C On. Take y € Y := |JX and choose z € X so that
y € x. Since x is an ordinal; therefore, y C x and, moreover, y C Y. The class On
is transitive (see (2)), and so x € X yields £ C On. Consequently, Y C On.

Thus, Y is a transitive subclass On, and so Y is an ordinal. If a € X then
a CY and, by 1.4.4(1), < Y. While if § is an ordinal and § > « for all « € X
then Y C fand Y < by 1.4.4(1). Hence, Y = sup(X). >
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1.4.6. The least upper bound of a set of ordinals x is usually denoted by
lim(x). An ordinal « is a limit ordinal if @ # @ and lim(«) = a.

In other words, « is a limit ordinal provided that o cannot be written down as
a =+ 1 with 8 € On. Let Kj stand for the class of all limit ordinals. The class
of nonlimit ordinals K7 is the complement of Kiy; i.e., K1:= On —Kj; = {a € On :
(36 € On) (o« = 4 1)}. Denote by w the least limit ordinal whose existence is
ensured by Theorem 1.4.5 and the axiom of infinity. It is an easy matter to show
that w coincides with the class of nonlimit ordinals « such that each predecessor of
« is also a nonlimit ordinal:

w={a€On:aU{a} € Ki}.

The members of w are finite ordinals, or positive integers, or natural numbers,
or simply naturals. This is why w is called the naturals in common parlance.

The least ordinal, the zero set 0:= &, belongs to w. The successor 1:= 041 =
0U{0} = {@} contains the only element 0. Furthermore, 2:= 1U{1} = {0} U{1} =

{0,1} = {0, {0}}, 3:= 2U {2} = {0, {0}, {{0, {0} }}, etc. Thus,
w:={0,{0},{0,{0}},...} = {0,1,2,...}.
The following notation is also used:
Ni=w— {0} = {1,2,...}.

Recall that it is a mathematical tradition of long standing to apply the term
“natural” only to the members of N. Historically, zero is “less” natural if not
“unnatural.”

The next theorem displays the basic properties of the naturals w which are
known as Peano’s axioms.

1.4.7. Theorem. The following hold:
(1) Zero belongs to w;
(2) The successor o + 1 of a natural « is a natural too;
(3) 0#a+1 for all o € w;
(4) If v and B inw and o+ 1 =+ 1 then o = [3;
(5) If aclass X contains the empty set and the successor of each mem-
ber of X then w C X.

1.4.8. Theorem (the principle of transfinite induction). Let X be a class
with the following properties:
(1) 0 e X;
(2) If o is an ordinal and o € X then a+ 1 € X;
(38) Ifz is a set of ordinals contained in X then lim(x) € X.
Then On C X.
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<1 Assume to the contrary that On ¢ X. Then the nonempty subclass On — X
of the well ordered class On has the least element o € On —X, which means that
aN(On—X)=0ora C X and a #0 by (1). If « € Ky, i.e., « = f+ 1 for some
B €O0n;then eaC X — € X and, by (2),a=pF+1¢€ X. In turn, if « € K7y
then from (3) we deduce o = lim(a) € X. In both cases o € X, which contradicts
the membership a € On —X. >

1.4.9. Theorem (the principle of transfinite recursion). Let G be some class-
function. Then there is a unique function F' satisfying
(1) dom(F') = On;
(2) F(a) =G(F | a) for all & € On, where F' | a:= F'N (a x U) is the
restriction of F' to a.
< Define the class Y by the formula

feY < Fnc(f)Adom(f) € OnA(Va € dom(f)) (f(a) =G(f | @)).

If f, g €Y then either f C g or g C f.

Indeed, if §:= dom(f) and ~y:= dom(g) then either 8 <~ or v < . Assuming
for instance that v < 8, put z:={a € On: a <y A f(a) # g(a)}. If z # 0 then z
contains the least element 9.

In this case for all & < § we obtain f(«
definition of Y, we however have f(d) = G(
f(0) =g(d) and 6 ¢ =.

This contradicts the choice of . So, z = 0; i.e., f(a) = g(a) for all a < 7,
which yields the required inclusion g C f. Put F:= Y. Obviously, F'is a function,
dom(F') C On, and F(a) = G(F | ) for all a € dom(F).

If @« € dom(F) then (o, G(F | «)) € f for some f € Y. Then a € [ :=
dom(f) C dom(F'). Since 3 is transitive, we obtain @ C dom(F'). Therefore, the
class dom(F') is transitive and, by 1.4.4(1), either dom(F) = On or dom(F) €
On. However, the latter containment is impossible. Indeed, it follows from ¢ :=
dom(F') € On that the function f:= F U {(d,G(F))} belongs to Y. Hence, f C F,
which leads to a contradiction as follows: f C F — dom(f) C dom(F) — § €
dom(F)=90.>

1.4.10. A binary relation R is well founded if the class R™1(x) is a set for
all x € U and to each nonempty x € U there is an element y € x such that
rN R (y) =0.

The last condition (on assuming the axiom of choice) amounts to the fact that
there is no infinite sequence (x,) with the property x, € R(z,41) for all n € w.
The membership € provides an example of a well founded relation. It is often
more convenient to apply the principles of transfinite induction and recursion in
the following form:

) =g(a);ie, f[d=g]ld By the
f10)and g(d) = ( [ §). Hence,
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1.4.11. Theorem. Let R be a well founded relation. The following hold:
(1) (induction on R) If a class X is such that for all x € U the formula
R™Y(z) C X implies x € X, then X = Uj;
(2) (recursion on R) To each function G : U — U there is a function F
such that dom(F) = U and F(z) = G(F | R™(x)) for all z € U.

1.4.12. Two sets are equipollent, or equipotent, or of the same cardinality if
there is a bijection of one of them onto the other. An ordinal that is equipotent to
no preceding ordinal is a cardinal. Every natural is a cardinal.

A cardinal other than a natural is an infinite cardinal. Therefore, w is the least
infinite cardinal.

Given an ordinal o, we denote by w, an infinite cardinal such that the ordered
set of all infinite cardinals less than w, is similar to «. If such a cardinal exists
then it is unique.

1.4.13. Theorem (the principle of cardinal comparability). The following
hold:
(1) Infinite cardinals form a well ordered proper class;
(2) To each ordinal «v there is a cardinal w,, so that the mapping « — wq
is a similarity between the class of ordinals and the class of infinite

cardinals;

(3) There is a mapping | - | from the universal class U onto the class
of all cardinals such that the sets x and |z| are equipollent for all
z € U.

< The proof may be found for instance in [168]. >

The cardinal |z| is called the cardinality or the cardinal number of a set x.
Hence, any set is equipollent to a unique cardinal which is its cardinality.

A set x is countable provided that |z| = wp:= w, and = is at most countable
provided that |z| < wy.

1.4.14. Given an ordinal «, we denote by 2¥= the cardinality of #(w,,); i.e.,
29 1= | P(wq)|. This denotation is justified by the fact that 2% and Z(X) are
equipollent for all x, with 2% standing for the class of all mappings from x to 2.

A theorem, proven by G. Cantor, states that |z| < |2*| for whatever set z. In
particular, w, < 2“« for each ordinal . In this case, appealing to Theorem 1.4.13,
we obtain wq41 < 29,

The generalized problem of the continuum asks whether or not there are
intermediate cardinals between w,41 and 2¥~; i.e., whether or not the equality
Wa+1 = 2¥ holds. For o = 0 this is the classical problem of the continuum.

The continuum hypothesis CH is the equality wy = 2%. Similarly, the general-
1zed continuum hypothesis GCH is the equality wqy1 = 2“~ for all a € On.
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1.4.15. Furnish the class On x On with some order that will be called canoni-
cal. To this end, take oy, ag, (1, P2 € On. Agree to assume that (a1, as) < (61, 52)
if one of the following conditions is fulfilled:
(1) a1 = p1 and ap = fo;
(2) sup{ai, s} < sup{fi,Ba};
(3) sup{ai,as} =sup{p1, B2} and ay < Bi;
(4) sup{ay,as} =sup{pf1, P2} and ay = B; and as < f.
Therefore, the pairs («, 3) are compared by using sup{a, 5}. Also, the set
of ordered pairs (a, 3) with the same sup{«, 8} has the lexicographic order. We
may easily prove that On x On with the canonical order is a well ordered class. By

analogy, we may define the canonical well-ordering on the class On x On x On and
SO on.

1.4.16. COMMENTS.

(1) The idea of transfinite ranks among the most profound and orig-
inal discoveries by G. Cantor. Using this idea, he created a powerful method for
qualitative analysis of infinity and penetrated deeply into its essence.

The notion of infinity can be traced in religious and philosophical doctrines
since the ancient times. The whole totality of the views of the infinite had howev-
er been a primarily humanitarian subject prior to G. Cantor who made the very
concept of infinity a topic of mathematical research.

Invoked and inspired by the Infinite, “Mathematics is the Science of Infini-
ty.” So reads one of the most popular definitions of the present-day mathematics,
witnessing the grandeur of the G. Cantor idea.

(2) The problem of the continuum stems from G. Cantor and is the first
in the epoch-making report by D. Hilbert at the turn of the twentieth century [20].
Remaining unsolved for decades, this problem gave rise to in-depth foundational
studies of set theory. In 1939 K. Gdodel established consistency of the generalized
continuum hypothesis with ZFC [59]. In 1963 P. J. Cohen proved that the negation
of the generalized continuum hypothesis is also consistent with ZFC. Each of these
results has brought about new ideas, methods, and problems.

(3) By G. Cantor, an ordinal is the order type of some well ordered
set x; i.e., the class of all ordered sets similar to z. Each order type, with the
exception of the empty set, is a proper class however. This peculiarity prevents
us from developing the theory of order types within NGB since it is impossible
to consider the classes of order types. The definition of ordinal in 1.4.2 leans on
choosing a canonical representative in each order type. This definition belongs to
J. von Neumann.

(4) In this section we present only the basic facts on ordinals; details,
and further information may be found in [115, 168].
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1.5. Hierarchies of Sets

Recursive definitions, basing on Theorem 1.4.9 or its modifications, bring
about, in particular, decreasingly (or increasingly) nested transfinite sequences of
sets which are known as cumulative hierarchies. Of a profound interest for our tasks
are the hierarchies appearing in the models of set theory.

1.5.1. Consider a set xy and two single-valued classes  and R. Starting with
them, we construct a new single-valued class G. To begin with, put G(0) := xg.
Further, if z is a function and dom(xz) = a + 1 for some a € On then we let
G(z):= Q(x(a)). Whereas if dom(x) = « is a limit ordinal then, to obtain G(x),
we “collect” the values of z(3) for § < « and apply R to the whole collection;
ie., G(z):= R(Jim(z)). In every remaining case we assume that G(z) = 0. By
Theorem 1.4.9 of transfinite recursion, there exists a single-valued class F’ satisfying
the conditions:

F(O) = Xy,
Fla+1) =Q(F(a)),
Fla) = R< U F(ﬁ)) (o € K1p).

B<a

Each F(a) is a floor of F, while F itself is a cumulative hierarchy. The union of
the class im(F), i.e. the class

U F(o):=]im(F),

a€eOn

is the limit of the cumulative hierarchy (F(«))acon-

1.5.2. In the sequel, we are interested only in the particular case in which
o is the empty set, R is the identity mapping of the universal class U, and @
is a class-function with dom(@Q) = U. In this case the cumulative hierarchies are
constructed inductively, starting with the empty set, by successively applying the
operation (). Varying (), we arrive at different cumulative hierarchies.

The least ordinal « for which x € F(a + 1) is called the (ordinal) rank of = in
the hierarchy (F(«))acon and is denoted by rank(z). This definition is justified by
Theorem 1.3.14 claiming that we may find a unique class rank obeying the condition

(Vz)(Vy)((z,y) € rank — o(z,y, F, On)),
with ¢ standing for the predicative formula

(JaeOn)(y=arze Fla+1)A(VBeOn)(ze F(B+1)— a<p)).
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In this event, Un (rank), dom(rank) = |Jim F', and im(rank) C On; i.e., rank is
a function from (Jim(F') to On. We abstain from inserting F' in the notation of
the rank of a set in F since the context always prompts us the hierarchy F' in what
follows.

1.5.3. As the simplest example, consider the case in which zog = 0, R = Iy,
and Q:= P, with P, sending = € U to the class P, (x) of all transitive subsets
of z. Since a transitive subset of an ordinal is an ordinal; therefore, Q(a) = o U
{a} =a+1and F(aa+ 1) = o + 1 for every ordinal a. If « is a limit ordinal then

Fla)=|J FB)= |J FB+1)= ] B+1l=0

B<a B+1<a B+1<a

Therefore, the limit of our increasingly nested cumulative hierarchy is the class of
ordinals On.

1.5.4. Assigning the role of @Q to the powerset operation & and taking xo =0
and R = Iy, we come to the familiar cumulative hierarchy (cf. the Appendix):

Vat1:= Z2(V,) (a € On),

V= U Vg (Oé € KH).
B<a

The class V := (J,con Va is the von Neumann universe. Note that the lower
floors of V are as follows: V; = £(0) = {0} =1, Vo, = Z(1) = {0,{0}} = 2,
Vs = 2(V2) = {0,{0}, {{0}}, {0, {0}}} # 3, etc.
1.5.5. The following hold:

(1) V4, is a transitive set for all & € On;

(2) VgeVyand Vg C V, for all a, B € On, B < o

(3) If x € y € V then rank(z) < rank(y);

(4) The class of ordinals On is included in V;

(5) rank(a) = « for all a € On;

(6) Ifz isaset and x C'V thenx € V.

< (1) Proceed by transfinite induction. For a = 0, the class Vp = 0 is a transi-
tive set. Assume proven that V,, is a transitive set. Since V1 = #(V,,), note that
Va41 is a set and, for all z and y, it follows from x € y € V41 that y C V,, and
x € V4. By the induction hypothesis, either x C V,, or x € V41, and so y C Vy41.
If « € K11 and V3 is a transitive set for all 5 < a; then, for all x € V,,, we have

@3f<a)(zeVs) — (3B <a)(rCVg) —=axCV,.
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Moreover, V, is a set as the union of a set of sets.

(2) Transitivity of V, is shown in (1). We are thus left with demonstrating
that V3 € V,, (8 < a). Proceed by transfinite induction on «.

In case o = 1, nothing is left to proof. Let > 1 and V3 € V,, for all 8 < a.
The inequality 6 < a+ 1 holds only if « = 3 or § < a. If a = 3 then

Vs =Vy€ P(V) = Vs

If 8 < « then, by the induction hypothesis, V3 € V,, and, by (1), Vo, C Vaqs.
Hence, V3 € V441. Given a limit ordinal o € Kfy, it suffices to note that Vg € V,
for # < a since

V@ S Vg_H C U V7 =V,

<o

(3) A moment’s thought shows that o = rank(z) if and only if x € V,41 and
x ¢ V. Hence, if x € y then y ¢ V,, and so y ¢ V,41. By definition, rank(y) > a.

(4), (5) Proceed again by transfinite induction.

In case o = 0 note that 0 € V) C V and rank(0) = 0 since 0 ¢ V.

Take o € V with rank(a) € . Then a+1 =aU{a} C V41, or a+1 €
P (Vas1) = Vaga. On the other hand, if « + 1 € V41 then aU{a} C V,, yielding
a € V,, which is a contradiction. Therefore, a+1 ¢ V,,+1 and so rank(a+1) = a+1.

Assume now that o € Ki1 and, for all 3 < «, it is established that § € V and
rank(3) = . In this event

a={BeOn:f<a}lC U Va1 C Ve,
B<a

whence o € V,41. Moreover, the membership a € V,, implies that a € V3 for
some (3 < a. Applying (3) and the induction hypothesis, we immediately arrive at
a contradiction: § = rank(3) < rank(a) < .

(6) Put ov:= sup{rank(y) : y € x}. Obviously, z C V41 and z € V42 C V. >

1.5.6. Theorem. The axiom of regularity NGB14 amounts to the equality
U =V, i.e., to the coincidence of the universal class and the von Neumann universe.

<1 Suppose that U = V and take a nonempty class X. There is an element
x € X with the least rank «; i.e., rank(z) = o and rank(z) < rank(y) for all y € X.
If w € x N X then, by 1.5.5(3), rank(u) < a = rank(z), which contradicts the
definition of a. Hence, x N X = 0.

Demonstrate now that the supposition V # U contradicts the axiom of regu-
larity. To this end, apply this axiom to the nonempty class U — V and find a set
y € U — V satisfying y N (U — V) = 0. The last equality yields y C V, whereas
from 1.5.5(6) we deduce y € V, which contradicts the choice of y. >
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1.5.7. Theorem. The following hold:

(1) induction on membership: If a class X has the property that x C X
implies x € X for every set x, then X = V;

(2) recursion on membership: If G is a single-valued class then there is
a unique function F' with domain V satisfying F'(x) = G(im(F | x))
forx € V;

(3) induction on rank: If a class X has the property that the inclusion
{y € V : rank(y) < rank(z)} C X implies the membership x € X
for every set x, then X = V.

<1 As shown in 1.5.6, the universe V coincides with the universal class U.
Therefore, all claims are immediate from 1.4.11 provided that the relations €:=
{(x,y) € V2 : 2z € y} and R:= {(z,y) € V2 : rank(z) < rank(y)} are well founded.
For the membership relation €, this follows from the axiom of regularity (cf. 1.4.10).

As regards R, proceed by way of contradiction. Take a sequence (zy,),c., With
x, € V such that z,41 € R(x,) for all n € w. Then the sequence of the ordinals
ay, = rank(z,,) would obey the condition a,+1 < a, (n € w) (cf. 1.5.5(3)). This
would contradict the fact that On is well ordered. Hence, R is well founded. >

1.5.8. Let ~ be an equivalence on a class W. The collection of all members
of W which are equivalent to some element of W is a proper class in general, which
is an obstacle to combining these equivalence classes into a unique factor class. We
may obviate the obstacle by using the ordinal rank.

Frege—Russel-Scott Theorem. There is a function F' : W — 'V such that,
for all x,y € W, the following holds:

F(z) = F(y) < a~y.
<1 By Theorem 1.3.14, there is a class F' such that, for all z,y € W, we have
(2,y) € F = @(a,y, W, ~, rank),
where the predicative formula ¢ is as follows
(Vz)(zey—zeW Az~ 2z A (Yu) (x~u — rank(z) < rank(u))).

Therefore, F' is a function, and F(x) stands for the class of sets z equivalent to z
and having the least possible rank.

If @ = rank(z) then F(z) € W N V,41. Hence, F(z) is a set. Moreover,
dom(F) = W, and for all z,y € W we have z~y « F(z) = F(y). Indeed, if
F(x) = F(y) then there is an element w in W satisfying x~w and y~w; i.e., x~y.
The reverse implication is obvious. >

It follows from the axiom of domain NGBjp and 1.3.13 (1) that to F' there
corresponds the class im(F):= {F(z) : x € W}. Call im(F) the factor class of W
by ~ and denote it by W/~; i.e., W/~:=im(F'). In this event we say that F is the
factor mapping or the canonical projection from W to W/~.
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1.5.9. Let B be a set with at least two members. Put Q:= 2®B) : z — B®
(x € V), where B” stands as usual for the set of all mappings from x to B. The
cumulative hierarchy arising in this case (cf. 1.5.1, with 2o = 0 and R = Iy) is

denoted by (VOEB))aeon. The resultant B-valued universe

vE.= | ] VP
a€On

is a subclass of V consisting of B-valued functions given on the sets of B-valued
functions. The conventional interpretation for the membership sign € in V&) yields
nothing of interest, since the set-theoretic membership u € v for B-valued functions
u and v holds only in trivial cases.

Happily, the hierarchies (V) and (VOEB)) differ significantly which circumstance
gives grounds for nonstandard interpretations of set theory in the universe V(5
This is elaborated in Chapter 2.

1.5.10. For the sake of completeness, we mention one more cumulative hier-
archy.

The following operations over sets are the Gddel operations (they are eight in to-
tal): pairing; (set-theoretic) difference; (Cartesian) product; the (2,3, 1)-, (3,2, 1)-,
and (1,3,2)-permutations (see 1.3.10); restricted membership = +— x?N €; and
domain z — dom(z).

Given some set or a set of sets x, define the Gédel closure clg(x) of = as the least
set containing X and closed under the Gddel operations. Assign Q(z):= Z(X) N
clg(x U {z}). The resultant cumulative hierarchy (Lq)acon is the constructible
hierarchy. The constructible universe is the class L:= [ L,; the elements of
L are constructible sets (for details see [83, 172]).

a€On

1.5.11. COMMENTS.

(1) It was J. von Neumann who first considered the cumulative hierar-
chy (Va)acon now named after him. The relativization of the axiom of regularity
to the von Neumann universe V is provable in the theory NGB\ NGBj4, which
implies that NGB14 is consistent with the rest of the axioms of NGB. Another
technique shows that the negation " NGBj4 is consistent with the axioms of NGB;
i.e., NGB14 is an independent axiom.

(2) If B is a complete Heyting lattice (cf. 1.1.8(3)) then the universe
VB) may be transformed into a model of intuitionistic set theory by using the
structure of B and the hierarchy (VOEB)). In particular, if B is a complete Boolean
algebra then we arrive at a Boolean valued model of set theory (more details will

appear in 2.1.10(3)).
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(3) If B:=[0,1] is the interval of the real axis then the class V(&) is
called the universe of Zadeh fuzzy sets or, briefly, fuzzy universe [157, 260-262].
This universe can provide a model for some set theory with an appropriate many-
valued logic, which may be of use for studying fuzzy sets.

(4) The constructible universe L is the least transitive model of ZFC
containing all ordinals which is called the Godel model. This universe satisfies the
axiom of choice and the generalized continuum hypothesis. Therefore, AC and
GCH are consistent with ZF.

The axiom of constructibility reads: “every set is constructible”; in symbols,
V = L. The relativization of the formula V = L to L is provable in ZF. Hence,
V = L is consistent with ZF. All these results, as well as the definition of con-
structible set, belong to K. Godel [59] (see also [83, 172]). The corresponding
assertions of consistency of the axiom of choice and GCH also hold for NGB (cf.
[30, 83, 168, 172]).

(5) It is proven in [234] that if B is a quantum logic (see 1.1.8(5))
then the universe V(&) serves as a model for some quantum set theory in the sense
analogous to that of Section 2.4 to follow. Treating quantum theories as logical sys-
tems, constructing quantum set theory and developing the corresponding quantum
mathematics is an intriguing and actual field of research, slow progress wherein
notwithstanding. Apparently, the adequate mathematical means and opportuni-
ties, together with sound reference points, are traceable within the theory of von
Neumann algebras proliferating numerous “noncommutative” branches (noncom-
mutative probability theory, noncommutative integration, etc.).
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Boolean Valued Universes

It is the use of various rather unconventional models of set theory that uni-
fies the available nonstandard methods of analysis. In particular, the technique
of Boolean valued analysis bases on the properties of a certain cumulative hierar-
chy V() whose every successive floor comprises all functions with domain on the
preceding floors and range in a complete Boolean algebra B fixed in advance.

Our main topic in the present section is the construction and study of the
hierarchy, i.e., the Boolean valued universe V&), The idea behind the construction
of V(B) is very simple. We first observe that the characteristic function of a set
is a good substitute for the set itself. Rising in the hierarchy whose limit is the
von Neumann universe and carrying out the successive substitutions, we arrive at
another representation of the von Neumann universe which consists only of two-
valued functions. Replacing 2 with an arbitrary Boolean algebra B and repeating
the above construction, we arrive at the desired V(8.

The subtlest aspects, deserving special attention, relate to elaboration of the
sense in which we may treat V(5) as a model of set theory. We set forth the basic
technique that lay grounds for Boolean valued analysis, i.e. the transfer, mixing,
and maximum principles.

Considerations of logical rigor and expositional independence have requested
an ample room for constructing a separated universe and interpreting NGB inside
V(B)_ The reader, interested only in solid applications to analysis, may just cast
a casual glance at these rather sophisticated fragments of exposition while getting
first acquaintance with the content of the present book.

2.1. The Universe over a Boolean Algebra

In this section we define a Boolean valued universe and the corresponding
Boolean truth values for set-theoretic formulas. We also present the simplest rele-
vant facts and details.
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2.1.1. We start with informal heuristic considerations facilitating acquain-
tance with some features of Boolean valued universes and truth values.

Recall that 2:= {0, 1} stands for the two-element Boolean algebra (as usual,
we refuse to distinguish between various representations of this simplest Boolean
algebra). Take an arbitrary set , a member of the von Neumann universe V, and
associate with x a certain (characteristic) function x, ranging in 2 and determined
(nonuniquely, in general) by the conditions that * C dom(x,) and x.(t) = 1
whenever t € x. Clearly, there are many sound reasons to identify x with any of
these functions y,.

To ensure that the members of the domain dom(x,) of a two-valued function
Xz are also interpretable as two-valued functions, we surely have to substitute the
appropriate characteristic function for each element on the floor V3, 8 < rank(z),
which includes dom(x,). Intending to serve so to the whole world of sets, i.e., the
universe V, we must start from the zero floor which is @.

Formalizing these observations, we come to the notion of the 2-valued universe:

V@)= {z:(3acOn) (zc V)],

where VO(Z) =0, V1(2) = {0}, 1/2(2) = {{@},({2},1)}, etc. In more detail, acting
by analogy with V and using recursion on membership, we define the cumulative
hierarchy

V%)= {z:Fnc(z) Aim(z) C 2 A (33 < a)(dom(z) € Vﬁ(z))}.

Obviously, V(2 consists of two-valued functions, in which case we associate
with each element x € V(?) the unique set z:= {y € V(® : z(y) = 1}. It worth
observing that distinct elements of V(2 may be assigned to the same set. For this
reason, we identify functions = and y € V(2 such that Z = §, neglecting formal
thorns and obstacles which are inevitable on this way.

Take arbitrary x,y € V(). By the identification agreement, the equality z = y
holds if and only if z = §. Furthermore, we naturally assume the formula x € y
holding whenever z € y. Putting [z = y]:= 1 and [z € y]:= 1 when & = y and
z € y hold, we let [x = y] := 0 and [z € y] := 0 otherwise. We then have the
following presentations:

[eyl= '\ wyt)Aftea],

tedom(y)

r=yl= \ c)=ltesln \/ y(t)=Iteal

tedom(x) tedom(y)
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It stands to reason to compare these formulas with the following propositions of set
theory:

u€Ev— (Fw)(wevAw=u),

u=ve Vw)(lweu—wev)A(wev—weE u).

2.1.2. Fix a complete Boolean algebra B which is of course an element of the
von Neumann universe V. The Boolean valued universe VB) over B arises as the
limit of the cumulative hierarchy, cf. (1.5.1), provided that zq:= 0 and R:= Iy,
while () is determined from the formula

y € Q(x) < Fnc (y) Adom(y) C x Aim(y) C B.

Therefore, the hierarchy (VCSB))aeon has the form

VO(B) =0,

Vogf% .= {y : Fnc (y) A dom(y) € V\®) Aim(y) C B},
ViB) .= U{VéB) B <al (a€ Kp).

By definition, we assign
ve— ] v®.
aeOn

Since the empty set is the function whose domain is void, we easily see that
the first and the second floors of the Boolean valued universe are Vl(B) = {0} and
VQ(B) = {0} U {(0,b) : b € B}. The ordinal rank of 2 € V) is further denoted by
p(x).

2.1.3. Since the membership relation y € dom(z) is well founded, the following
induction principle for V() ensues from 1.4.11 (1):

(V2 € VE)((Vy € dom(2))p(y) — ¢()) = (Yo € VE)p(x),
with ¢ standing for an arbitrary formula of ZFC.

2.1.4. Our nearest aim is to ascribe some truth value to each formula of ZFC
whose free variables are replaced with elements of V(2). The Boolean truth value
as a “metafunction” must act to B in such a way that every theorem of ZFC holds
“true” inside VB); i.e., it acquires the greatest Boolean truth value, the unity of
B denoted by 1.

To start, we define the Boolean truth value at the atomic formulas x € y and
x = y. This is done with the two class functions, [- € -] and [- = -], each acting
from V(&) x V(B) to B.

Given z,y € VB we put
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(1) [zey]l:= V yl)A[z=1],

z€dom(y)
(2) [r=v]:= A @) =lzczln A xz(z)=]zcy]
z€dom(y) z€dom(x)
Recursion on (p(z), p(y)) and the above formulas lead to the functions [- € -] and
[- = -] on assuming that On x On is canonically well ordered (see 1.4.15). Indeed,

considering the zero floor with (p(z),p(y)) = (0,0), obtain (cf. 1.1.1)

peo]=\/2=05 [0=0]=/\2=15

Now, given z € dom(y) or z € dom(z), observe that (p(z), p(z)) < (p(x),p(y)) or

(p(2),p(y)) < (p(2),p(y)), respectively.
It is also possible to choose another road and to proceed by transfinite recursion

1.4.9. Namely, granted the Boolean truth values of [u € v] and [u = v] for all
u,v € VCSB), take z,y € Vogf% and put

p=il= A (s> V s@rli=)

uedom(z) vedom(y)
pA (o= Vet alu=d),
vEdom(y) u€dom(z)

since dom(z) C VP and dom(y) C VP Now the Boolean truth value [x = 2] is
available for every z € dom(y) and so we may calculate

[zeyl= \/ w)Alz=a]
z€dom(y)

The case in which « is a limit ordinal causes no problem.

2.1.5. To elaborate the above recursive definition 2.1.4, we now inspect it in
more detail.
Choosing k:= 1,2, 3,4, put

e (4, v)
= \/{b € B:(Jecy,co,c3,¢4 € B)((u,v,¢1,c9,¢3,¢4) €Ex N =)}
Denote by 7 and 7y the functions that send each ordered 6-tuple (alternatively,

hezad) (u,v,cq,co,c3,c4q) to the first and second components, i.e., to u and v. With
this notation, we describe some single-valued class (). Given an arbitrary x € V,
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let the set Q(x) consist of all 6-tuples (u,v,cq,ca,c3,cq) satisfying the following
conditions:

Fnc(u), Fne(v), im(u)Uim(v)C B,

dom(u) C w{'z, dom(v) C ms'x;

by = \/ v(2) A3 (u, 2),

z€dom(v)
b=\ u() ATi(v,2)
z€dom(u)
by = by = /\ u(z) = m(z,v) A /\ v(z) = 72 (u, 2).
z€dom(u) z€dom(v)

By 1.5.1, we may find the cumulative hierarchy (F(«))acon satisfying

F(0)=(0,0,05,0p5,15,15),
Fla+1)=Q(F(a)) (a€ On),

Fla)= |J F(B) (a€ Kn).

B<a

The class X := im(F) is obviously a function with im(X) c B* and dom(X) =
VB x V(B
If P, : B* — B is the kth projection then we define

[-€-]:=PioX, [-=-]:=P;0X.

2.1.6. We now describe the way of treating every formula of set theory as
a proposition concerning the elements of a Boolean valued universe. In other words,
granted B, we intend to interpret the classical set theory in V(B) by using the
functions [- € -] and [- = -] of 2.1.4.

To this end, we first define the interpretation class I to be the class of all
mappings from the set of the symbols of variables in the language of set theory to
the universe V(5),

By the interpretation of a variable x we mean the valuation that assigns to
each v € I the element Z(v):= v(z).

As interpretations of the formulas x € y and x = y we choose the following
functions:

v [z(v) cg@)], v fzw) =g el
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Given a formula ¢(x1, . .., x,) with n free variables, we now define the interpretation
v — [p(z1(v),...,Zn(v))] by inducting on the length of ¢ in accord with the
following rules

[p(z) Ap(y)] - v = (2
[e(z) V)] v [p

[~p(@)] : v —
[[sO(x) vl v e

Z(
[(Vt)p(t, 2)] - v = N\{[p(t(V), 7
[Bt)et,2)] - v = \{lp((V), 2

whete @ = (21,1 2n), Y 7= (.- ortim)s EW) = @2 (@)r . En(0)), §O) =
(V). Um(v)), L(z) = {v/ € I : v(z) = V' (z)}, and all free variables of
the formulas ¢ and v are listed within t,z1,...,z, and t,y1, ..., ym, respectively.

Note that [¢(Z(v))] depends only on xk(u) =v(xk) (k:=1,...,n). Therefore,
we write [p(uq,...,uy,)] rather than [o(z(v))] = [e(Z1(v),. .., Zn(v))] provided
that uy:= z(v) € VB (k:=1,...,n).

Given a formula ¢(z1,...,2,) of ZFC and members u,,...,u, of V(&) we
call [¢(u1,... uy)] the Boolean truth value of ¢(uy,...,u,). We also agree that
the record VIB) = o(uy,...,u,) stands for the equality [¢(u1,...,u,)] = 15. In
this event we say that ¢ is satisfied inside VB) by the assignment of ui,...,u,
to 1,...,2, or simply that ¢o(uy,...,u,) holds inside V(B), Sometimes, we use
a formula ¢ that is expressed in the natural language; to mark this, we apply the
quotes: V(B) |= «p”

Observe also that the satisfaction sign |= occasionally inspires the use of

model-theoretic expressions like “V(B) is a Boolean valued model for ¢’ instead
of VIB) = o, etc.

2.1.7. The above concept of interpretation makes it possible to judge the ele-
ments of V(B). More convenient for this purpose appears however to be a somewhat
richer language than the original language of set theory.

Namely, the alphabet of the new language, the B-language for short, con-
tains an extra constant for each member of V(B). As usual, the elements of V(&)
are identified with the corresponding symbols of constants. We call the formu-
las and sentences of the B-language B-formulas and B-sentences. In this event
each B-formula (B-sentence) results from inserting values of V(5) in place of some
(respectively, all) free variables in a formula of set theory.

We now inspect the simplifications due to the B-language in the definitions
of Boolean truth values in 2.1.6. Namely, the Boolean truth value of a B-sentence
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may be obtained by putting

[o A7]:=[o] A7],
[ovr]:=[o] VI[r],

[~ol:= o],

[o = 1= o] = 7],
[(V2)e(@)]:= Nlp(w] : u e VI,
[B2)p(@)]:= \/{lpw)] : ue VP},

where o and 7 are arbitrary B-sentences, while ¢ is a B-formula with a single free
variable x.

A B-sentence o is true inside VB if [¢] = 1p, and we write V(&) |= o.
Without further specification, we apply both linguistic meanings of verity in V&),
i.e., those given in 2.1.6 and 2.1.7. We also use the same letters for denoting the
variables of B-language and the members of V(5.

If several Boolean algebras, B, C, ..., are considered simultaneously and there
is a necessity to distinguish between their details then, alongside with [¢], we write

[£]Z, []€, etc.

2.1.8. Theorem. If a ¢(uq,...,u,) Is provable in predicate calculus then
VB = o(xy,...,2,) for all 2y, ..., 2, € VB, In particular, for z,y,z € VB,
the following hold:

(1) [z =2] =1;

(2) z(y) <[y € «] for all y € dom(z);

(3) [z =) = [y = =);

@) [r=y]Aly=2] < [o = 2];

(5) [z ey]nfr=2] <[zey];

(6) [yex]nlz=z2]<[yez];

(7) [z =y] A[e(x)] < [e(y)] for every B-formula .

< It is an easy matter to show that the axioms of predicate calculus hold inside
VB and the rules of inference preserve satisfaction. Strictly speaking, if some
formulas @1, ..., ¢, imply ¢ in predicate calculus then [p1] A ... A [en] < [¢]-

We now prove (1)-(7).

(1) This is established by induction on the well founded relation y € dom(z).

By way of induction, assume that [y = y] = 1 for all y € dom(z). Using
2.1.4 (1), obtain

yezl= \/ z®)Alt=yl>z@)rly=y]=2(@),
tedom(x)
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and so, by 1.1.4 (4),

[r=a)= A sw=lead=1

yEdom(x)

(2) Considering 2.1.4 (1) and (1), for y € dom(x) we find

[y €z] > 2(y) Ay =y] = =(y).

(3) This is immediate from the definitions because of the symmetry of the
formula 2.1.4 (2) defining the Boolean truth value of equality.

Items (4)—(6) are demonstrated by simultaneous induction.

Denote by p(x,y, z):= (a, 8,7) € On® the permutation of the 3-tuple of ordi-
nals p(x), p(y), and p(z) such that & > 3 > ~. (The class On® is furnished with
the canonical well-ordering of 1.4.15.)

Take z,y, z € VB) and assume that inequalities (4)—(6) are true for all u, v, w €
VB if p(u, v,w) < p(z,y, 2).

We justify the induction step by cases.

(4) Consider t € dom(x). Since [z = y] < z(t) = [t € y], from 1.1.4(3) it
follows that

z(t) A Jr=y] <[t €yl
zt)N[z=yl A [y=2] <[tey]Aly= =]

On observing that p(t,y, z) < p(z,y, z) and applying the induction hypothesis for
(6), find

[teyln]y=2z] <[tez],
z(t)ANJy=z] ANy ==z] <[t € z].

Again use 1.1.4 (3) to obtain

implying

[x=y]A[y=2] < /\ z(t) = [t € 2].

Analogously,
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By 2.1.4(2), conclude that [z = y| A [y = 2] < [z = 2].
(5) Take t € dom(y). Clearly, p(t,x,2) < p(z,y, 2) and so, by the induction
hypothesis for (4), infer

yt) At =a] Az = 2] <y(t) At =2] <[z €y

By 1.1.5(2), this gives

tedom(y)

or [x=z] Az ey] <[zevy].
(6) Take t € dom(z) again to obtain

z(t) N[z ==z] <[tez],
[t=y]l hx@t)AN[zx=2] <[t=y] At € z].

Since p(t,y, z) < p(z,y, z), we may use the induction hypothesis for (5) and 1.1.5 (2)
to derive

rW Nz =2AN[t=yl <[y e =],

[e=21n \/ aAlt=vl<lye-=]

tedom(x)

Therefore, by 2.1.4 (1), [t = 2] A [y € 2] < [y € 2].

(7) This is proved by induction on the length of a formula on using the already-
established properties. >

As a corollary to Theorem 2.1.8 appear the following rules for calculating the
Boolean truth values of bounded formulas.

2.1.9. For every B-formula ¢ with a single free variable x and for every u €
VB) the following hold:

[Bzewe@)]= \/ u@)Alp@)],

vedom(u)

[(Vzewe@]= N u)=[p)]

vedom(u)

<1 These claims are mutually dual. In other words, replacing ¢ with —¢ and
applying the De Morgan laws, we transform one of the sought formula into the
other. So, it suffices to prove either of the claims, say, the first.
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By 2.1.8(2),

[Bzewe@]= \/  ul)Alp)].

vedom(u)
On the other hand, by 2.1.4 (1) and 2.1.8(7),

[Bzewe@]=\ \ u@Alt=v]Alp®)]

teV(B) vedom(u)

<V u) A e,

vedom(u)
which completes the proof. >
2.1.10. COMMENTS.
(1) Given a particular formula ¢ of set theory, ui,...,u, € V(&) and
b € B, we see that the expression [p(uq,...,u,)] = b is again a formula of set

theory.
In ZFC, however, the mapping ¢ — [¢] is not a definable class, admitting only
a metalinguistic definition. That is why we call it a “metafunction.”

(2) Boolean valued universes are used in proving relative consistency
of set-theoretic propositions as follows.

Suppose that some theories .7 and .7’ are extensions of ZF such that con-
sistency of ZF implies that of .7’. Assume further that we may define a Boolean
algebra B so that .7’ = “B is a complete Boolean algebra” and .7’ = [¢]? =1
for every axiom ¢ of the theory .7. In this case the consistency of ZF implies that
of 7 (see [11, 84, 209, 241]).

(3) Let © be a complete Heyting lattice (see 1.1.8(3)). Define the

pseudocomplement b* of an element b € by the formula z* := x = 0, with
= standing for the relative pseudocomplementation of 2. Slightly changing the
formulas of 2.1.4, define the truth values [- € -] and [- = -] which act from

V) x V) to Q. Understanding verity in V() in the same manner as in 2.1.6, it

is possible to show that in this event all theorems of intuitionistic predicate calculus
hold inside V) (cf. [54, 70, 238, 239)]).

2.2. Transformations of a Boolean Valued Universe

Each homomorphism of a Boolean algebra B induces a transformation of the
Boolean valued universe V(B). The topic to be discussed in this section is the
behavior of these transformations and, in particular, the manner in which they
change the Boolean truth value of a formula.
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2.2.1. Assume that 7 is a homomorphism of B to a complete Boolean alge-
bra C. By recursion on a well founded relation y € dom(z), we define the mapping
7 : VB — V(©) using the formulas dom(n*z):= {n*y : y € dom(z)} and

T v \/{7?(33(,2)) iz € dom(z), 7"z = v}.
If 7 is injective then ©* is also injective. Moreover,
'y — m(x(y)) (y € dom(z)).

< It is fully enough to establish that the restriction of 7* to VOEB) is injective
for an arbitrary ordinal a. To this end, assume that the claim holds for all § < a.
Let 2,y € VAP be such that 7*z = 7*y. In this event %z : 7%z — m(x(2))
(z € dom(x)) and 7*y : 7%z — 7w(y(2)) (2 € dom(y)). Therefore, we come to the
equality

{(m*z,m(x(2))) : 2 € dom(z)} = {(7"u, 7(y(u))) : u € dom(y)}.

Since the sets dom(z) and dom(y) lie in VB(B) for some B < «; therefore, 7* is
injective on each of these sets. Since 7 is injective, obtain

{(z,2(2)) : z € dom(2)} = {(u, y(u)) : v € dom(y)},

or, which is the same, z = y. >

A homomorphism 7 : B — C'is complete if m(\/ M) = \/ n(M) for every set
M C B.

Throughout this section 7 is a complete homomorphism from B to a complete
Boolean algebra C.

2.2.2. Theorem. The following hold:

(1) If p is a complete homomorphism of C' to a complete Boolean alge-
bra D then (pom)* = p*or*;

(2) If a homomorphism 7 is injective (surjective) then the mapping 7*
is injective (respectively, surjective);

(3) [r*z = m*y]¢ = 7([x = y]P) and [r*z € 7*y]¢ = 7([z € y]B) for
all z and y € V(B);

(4) [t € m2]9 = Vyevm m([u = z]P) A [t € n*u]€ for all z € VB)
and t € V(©),

< (1) Assume that (pom)*y = (p* o7*)y for all y € dom(z). Then, for
om)*y with y € dom(x), deduce (cf. 1.1.5(9)):

3
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((pom)*z)u
= \{(pom)(a(2)) : z € dom(z) A (p" om*)z = (p* o 7*)y}
= \/{p <\/{7r(x(z)) :z €dom(z), 2z = v}) :v € dom(m*z), p*v = (p* o)y}

= \/{p((ﬂ*w)(v)) :v € dom(7m*z), p*v = p*(7¥y)}
= (p"(7*z))(p"(7"y)) = ((p" o 7" )x)u.

Therefore, (p om)*z = p*(n*x), and the sought result follows from 2.1.3.

(2) The case of an injective m was settled in 2.2.1. Assume now that m is
a surjective mapping. In this case there are a principal ideal By of a Boolean
algebra B and a surjection p : C' — By such that p~! coincides with the restriction
7o of mto By. If x € V() then, by (1), x = [;x = (7 0 p)*z = n(p*x) € im(7}).
Hence, 7 sends V(o) onto V(©). Note also that V(5o) ¢ V(B) and the restriction
of 7 to V(Bo) coincides with 7.

(3) Proceed by induction on (p(z), p(y)), assuming that the class On x On is
canonically well ordered (cf. 1.4.15).

Suppose that the formulas in question are fulfilled for all u,v € V&) provided

that (p(u), p(v)) < (p(z), p(y)).

[r*z € m*y]
=V @wWalt=ra]l= \/ @y(r*2)Alr*z=r"a]
tedom(mw*y) z€dom(y)
= \/ <\/ {m(y(u)) : v € dom(y), 7*u = 7'('*,2}) A[r*z = m*x]
z€dom(y)
— \/ \/ {m(y(w)) A\ [r*z=7"z] : u € dom(y), 7"u = 7"z}
z€dom(y)
=V r@anu=ad=r( V sf=s)
u€dom(y) u€dom(y)
= 7([z € y]).

Note that analogous calculations come through in the case of the Boolean truth
value of equality (on successively applying 2.1.4 (1), 2.2.1, 1.1.5(10), and 2.1.4 (2)):

[m*x = 7*y]
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= A @y =slteradn N (@ 2)t) = [tery]

tedom(mw*y) tedom(mw*x)
= /\ (m*y)(n*2) = 17z € m*x]
z€dom(y)
AN (@E)(rte) = [z € 7y
z€dom(z)
= A Alryw) = r([ue2]) : u € dom(y), 7*u = 7"z}
z€dom(y)
A /\ /\{W(w(u)) = 7m([uey]):uedom(z), 77u=7"2}
z€dom(x)
= N r@w=eyhr A 7@ = [uea]) ==y
uedom(zx) uedom(y)

(4) By (3) and 2.1.8 (4), the following estimates hold for z € V(5) and t € V(©);

[t € m*x]
= \/ (m*x)(s) AN [s=1t] = \/ (m*x) (7 u) A [m¥u = t]
sedom(m*x) uedom(x)
<\ wlu=a))Alru=1
ueVI(B)
= \/ [7*u =7"z] A [r*u =t] <[t € 7*z],
ueV(B)

which completes the proof. >

2.2.3. Theorem. Let ¢(x1,...,x,) be a formula of ZFC, ui,...,u, € V(B),
and ™ be a complete homomorphism from B to C. Then the following hold:
(1) If ¢ is a formula of class ¥ and 7 is arbitrary then

m(lp(ur, ... ua)]?) < [o(mur, ..., m*un];

(2) Ify is a bounded formula and 7 is arbitrary, or 7 is an epimorphism
and  is arbitrary; then

7([e(u, ..., un)]?) = [e(m*us, ..., 7*u,)]°.

< The claim for atomic formulas ensues from 2.2.2.
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We settle the general case by induction on the length of ¢. A nontrivial step
occurs only when ¢ has the form (Fx)pg or (Vz)pg. It is in this case that we need
the additional hypotheses about ¢ and 7.

(1) Assume that we encounter a bounded universal quantifier in the induction
step; i.e., if ¢ has the form (Vo € u)po(x,u1,...,u,). Then, recalling 1.1.5(3,10),
proceed with the following chain of equalities:

[[90(71-*11’7 7T*U,1, ) 7-‘—*un)]]
= /\ (m*u)(z) = [polx, T U1, ..., 7 u,)]
xedom(m*u)
= /\ (m*u)(m*z) = [po(m x, ™ us, ..., 7 uy,)]
rxe€dom(u)
= /\ /\{ﬂ(u(z)):> loo(m*x, 7 us, ..., 7 uy,)] : 2 € dom(u), 7°z = 7z}

x€dom (u)

= /\ m(u(z) = [po(w,u1, - .., un)])

x€dom(u)

=7V € uwpo(x,ur, ..., un)] = wle(u,uy,...,u,)].
Furthermore, in the case of an unbounded existential quantifier we immediately
deduce from definitions that
[(3z)po(x, 7 uy, ..., 7 uy,)]
> \/{ﬂgpo(x, T Uy, .., T Uy)] € Im(7T) }
= \VAlpo(m*u, 7 uy, ..., 7un)] 1 u € VP
= \/{W(HSOO(U,Uh cu)l) sue VY = x([B2)po(x, ur, -, un)]).

(2) Note first of all that if 7 is a surjection then 7* is a surjection too; i.e.,
im(r*) = V(O (cf. 2.2.2(2)). Therefore, considering the formula ¢ := (3x)¢q,
obtain

[o(m uy, ..., 7" u,)]
= V{[eo(x, Uy, ..., mu,)] : z € VO =im(x*)}
= V{[eo(m*u, T us, ..., 7 uy)] : u € VIB}
= v{r([eo(u, u1, ..., un)]) : u e VB = n([p(us, ..., un)]).

The same arguments apply to each formula ¢ of type (Vz)po(z,u1,.. ., u,).
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If the existential quantifier under study is bounded, i.e., if p(uy, ..., u,) has the
form (3 € w)po(z,uy,. .., uy) with u,uy, ..., u, € VB); then (see the definitions
and 1.1.5(2,9)) we may proceed as follows:

[o(m u, 7 uy, ..., 7 uy)]
= \/ (m*u)(z) A [o(z, m U, ..., 7 uy,)]
z€dom(m*u)
= \/ (m*u)(m*x) A o (7™ x, m uq, . .., T Uy
x€dom (u)
= \/ \/{ﬂ(u(z)) Alpo(m s, 7wy, ..., muy,)] : 2 € dom(u), 7"z = T2}

zedom(u)

= \/ T (u(z) Aoz, u1, ..., un)]) = 7([e(u, ut, ... u,)]).

z€dom(u)
The case of a bounded universal quantifier was settled earlier. >

2.2.4. Corollary. Assume that 7, ¢, and uq, ..., u, are the same as in 2.2.3.
Assume further that one of the following conditions is fulfilled:
(1) p(x1,...,2y,) is a formula of class ¥, and 7 is arbitrary;
(2) = is an epimorphism and ¢(z1, ..., x,) is arbitrary.
Then
VB = o(uy, ... up) — VO = p(r*uy, ..., m*uy,).

2.2.5. Corollary. Assume that 7, ¢, and uq, ..., u, are the same as in 2.2.3.
Assume further that one of the following conditions is fulfilled:

(1) ¢ is bounded and w is a monomorphism;
(2) 7 is an isomorphism and ¢ is arbitrary.
Then
VB = o(uy, ... up) & VO = p(r*uy, ..., m*uy,).

2.2.6. We now consider an important particular case of the situation under
study.

Let By be a regular subalgebra of a complete Boolean algebra B. This implies
that By is a complete subalgebra, and the supremum and infimum of every subset of
By are the same irrespectively of whether they are calculated in By or B. In these
circumstances V(Bo) ¢ V(B) Moreover, denoting by ¢ the identical embedding of
By in B, we then see that ¢* is an embedding of V(Bo) to V(5.

If o(21,...,2,) is a bounded formula and uy,...,u, € VB then it follows
from 2.2.5 (1) that

AR Eo(ur, ... un) < V(B Fe(ur, ... un).
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Since the two-valued algebra 2:= {0, 1} may be viewed as a regular subalgebra
of the Boolean algebra B; therefore, the above applies to the universe V(2.

We shall see in the sequel that V(2 is naturally isomorphic to the von Neumann
universe V.

2.2.7. Given an arbitrary x € V, define the element z* € V(® ¢ V(B by
recursion on the well founded relation y € . To this end, put

dom(z"):={y" :y € x}, im(z"):={1p}.
From 2.2.2(3) it follows for z,y € V that
[z €y ]P €2, [+"=y"]" €2

The mapping = — x” (z € V) is the canonical embedding of V into the Boolean
valued universe V&), The elements of V&) of the form z" with z € V are standard.
Sometimes we call 2 the standard name of x in V(B),

2.2.8. Theorem. The following hold:
(1) Ifz € V andy € VB then

[yex'l=\{ly=u"]:ueaz)
(2) Ifz,y € V then
rey— VB ey, =y VB Eat =y

(3) The mapping x — z" is injective;

(4) To each y € V) there is a unique element x € V such that
VI = ah = y;

(5) If w is a complete homomorphism from B to C then m*x" = .CEQ,
where x € V and (-)” is the canonical embedding of V to V(©),

< (1) Straightforward calculation, together with the definitions of 2.1.4 and
2.2.7, gives

[yez"l= \/ 2"@®A[t=1y]

tedom(x”)

=\ 2 ) Al =yl = It =yl

tex tex

(2) Assume that, for all z € V with rank(z) < rank(y), the following hold:
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By (1), [z" € y"] = V{[t" = 2"] : t € y}. Since rank(t) < rank(y) for t € y, by the
induction hypothesis we conclude that [z* € y*] = 1 if and only if [t* = 2] =1
or t = x for some t € y.

By definition, we then have

ﬂmA:yA]]:/\tAey /\ﬂs S

tex s€y

and rank(s) < rank(y) for s € y. Therefore, from the above and the induction
hypothesis, deduce that the right-hand side of the last equality is equal to unity if
and only if ¢t € y for all t € x and s € x for all s € y; i.e., if x = y. Appealing to (1)
again, obtain

[y € "] \/{ |:tex}.

Hence, [y* € z"] = 1 holds only if [y* = t*] = 1 for some ¢t € x. The last
proposition amounts, by virtue of the above, to the proposition (3t € z)(t = y)
stating the membership y € x.

(3) This ensues from (2).

(4) Assume that y € V(? and to each ¢ € dom(y) there is an element u in V
such that [t = u"] = 1. Define x € V by the equality

r:={ueV:(3tedom(y))(ylt) =1A[u" =t]=1)}.

Granted u € x, obtain

[u” ey] = \/ yt) ANt =u"] = 1.

tedom(y)

Moreover, using the induction hypothesis, deduce for ¢t € dom(y) that

y(t) <[t € x"] \/ﬂt—u

ucw

Summarizing the above, conclude

[+ =yl= AN wt)=>Ttea']n Nlv ey]=1.

tedom(y) UET
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(5) Proceed by induction on the well founded relation y € z.
Assume that (Vy € z)(7*y" = yﬁ). Then
dom(m*z") = {y" : y € x} = dom(z").
Therefore, granted y € x, observe
(" a")(y") = (7" a")(7"y")
= \/{W(xA(yA)) cz €dom(z") ATtz =1y }

A

> r(2 (y") = 15 = 2" ().

A
Finally, 7*x" = 2, which justifies the induction step. >

2.2.9. Suppose that uq,...,u, € V, and p(z1,...,x,) Is a formula of ZFC.
Then

(1) lur, ... un) = VI Epu], ... up);
(2) If ¢ is a bounded formula then

plur, .y un) = VE = pug, . up);

(3) If  is a formula of class X1 then

o(ur, ..., un) — VB =@l ... ub).

< Note that only (1) has to be proven, since both (2) and (3) ensue from (1),
2.2.4(1) and 2.2.5(1).

Considering atomic formulas, find that (1) is a consequence of 2.2.8(2). In-
duction on the length of ¢ is nontrivial only when we encounter a new existen-
tial quantifier. We thus assume that ¢ has the form (Jz)y(z,uq,...,u,) and
[e(up,...,ur)] =1, with (1) holding for ¥). Then

1= \/{[[I/J(u,uf, cLu))]Prue V@Y

Therefore, [1(v,u},...,u))] = 1 for some v € V). By 2.2.8(4), there is an

element ug in V such that [uj = u] = 1. Hence, from 2.1.8 (7) we obtain

1=[Yug,...;up)] A v=1u5] < [¥(ug, ... up)]-

By the induction hypothesis, ¥ (uo, . .., u,). Consequently, ¢(u1,...,u,) holds too.
Conversely, if ¢(uq, ..., u,) then ¥ (ug, uq, ..., u,) for some ug € V. By the in-
duction hypothesis, [¢(ul,u?,...,u))] = 1. Since [(Fx)(z,up, ..., ul)] > [v(uf,

. n

uf,...,un)] by definition; therefore, [ (uy,...,u))] = 1. >

Y n
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2.2.10. COMMENTS.

(1) Let 4 be an ultrafilter in a Boolean algebra B. Denote by i’ the
ideal dual of &; i.e., &' := {b* : b € U}. Then the factor algebra B/’ has two
elements and we may identify it with the Boolean algebra 2:= {0, 1}.

The factor homomorphism 7 : B — 2 is not complete in general, and so
we cannot use 2.2.4 and 2.2.5 for revealing relationship between the truth values in
V(B and V(). If, however, 7 is complete (i.e., {1 is a principal ultrafilter) then from
2.2.5 it is evident that for every formula ¢(x1,...,2,) and all uy,...,u, € V(B)

we have
V(Z) |: 80(7'('*11/17 e W*un) “—> [[80(11,1, ey Un)]] € u;

since for b € B the equality 7(b) = 1 and the membership b € 4l are equivalent.

(2) Using factorization, we may arrange a model other than V2 given
the universe V(#) and an ultrafilter . Indeed, equip V) with the relation ~g by
the formula

~y = {(x,y) € VB x VB [z = ¢ € U},

Obviously, ~y is an equivalence on VB), Let V(B /§{ stand for the factor class
(see 1.5.8) of V(B) by ~y. We also endow V(B) /i with the binary relation

ey :={(Z,9) : 2,y e VB Az e y] € U},

where z — & is the factor mapping from V(5) to V(B) /§( It is possible to demon-
strate that
VB S o(F1, ..., 80) < [p(z,. . m0)] €4

for all zo,...,z, € V) and every formula o.

The reader familiar with the theory of ultraproducts will recognize in (2) the
celebrated Los Theorem (cf. [10, 27, 48, 83]). Other in-depth ties with the classical
model-theoretic constructions may also be revealed.

In (3) and (4) we arrange ultraproducts by factorizing an appropriate Boolean
valued universe.

(3) Let T be a nonempty set consisting of some (not necessarily all)
principal ultrafilters on a Boolean algebra B. As usual, denote by V7T the class of
all mappings from T to V. By 2.2.8 (4), to each z € V(?) there is a unique element
z¥ € V such that [(z¥)" = 2] = 1. We now define a mapping h : V(8) — VT by
putting

hz):={(t,mfz):t €T} (xe& V),

where 7; is the complete homomorphism from B to 2 determined by the ultrafilter ¢;
ie,m(b)=1ifbetand m(b) =0if b € ¢'. It is possible to demonstrate that h is
a surjective mapping. On the other hand, h is injective if and only if each element
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b € B belongs to some ultrafilter t € T'; i.e., (Vb € B)(3t € T)(b € t) (which means
that T' defines a dense subset of the Stone space of the algebra B, or that B is
atomic, or that B is isomorphic to the boolean & (T) of T).

The claim of injection is in fact the above mentioned Lo§ Theorem. In this
case for all uy,...,u, € VB and every formula ¢(z1,...,z,) we have

[o(ur,...,un)] <b— (VteT)([e(rful,...,mju,)]=1—bet).

(4) Assume that T is a set and 4l is an ultrafilter on the boolean Z(T)
of T. Let V(B) /i be the conventional ultrapower of the class V over 4 with the
factor mapping g : VI — VT /il (cf. 1.5.7). Put A(Z) := g o h(x), with h as
in (3) and z — Z the same as in (3). We have so defined some bijection A between
V(&) /s and VT /4. In this event, given a formula o(z1,...,z,) and functions
Uy, ..., up € VT, note

VT /= (i, ... 0) « {t €T :@uy(t),...,un(t))} € 4.

(5) It is worthwhile to compare 2.2.4 and 2.2.5 with the following propo-
sition.
Let M be a transitive model of ZFC; i.e., M is a transitive class that is a model
of ZFC. Assume further that ¢(x1,...,z,) is a bounded formula, ¥(x1,...,z,) is
a formula of class X1, and uy,...,u, € M. Then

(M ’: ¢(u17 .. '7“”)) = So(ulv .. '7u7’b)7
(M = Y(ut, ... un)) = (U, ...y up).

2.3. Mixing and the Maximum Principle

Consider a family of functions (f¢)ecz with domain A. If (A¢)ecz is a disjoint
family of subsets of A then we may define on A the function f whose restriction to
Ag coincides with the restriction of f¢ to A¢ for all £ € Z. This function is naturally
called the disjoint mizing of (fe¢)eez by (Ae)ee=.

Every Boolean valued universe is complete in the sense that it contains all
disjoint mixings of families of its elements. This peculiarity allows us to construct
various special elements inside V(B). We will now elaborate details.

2.3.1. A disjoint subset of a Boolean algebra is an antichain. In other words,
a subset A of B is an antichain provided that aq Aas = 0 for all distinct aq, as € A.
Accordingly, a family (a¢)eez is called an antichain if ag A a,, = 0 whenever £ # 7
for &,m € =.

An antichain A in B is a partition of an element b € B (and so a partition of
unity when b is the unity of B) provided that b =\/ A.
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Take an antichain (b¢)¢cz in a Boolean algebra B and a family (z¢)¢es in the
universe VB, The disjoint mizing or simply the mizing of (x¢) by (be) (or with
respect to (bg) or even with probabilities (b¢)) is an element z in V(B) meeting the
conditions

dom(z):= U{dom(x,g) £ €=}
2(t):=\/{b¢ Aze(t) : £ €} (t € dom(z)).

The last equality implies that x¢(¢) = 0 for ¢ € dom(z) — dom(z¢). Since o :=

supgez p(¢) € On; therefore, dom(x) C ng—)r Hence, the above formula indeed

determines a certain element z € V(5. The following symbolic notation is common:
mixeez(bewe ) = mix{bexe : £ € Z}:=x.

In order to study the basic properties of mixing, we start with proving an aux-
iliary fact.

2.3.2. Take z € VB) and b € B. Define the function bx by the rules:
dom(bz):= dom(x), bxr:t—bAz(t) (te dom(x)).
Then bz € VB : and, for all z,y € VB), the following hold:
[rebyl=0A[zey], [bxr=0by]=0bb=[z=1y].

<1 The first equality follows from straightforward calculation of Boolean truth
values on using the infinite distributive law 1.1.5(2).
Indeed,

retyl= \/ GpOAl=q]

tedom(by)

=bA \/ yt)At=z] =bA [z €y].

tedom(y)

Use the preceding equality and successively apply 1.1.4(2), 1.1.5(6), 1.1.4(4),
1.1.4(2), and 1.1.5(6) to derive the next chain of equalities

[bx = by]
= A O =[tebzln N (2)t)=[teby]

tedom(by) tedom(bx)
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= A\ @AyEN=GATeal)

tedom(y)

AN BAaz@)=0A[tEy])

tedom(x)

= A (bAy@®)=b)AbAYE) = [t €2])

tedom(y)

A /\ (bAz(t)) =b)A((bAZ(t) = [t €y])

= A =@t =lteahr N b= (z(t)=[tey])

tedom(y) tedom(x)
=b= [z =1y],

which completes the proof. >

2.3.3. Theorem (the mixing principle). Assume that (b¢)¢cz is an antichain
in B and (z¢)¢ez is a family in V(B). Put x:= mix¢e=(bexe). Then

ﬂx:xg]] >be (E€X).

Moreover, if (b¢)¢c= is a partition of unity and an element y € V(B) obeys the
condition [y = x¢] > be for all € € = then [z = y] = 1.

< By the definition of mixing, bex = bexe for all £ € =. Applying 2.3.2, deduce
1= [[bg:lf = bgl‘g]] = bg = [[1‘5 = :E]]

Therefore, [z = z¢] > be for all £ € E by 1.1.4(4).
Assume now that (b¢) is a partition of unity and [y = x¢] > be (£ € E). By
2.1.8 (4), note then that

be <[z =z AN [re=y]l <[r=y] (£€B).

Hence, observe
1:\/{b§:565}§[[x:y]]§1,
so completing the proof. >
2.3.4. Let € VB), Define £ € V(B by the rule

dom(z):=dom(z), z(t):=[te€z] (tec dom(x)).

Then VB |= ¢ = 7.
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<l The aim can be achieved by performing the following simple calculations
which use the definitions of 2.1.4 as well as 1.1.4 (4) and 2.1.8 (2):

[z = 7]
= N\ s@W)=[tez]ln N [teca]=[tecq]
tedom(x) tedom(x)
= /\ z(t) = ( \/ z(u) A Ju = t]])
tedom(x) uedom(z)
> N a)=ltes] =1

tedom(x)

This ends the proof. >

2.3.5. Assume given a partition of unity (b¢)ecz C B and a family (z¢)eez C
VB, Put x:= mixeez(bexe). Then the following hold:

(1) If (zg)ee= C VB and VIB) |= 2, = z¢ (€ € E) then

VI = 2 = mix(beat):

(2) If an element y € VB) is such that dom(y) = dom(x) and
y(t):=\/ be ATt € ze] (t € dom(y)),
EeE
then V(B) |= 1 = y.
< Put 2":= mix¢ez(bexg). By hypothesis,
be < e = L) Az = 2] A [} = #'] < 2 = o),
and so [z = 2'] = 1. Claim (2) follows from (1) and 2.3.4. >
2.3.6. Ifb € B and x € V5 then
[bx =z] =bV ][z =2], [br=2]=>0"V][z=2a].

In particular,
VB = bz = mix{bz, b*@}.
< Note that [t € bx — t € 2] = 1 since, by virtue of 2.3.2, [t € bx] =bA [t €
z] <[t € x]. Therefore, [bx =z < (Vt)(t € x — t € bx)] = 1. Using this equality,
proceed with the calculation
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br=a]= N [tea]=[tecba]
teVv(B)

= N\ [tea]"v(A[tea])

tev(s)

= /\ (bVtex])A([t € x]* V[t ex])

teVv(B)

= A bviteal*=bv A [teaf

teV(B) teVv(B)
=bV[(Vt)(t¢ )] =bV [z = 2]

On the other hand, appealing to 2.3.2 again and using the equality b@ = &, conclude
that
V'Vr=02)=b= [z =0] = [bx =b2] = [bx = 2]. >

2.3.7. Assume that (be) is a partition of unity in B and let a family (z¢) C
V(B) be such that VB |= x¢ # oy for all £ # 1. Then there is an element x in
V(B) satisfying [z = xe] = be for all €.

< Put x:= mix(bexe) and ag:= [z = z¢]. By hypothesis,
ag Nay = [z =z ANzy = 2] < [ze # 29]" =0

for & # 1. Moreover, by the properties of mixing, be < a¢ for all £. Hence, (a¢) is
also a partition of unity in B.
On the other hand,

bg = \/bng \/an:az,
n#¢ n#¢

and so bf < af — be > ag. Therefore, the partitions of unity (b¢) and (ag)
coincide. >

The following fact whose proof rests on mixing a two-element set often makes
it possible to diminish bulky calculations.

2.3.8. Consider B-formulas ¢(x) and 1(z). Assume that [p(ug)] = 1 for some
uo € VB, Then

[(V2) () = ()] = N{[¥(@)] :ue VP, Jp(u)] = 1},
[B2)(p(x) Av(@)] = Al @)] :ue VP, [p(w)] = 1}.

< Prove the first equality.
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To begin with, it is evident (cf. 2.1.7) that

ci=[(Va)(p(x) = v@)] = N [e®)] = ()]

tev(B)

< A OrvRel= \  ROl=d

tevV B [p(t)]=1 teVB), [p(t)]=1

To show the reverse inequality d < ¢, choose an arbitrary element ¢t € V(&) and
put u:= mix{bt,b*up}, where b:= [¢(t)]. Using 2.1.8(7) and 2.3.3, proceed with
estimation

b <[] At =u] <[e)],
b* < [e(ug)] A Ju = uo] < [p(u)].

Therefore, [o(u)] = 1.
Furthermore, by the same considerations,

bA[P(u)] < fu =t Ay()] < [v@)]

Hence, the following estimates hold:

[Y ()] < 6" v (OATY@)]) <™V [$()]
=b=[p®)] = [»®)] = [¥®].

Since d < [1(u)]; therefore, d < [o(t)] = [ (t)] (t € V(B)).

Passing to the infimum over ¢ on the right-hand side of the last inequality, find
d<e.

The second equality under proof is dual to the first and so it is easy to check
on applying the De Morgan laws (cf. 1.1.2). >

2.3.9. We intend now to establish the key result of the present section, the
maximum principle, which asserts that the least upper bound is attained at some
up € VB in the formula

[Ba)e(2)] = \{lpw] : ue V).

To begin with, recall a certain fundamental property of complete Boolean al-
gebras.

Let B be a complete Boolean algebra. A subset E of B minorizes a subset By
of B or is a minorant for By if to each 0 < b € By there is some x in E such that
0 <z <b. It is also in common parlance to call £ a minorizing, or minorant, or
cotnitial set to By.
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(1) Theorem (the exhaustion principle). Let M be a nonempty subset
of a complete Boolean algebra B. Assume given a subset E of B that minorizes
the band By of B generated by M. Then some antichain Ey in E exists such that
\V Eo = \/ M and to each x € Ey there is an element y in M satisfying x < y.

< Consider the set 2 of all antichains A obeying the following conditions: (a)
A C FE; (b) to each = € A there is some y € M satisfying z < y.

If 0 # y € M then, by hypothesis, y > x for some 0 # x € E. Hence, {z} € 2
and 2 is nonempty. The inclusion ordered set 2 clearly obeys the hypotheses of
the Kuratowski—Zorn Lemma. Therefore, there is a maximal element Fy € 2.

Show that the elements by:=\/ Ey and b:=\/ M coincide. It follows from the
definition of 2 that by < b. If by # b, then there are elements 0 # xy € B and
x € M such that xg Abg = 0 and x¢ < z. By hypothesis, 0 < y < x for some y € F.

The set EqgU{y} belongs to 2 and has essentially more elements than Ey. This
contradicts the fact that Fy is minimal, and so by = b. >

(2) Corollary. To each nonempty set M C B, there is an antichain
A C B with the following properties: \| A =\/ M and, given x € A, we may find y
in M such that © < y.

<1 Choose E:= UyeM[O, y| as a minorant for M and appeal to (1). >

2.3.10. Theorem (the maximum principle). Assume given uq,...,u, € V()
and a formula ¢(z,x1,...,2,) of ZFC. Then there is an element uy € VB) such
that

[[(El I)QO(J}, ULy« ooy un)]] = |IQO(U(), ULy ..oy un)]]
In particular, if VB = (32)p(z,u1,...,u,) then VB = o(ug,uy,. .., u,) for
some ug € VB),

<1 By definition,

b:=[3z)p(x,ur, ... uy)] = \/ lo(u, uy, ... u,)].

ueV(B)

The class A:= {[¢(u,u1,...,u,)] : u € VB)} is a subset of the Boolean algebra B.
By 2.3.9(2), there are a partition (b¢)¢ez of b and a family (ug)eez in V(B) obeying
the following conditions:

be < [p(ug,u, ... un)] (€ €E), b= \/{lp(ug,u1,...,un)]: £ €E}.

Put ug:= mixee=(beue) and recall that be < [ug = u¢] for all € € = by 2.3.3.
Obviously,
lo(uo, ury ... u,)] < b.
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On the other hand, applying 2.1.8 (7), obtain

be < [up = ue] A fe(ue, ur, ..., un)] < [e(uo, ..., un)]-

Therefore,

[[QO(U(),...,UR)]] > \/ bg =b.

EeE

The second claim of the theorem is an immediate consequence of the first. >

2.4. The Transfer Principle

In this section we show that the universe V(&) over a complete Boolean al-
gebra B, together with the Boolean truth values [- € -] and [- = -], serves as
a Boolean valued model of ZFC. In other words, we prove the following theorem.

2.4.1. Theorem (the transfer principle). Every theorem of ZFC holds inside
V(B): in symbols, VB) |= ZFC.

The demonstration of this theorem consists in proving the formulas V(&) =
ZF}, for k:=1,2,...,6 and, finally, V(B) = AC. Most effort is put into the routine
calculation of Boolean truth values which we give in full detail for the sake of rigor
and completeness.

2.4.2. The axiom of extensionality ZF, holds inside V(5):
VP = (Va)(Vy)(z =y« (V2)(z €z = 2 €y)).
< The proof is immediate from 2.1.9 and the definition of the Boolean truth

value of equality 2.1.4(2).
Indeed, given z and y in V(&) put

c:=clz,y)=[Vzex)(zey)]= /\ z(z) = [z € y].

z€dom(x)
Obviously, ¢(z,y) A c(y,z) = [x = y]. On the other hand,
(z,y) Aely,2) = [(V2)(z €7 = 2 € y)].
Hence, by 1.1.4 (5),
[t=y— (V2)(z€x—=zey)])=1 (z,yec VD),

Taking infima over z and y, complete the proof. >
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2.4.3. The axiom of union ZF5 holds inside V(8):
VB = (Vz)3y)(V2)(z €y — (Fu € z)(z € u)).

< Given z € VB) define y € VB by the formulas

dom(y):= U{dom(u) :u € dom(x)},
y(t):=[Fuez)(t eu)] (tedom(y)).

It suffices to show that [y = |Jz] = 1. By 2.1.9,

[y c | J2] = [(Vt € y)(Bu € 2)(t € )]
= A [Guea)teuw]=[Cue)(tcu)]=1

tedom(y)
Granted u € dom(z) and z € dom(u) and recalling 2.1.8 (2) and 2.1.9, observe that

z(u) ANu(z) <z(u) Az €u] < \/ z(u) A [z € u]

uedom(z)

=[Euezx)(zeuw]=yz) <[zey].
The above formula yields z(u) = (u(z) = [z € y]) = 1 (cf. 1.1.4(2-4)). Using this
equality together with 1.1.5(6) and 2.1.9, proceed with the calculation

ﬂUm Cyl=[Vuez)Vzeu)(z ey

= A :z:(u):>( A u(z):>[[z€y]])

u€Edom(x) z€dom(u)

= /\ /\ z(u) = (u(z) = [z €y]) =1.

u€dom(z) z€dom(u)

Therefore, [y = Jx] = 1, and so

[Bu=Ja]= V k=Uslz=J=1

ueV(B)

Passing to the infimum over € V(B) find the desired result:

(Vo) @w=U»l= A [Gnu=]l=1 >
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2.4.4. The axiom of powerset ZF3 holds inside V()
VB = (Vz)3y)(V2)(z €y — 2z C z).
< Given z € V(B)_ define y € VB ag follows:

dom(y):= Blom®),
y(z):=[zCz] (z€ dom(y)).

It suffices to show that [z € y +» 2z C 2] = 1 for every z € V(B),
Clearly,

[z €y] = \/ y(t) At =z] = \/ [t cz] At =2] <[z Cz].
tedom(y) tedom(y)

Hence, [z € y — 2z C 2] =1 by 1.1.4 (4).

We now must justify the equality [z C x — z € y] = 1. To this end, modify z
slightly; i.e., consider the element 2’ € dom(y) defined as follows: dom(z’) :=
dom(z) and 2/(t):= [t € 2] (t € dom(z’)).

Granted t € V(B obtain

[te?]= \/ 2 (u) At =] \/ [uez] Au=t] <[tez].
uedom(z’) uedom(z’)

Consequently, [2' C z] = 1.
On the other hand, from 2.1.8 (5) and 2.1.9 deduce

[teznal= \/ zAlt=ulAftez]l< \/ ZwAt=u]=][te]
u€dom(x) uEdom(z)

Hence, [z Na C 2] = 1 on appealing to 1.1.4 (4) once again.
Moreover,

[z Cz] = /\ [tez]=[tex] < /\ 2(t) = [t € x]

teVv(B) tedom(z’)
=[(Vte)(ter)]=[ Ca] =y() <[ €yl
Summarizing all that was said about z and z’, infer
[rcz]<[znzCZ]A[ C]A]zCz] <[z=7],
[z cz] <[ €]
The last two formulas immediately yield
[zcz]=[zCcz]A]z=7] <[/ ey]n]z=7] <[z €y];

i.e., [z C 2] < [z € y], which amounts to the sought result by 1.1.4 (4). >



70 Chapter 2

2.4.5. The axiom of replacement ZF} holds inside VB,

VO (Vu) (Vi) (Voz) (o, 01) A p(u,v2) — v1 = v)
— (Vo) 3y)(VE)(Vs € z)(p(s,t) —~ t €y)).

< The axiom of replacement is deducible from the axiom of separation (cf.
A.2.5) and the formula

O:= (Va)(Vt € x)(Fu)p(t,u) — Fy)(Vt € z)Bu € y)p(t,u))

(y is not a free variable in ¢); i.e., AW — ZFY, where ¥ is the axiom of separation.
Therefore, it suffices to show that V(B) = & and V(B) = ¥,

(1) VB == (V2)3y) (Vi) (t €y« t € z Ap(L)).
Take z € V() and consider the function y € V(5 defined the formulas

dom(y):= dom(x),
y(@):= ) A[p@©)] (¢ € dom(y)).
Then [(Vt)(t €y <t € x AY(t))] = a A b where

= (Vi€ y)t e np(B)], b= [Vt a)(b(H) — ¢ € )]
From 2.1.8(2) and 2.1.9, it is however immediate that a = b = 1. Indeed,

a= N y®)=[teanp)]

tedom(y)

= A z®)A[R®]=[te ] A[pE)] = 1.

tedom(y)
By analogy,

b= A\ a(t) = (W0 = [tey)

tedom(x)

= A s®ARO]=[tea] @] =1.

tedom(x)

(2) V&) = o,
Let = be an arbitrary element of V&), Since B is a set; therefore, for every fixed
t € dom(x), so is the class

K:={[e(t,w)] :ue VB} c B.
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The axiom of replacement for sets (i.e., in V) implies that there is an ordinal
a(t) such that

{let,w)] :ue Vofgg} =K.

Put a:= sup{a(t) : t € dom(x)} and define y € V(B) by the formulas
dom(y):= V), im(y) = {1}.

Note now that y is a sought element, as follows from the easy calculations:

(Vi€ n)Guetuw] = N ﬂﬂé( \ www@

tedom(x) ueV(B)

- A x(t):>( \/ ﬂsO(t,U)]])

tedom(x) UGV(}?))
a(t

< A o=V )

tedom(x) uev P
= A 2®)=[Cuecyetu)]=[Vtex)Tuey)pt u)].
tedom(x)
The proof is complete. >
2.4.6. The axiom of infinity ZF5 holds inside V(B):

VB = 3z)0exAVt)(tex —tU{t} €x)).

< To satisfy this axiom, assign z:= w” (cf. 2.2.7).

To demonstrate, note at first that [0" € w”] = 1 since 0" € dom(w").

Granted t € V and u:= tU{t}, observe now that [u" = t"U{t"}] = 1. Indeed,
by 2.2.8 (1),

[veu]= \/IISA:U]]:[[tA:U]]\/\/HSA:U]]

:ﬂtA:v]]\/[[vest:]]:[[tA:v\/UEtA]]:S[[vetAU{tA}]].

Using this together with 2.1.9 and 2.2.8(2), proceed with easy calculation of the
Boolean truth values

[(Vtew)(tu{t) ew]= A" U{t"} € w']

— Altu{t) ew'l=1,

so completing the proof. >
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2.4.7. The axiom of regularity ZFs holds in V(B):
VB = (Vz)3y)(z =0V (y ez Aynaz =0)).
< Take z € VB), Show that
bi=x#0ANNVyez)(ynz#0)] =0g.

Assume to the contrary that b # 0p. Since b < [(3u)(u € z)], there is an
element go in V&) such that [yo € ] Ab# 0 and p(yo) < p(y) for [y €z Ab#0
(y e V).

Furthermore, given y € V(&) note the estimate

[yez] nb<[ynxz#£0] = \/ y(z) A [z € x].

z€dom(y)

Hence, [z € 2] A [yo € ] A b # 0 for some z € dom(yg). However, p(z) < p(yo),
which contradicts the choice of yq.
Therefore, b = 0g implying that

1 =0"=[-(z#0A(Vycx)(yNnx#0))]
=[3y)(z=0V(yexAynz=0))].

The proof is completed by passing to the infimum over z € V&), >

2.4.8. We are left with checking the axiom of choice inside V&), To this end,
we need a few auxiliary constructions more.

Take z,y € VB) arbitrarily. Define the singleton {x}Z, the pair or unordered
pair {z,y}?, and the ordered pair (x,y)? inside V(B) by the formulas

dom({z}7):={z}, im({z}"):={1};
dom({z,y}?):={z,y}, im({z,y}?):= {1}
(z,y)7 = {{} 7, {z,y}"}".

The elements {x}?Z, {z,4}5, and (z,y) € VB) answer to their names:

Theorem. The following hold:

VB L (i)t e {a}’ —t=a),
VB = Vi)t ef{z,y}P ot=aVt=y),



Boolean Valued Universes 73

v (B) E “x, y)B is the ordered pair of x and y,”
or, in brief,

{a}? = {}] = Uz v}” = {2, 93] = [(z,9)" = (z,9)] = 1.
< By way of example, check the claim about an unordered pair.
Given t € V(&) note

[t € {z,y}"] = \/{[t = 5] : s € dom({z, y}")}
=ft=x]Vvt=y]=t=zVt=y].
Hence,
[(VH)(te{z,y}P wt=aVvi=y)]=1 >

2.4.9. The notions of the preceding subsection about pairs may be easily ab-

stracted to n-tuples for n > 2.
Take x : n — VB, By definition, s:= (x(0),...,z(n —1))% € V(&) provided
that there is a mapping y : n — V(&) satisfying

y(0) =2(0), y(n—1)=s,
y(k) = (y(k—1),2(k))" (0O<k<n-1).
Obviously, this defines a function from (V(B)" to V(B) as follows:
(20, Tne1) = (20y -y Zn1)® (20y. .., Zn_q € VB,
We note an important property of this function, confining exposition to the case of
n = 2 for simplicity.
Recall that for all z, y, 2/, ¥’ € V the equivalence holds:
(z,y) = (2, y) sz=a"Ny=y"
This proposition is a theorem of ZF and so it remains true in V(5) (by 2.4.2-2.4.7).
In consequence, given z, y, «’, y' € V(B infer

[(z,y) = (" y)] =z =2TAly=y]
Since (x,y)? is an ordered pair inside V(B): therefore,
[(z,9)" = (@', 4] =[e=2TA [y =y].
In particular,
VO e (2,9)" = (@,y)F <« VO o= Ay=y

i.e., “(+, )P is an injective function in the internal sense.” It goes without saying
that this function is also injective in the sense of V; i.e., if (x,9)? and (2/,y")B
coincide as elements of V then z = 2/ and y = y’. But still these two are different
properties.
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2.4.10. Recall that by Theorem 1.4.3 an ordinal may be defined as a transitive
set totally ordered by the membership relation. In symbols,

Ord (z) < (Vu € z)(Vv € u)(v € z)
AVuez)(Vvex) (u€vVu=vVovEu)).

Thus, Ord (z) is a bounded formula, and so
o€ On— VB =0rd (")

by 2.2.9 (2).
Moreover, as established in 2.2.8(2),

[a*=p"]=1<a=p («a,p € On).
2.4.11. The axiom of choice AC holds inside V(B):
VB = (V) (3y)(y is a choice function on z).

<1 We may prove in ZF that there is a choice function for a set « whenever we
may find an ordinal « and a function f such that « = dom(f) and im(f) D u:= Jz.
Indeed, we may define a choice function y by the formula

(t,s) ey setANtexsN(Jag € a)(f(ag) = s)
ANYBea)(f(B)et— ar<P).

Thus, y(t) = f(ap), where «y is the least element of the set of ordinals {8 € « :

f(B) € t}.
By 2.4.2-2.4.7, the same proposition holds inside V(#) and so it suffices to

show that
VB = (Vu)(3a)(3 f)(Ord (o) AFne (f) Adom(f) = a Aim(f) D u).
Take u € V(B and, using the axiom of choice for sets, find an ordinal a and

a function ¢ so that dom(g) = a and dom(u) C im(g) c VB,
Define f € V(&) by the formula

f=A(8"9(8)": B <a} x{1p}.

Show that f obeys all conditions we require:
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(1) VB = “f is a binary relation.”
Indeed, granted an arbitrary f € V(B)_ observe

[tefl=\1It=(5".9(8)"]

B<a
< VAt = (2,9)°] 2,y € VP} = [B2) By)(t = (x,9))].

(2) VB) = Fne (f).
In view of (1), we have only to show that f is single-valued inside V(5. To this end,
take arbitrary t,s1, so € VB and proceed with applying 2.1.4 (1), 2.4.9, 2.1.8 (4),
and 2.2.8 (2) successively to obtain:

[(t,s1) € f AR, 82) € f1=1[ts1)" € FINI(t,s2)" € f]
=\ VIt s)? =B 98)°1 At s2)" = (v".9(1)"]

B<av<a
=V Vit=81Ak =715 = 9B Als2 = 9]
B<av<a
< \/ VI8 =71Als1 =g(BI A [s2 = 9(7)]
B<av<a
= A ls1 = 9B A [s2 = 9(A)] < [s1 = s].
B<a

(3) VB = Ord (") Adom(f) = .
The formula V&) |= Ord (o) was discussed in 2.4.10. Furthermore, given t €
VB infer

[t € dom(N)] =[3s)(t,s) € fl= \/ [(t.s) € f]

seV(B)
VIt s) = (8" 9(8))]
seV(B) f<a
\/ N [t=81n1s=g(d]
<a scV(B)
= \/[[t:m]: \V [=sl=[tea"].
B<a Bedom(ar)

(4) VB =im(f) D w.

Take s € V(B) and carry out the following calculations:
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[seu]= \/ u@)r[s=v]< \/[s=g(B)

vedom(u) B<a

=V (B=s01n V15 =1)

B<La teVv(B)

=\ V [ts)=(5",98))]

B<LateV(B)

= \/ [(t.s) € fl=[(30)(t,5) € f] = [s € im(f)].

teV(B)

The proof of Theorem 2.4.1 is complete. >

2.4.12. COMMENTS.

(1) Substituting the laws of intuitionistic logic (see 2.1.10(3)) for the
logical part of the language of ZF, we come to intuitionistic set theory ZF;. The
models of ZF| may also be constructed as above. Namely, if €2 is a complete Heyting
lattice then the universe V) becomes a Heyting valued model of ZF; provided that
the corresponding truth values [- € -] and [- = -], acting from V(&) x V() to
V) are defined. For details, consult [54, 70, 238].

(2) Let B be a quantum logic (see 1.5.11 (5)). If the truth values |- € -]
and |- = -] are defined as in 2.1.4 and the truth values of formulas are given as
in 2.1.7; then the axioms ZFy ZF¢ and AC hold inside the universe V(&) There-
fore, we may develop the corresponding set theory inside V(B), In particular, the
reals inside V(B) will correspond to the observables in the mathematical model of
a quantum-mechanical system (cf. [234]).

2.5. Separated Boolean Valued Universes

In this section, we construct a separated Boolean valued universe and interpret
NGB therein (cf. [155]).

2.5.1. Given elements = and y of the universe V(&) which satisfy the condition
V(B) = x =y, we cannot assert in general that z and y are equal as sets, i.e., as
elements of V. Indeed, take an ordinal o and define z, € V(5 by the formulas
dom(z,) = B and im(z,) := {0}. Then, it is evident that [z, = 0] = 1 for
all a. Therefore, every element of the class {z, : @ € On} depicts the empty set
inside V(B),

It can be shown that to each z € V(B) there corresponds the proper class of
all y € VB) satisfying [x = y] = 1. This peculiarity causes considerable technical
inconveniences and, in particular, hampers translations from the language of V(5
i.e. the B-language, into the language of V, i.e. the conventional language of ZFC.
This deficiency of V(B) is eliminated by a proper factorization (cf. 1.5.8).
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2.5.2. Furnish the universe V(&) over a Boolean algebra B with the equiva-
lence

~i={(z,y) e VB x VB : [z = y] = 15}

Consider the factor class V(B) := VB /~ and let 7 : VB — V(B) stand for the
factor mapping.
The class VB) is the separated Boolean valued universe over B. Define the

Boolean truth values for the equality [- = -]s and the membership [- € -]s in
V(B) on using the quotients of the corresponding Boolean truth values [-=-] and
[-€-]by~:
[-= Js=[ = Jomtxnl),
[-€-]s:=[-€-Jo(x ' x7mh.
Given a formula ¢(uq,...,u,) and Z,..., &, € V(B) | define [e(z1,...,2,)] € B in

exactly the same way as in 2.1.7 to obtain
[o(z1, ... z0)] = [e(ray, ..., 720)]s  (1,..., 2, € VB,
Define the truth of formulas in V(& as in 2.1.6:
VO & o(@,...,0n) < [¢(@F1,...,T)]s = 15.

The soundness of the above definitions is obvious since, by 2.1.8 (7),

1=[z=y] - [p@)] =[] (z,yeV?)

for every formula ¢ of ZFC. Therefore, calculating Boolean truth values in a sepa-
rated Boolean valued universe, we may take arbitrary representatives of the equiv-
alence classes under study. From this observation it is obvious in particular that
Theorem 2.1.8 remains true with V&) in place of V(&) and the Boolean truth
values decorated with the index s.

As a somewhat unexpected example, consider the following definition: Given
z € VB denote by VZ the level of T, i.e., the element of B defined as follows:

vii=\/ =),

tedom(x)

where z € V(B) is the equivalence class of 7 € V(B),
At first sight, this definition seems illegitimate since the domains of elements
equal inside VB) may differ. However,
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[y )]s =By €x)y=y]s

=V smAalt=t= \/ z@t)=vzE

tedom(x) tedom(x)

Obviously, Vz = [z # @], and so the definition of level is sound.
By analogy, given 7 in V® and b in B, we may correctly define the element
br :t — bAx(t) (t € dom(x)). Indeed, if [z; = x3] = 1 then, by 2.3.2, [bx; =
b.TQ]] =b=> [[.Tl = .I‘Q]] =1.

In view of this it is customary to use the designation 0 = &, which implies in
particular that 0& = @ = 0% for every x € V(B),

2.5.3. Note that the facts of 2.2-2.4 hold true in V(3 on assuming obvious
specification and clarification.

For instance, V(B is a model of ZFC in the sense of 2.4. Similarly, if p is a com-
plete homomorphism of Boolean algebras then p* keeps invariant every equivalence
class. Hence, p* induces a unique mapping of the corresponding separated universes
which is also denoted by p*, proving that an analog of 2.2.2 holds, etc.

Assume that (z¢) C VB) and (b¢) is a disjoint family in B. Put z = mix(beze).
We will continue to use the name “mixing” for calling the element 7 := 7z _and
preserve the notation 7 = mix(b¢¥¢) (Z¢ = mx¢). This definition of mixing in V(&)
is clearly correct (cf. 2.3.5(1)). Therefore, if € V® and (z¢) C V(®) then the
record T = mix(bsT¢) means that

be < [F=7cl. (¢€=).

Note that if (b¢) is a partition of unity then the mixing mix(bex¢) is unique due to
separation (cf. 2.3.3).
The equality (cf. 2.4.9)

[(z,9)" = (@', y/) Pl = [z =2"] A [y =]

shows that the mapping (-, - )¥ to be stable under the equivalence relation of 2.5.2.
Hence, there is an injective embedding V(B) x V(B) — V(B) denoted by the same
symbol (-, -)B and satisfying (rz, 7y)? = 7((x,3)?). In this event

H(%va = (%7@]]8 =1 (f,gE V(B))'
The maximum principle is still true and admits the following clarification.

2.5.4. Assume that o(u,uq,...,u,) Is a formula, zi,...,T, € \Nf(B), and
VB = (3w)p(u,Z1,...,T,). Then there is a unique element To € V(B such
that VB) |= (20, T1,...,Tn).
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< Put T, := w(xy), where 2, € VB (k:=1,...,n). Note then that V(5) |=
(3w)p(u, 21,...,x,). By the transfer principle, there is an element zq € V(5)
such that VB = o(xg,z1,...,2,). Assign Zy := 7w(xg). Obviously, V(B =
(T, F1, - &) I VB = (2,71,..., ) holds for z € VB then VB =
o(To, ... Tn) N @(2,21,...,Ty). By hypothesis, vV (B) = z = Zg, which implies
z = Xg since V(B) ig separated. >

2.5.5. Given b and ¢ € B, put (cf. 1.1.4)
[b=c]l:=bsc=0barc) =0bANc)V(D"NC").

Note that, by 1.1.4(3),a < [b=c] if and only if a Ab=a A c.
Consider a function f : dom(f) — B whose domain dom(f) is contained in
VB) Say that f is extensional

[z =yls < [f(x) = f(y)] (x,y € dom(f)).

The extensionality of f amounts clearly to the formula

f@) Nz =yls < fly) (z,y € dom(f)).

If u : dom(u) — B is an arbitrary function and dom(u) C V(B) then we may related
to u the extensional function @ : V(&) — B by the formula

U:x \/ wt) At =2]s (ze VB,

tedom(u)

Another class of extensional functions arises as follows. Let ¢ be a B-formula.
Then the following function is extensional

G:x— [p2)]s (zeVP),

2.5.6. Theorem. If u : dom(u) — B is a function with dom(v) C VB and
dom(u) € V then there is a unique x € VB such that u(t) = [t € z], for all
te VB,

Conversely, if z € V(B) then there is a function u : dom(u) — B such that
dom(u) € VB dom(u) € V, and u(t) = [t € z], (t € V(B)).

<1 Denote by D the subset of the unseparated Boolean valued universe V
whose image under the factor mapping 7 is dom(u). Define an element z’/ € V(5)
by the formula

(B)

dom(z'):= D, a'(t):=u(nt) (t€ D).
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Finally, put z:= 7(2’).
Given t € V(B find then that

[teali=\ dWAk=ml= \ 2@)Aly=1]=at).

yeD yEdom(u)

If another clement z € V(B has the same properties then [t € z], = [t € 2], for
all t € V(B), Hence, B
VB = (Vi) tex —tez).

By the axiom of extensionality, arguing inside \N/'(B), note that [r = 2] = 1. As
V(B) ig separated, r = z. _

Conversely, take z € V(B) and let 2’ be an element of the separated universe
such that z = 7w (z’). Put dom(u):= 7“(dom(z’)) and define u : dom(u) — B so
that u(mt) = 2/(t) (t € dom(z’)). In this event, granted ¢ € V(B) observe

[t € z]s = \/ x/(y)/\ﬂt:Wy]]s

yEdom(x’)

= \/ u) Ay =1t =u),

yEdom(u)

so completing the proof. >

2.5.7. Throughout the sequel we as a rule deal with a separated Boolean
valued universe V(B) Moreover, calculating Boolean truth values, we often replace
elements of V(&) with their representatives in V(5) without further specification
(recall a similar practice of analysis of handling the spaces of cosets of measurable

functions).
Furthermore, starting with the sentence to follow, we will omit the sign ~ and
index s and simply write V(B [- = -], and [- € -] instead of VB [. = -],

and [- € - ]s. We also carry out all analogous simplifications since this leads to no
confusion.

As seen from 2.5.6, each member of V(8) defines some extensional mapping
from V&) to B. However, only part of extensional mappings from V(5) in B are
determined by elements in V&), This peculiarity motivates the following definition:

2.5.8. A class inside VB or the V(B)_class is an extensional mapping X :
V(B) — B that is a class in the conventional set-theoretic sense; i.e., in the sense
of V.

To each element = € V(B we assign the V(5 _class

():=[ ex]:t—tea] (teV®D).
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This correspondence is obviously injective.
Given VB _classes X and Y and an element z € V&) we now introduce
Boolean truth values by putting

[(2) € X] := X (2),

[X=v]:= A [{w)eX] [ ev],
weV(B)

[XeY]:= \/ [u)=X]A[u)eY].

ueV(B)

The first and third formulas are consistent, since the fact that X is extensional
implies
[ e X]= \/ X(Afu=2]

ueV(B)

and, moreover, [(z) = (u)] = [z = u] for all u,z € VB It follows from the
definitions that [X = Y] = 1 implies X =Y.

The function Up : 2+ 15 (z € V(P)) is the universal class inside V(B). The
empty V(B _class is the identically zero function over V(5.

2.5.9. Recall that a (set-theoretic) formula ¢ is predicative if each bound vari-
able of ¢ ranges over sets (cf. 1.3.1 and 1.3.14).

(1) We define the Boolean truth value for a predicative formula by
induction on length (cf. 2.1.6).

Dealing with propositional connectives, we proceed in much the same way as in
2.1.7. We are thus left with elaborating the case of quantifiers by variables ranging
over sets. Moreover, we may consider only the formulas having no subformulas of
the type X; € Xa, since the latter formula is equivalent to the formula (Fx)(z =
Xi Az € X2)

So, assume that ¢ is a predicative formula with free variables X, X1,..., X,
and Yi,....,Y,, are some V(B)_classes.

By definition, put

[(Va)o(a,Ya, ... Yl = N\ ey, Y1, Ya)l,
yeV(B)

[Ba)p(@,Y1,.... V)l =\ [ey Vi, .., o)l

yeVI(B)

We say that a predicative formula ¢(X71,...,X,) holds or is satisfied inside V(B)
by the assignment of Y7,...,Y,, to the variables Xy,..., X,, if [p(Y1,...,Y,)] = 1.
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As in 2.1.6, in this event we write
VB = oy, .., V) = [p(Yy,..., )] = 1.

(2) The notion of satisfaction in V(5) extends to nonpredicative for-
mulas as follows:
If (X, X4,...,X,) is a nonpredicative formula, then we put

VB £ (Y X)p(X,V1,...,Y,) (VP = @X)p(X,Vi,...,Y,))

if and only if [o(Y,Y1,...,Y;,)] = 1 for every V(B_class Y (respectively, there is
some VB _class Y such that [p(Y,Y7,..., V)] = 1).

A VB _class Y is a V(B)_set provided that V(B) = M(Y), where M(X):=
(Z)(X € Z) (cf. 1.3.1).

It would simpler to use the term “B-set” instead of “V(B)-set.” However, the
former is reserved for another special mission (cf. 3.4).

2.5.10. For every x € V(B) the V(B)_class (z) is a V(B)-set. Conversely, if
a VB _class X is a V(B)_set then X = (z) for some x € V(B),

< Granted an arbitrary element z € V&) observe

[(z) € {z}7)] = [z € {«}"] = 1,

and so V(B = M ((z)). Assume that V(B) = M(X) for a V(B)_class X. Then, by
definition (cf. 2.5.9(2)), there is a V(B)_class Z such that

\V Z@) Aty =X]=1.

tev(s)

Hence, using the exhaustion principle, we may choose a partition of unity (be)ecz
and a family (z¢)ecz C V(B) such that

[{ze) = X] > be (£ €Z).

If := mix(bexe) then

[{z) = X] = [(2) = (ze)] A [{ze) = X] > be,

and so [(z) = X]=1or () = X. >
This fact enables us to identify an element z € V(&) and the respective V(5)-get
(x) in the sequel.
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2.5.11. Assume that C is another complete Boolean algebra and 7 : B — C
is a complete homomorphism of B to C. Consider a V(F)_class X and define

(@) em* X —b=\/ (moX)(t)A[x=n"t].
teV(B)

Then 7*X is a class inside V(5).
Indeed, 7*X is a subclass of V by Theorem 1.3.14, since

X = {(z,b) : p(x,b, B,C, X, 7", [- =], VIF))}
for the predicative formula

o(Y,Z,B,...): Z=\| (moX)t)A[Y =="1].
teVv(B)

In addition, 7*X is an extensional function:

(T X) @) A o=yl = \/ (moX)(t)A[x=7"1]
teV(B)

Ne=yl< \ (meoX)t)A[y=n"1] = (" X)(y).
teVv(B)

It is easy that 2.2.2 (1) holds for classes; i.e., if p is a complete homomorphism then
(pom)"X = (p" o) X.

Furthermore, if V(&) = M(X) then V(© E M(7*X). Indeed, if X = (z),
z € VB then, by 2.2.2(4),

= \/ (mo(@)(w) At =r"u] = (7"(2))).

ueV(B)

Therefore, (r*z) = 7*(x) = 7*X.
The converse proposition is also true provided that 7 is injective.
Note finally that the definition above agrees with 2.2.1 because of 2.2.2 (4).
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2.5.12. For every V(B class X and every predicative B-formula ¢ with a sin-
gle free variable, the following hold:

[(Ve e X)p@)]% = J\ moX(t) = [p(x"1)],
teVv(B)

[Gzenm X)p)]% = \/ moX(t)Afp(x*1)]°.
teVv(B)

< It suffices to prove either of the these formulas, say, the first. The needed
calculations follow (on using 1.1.5(3), 2.1.8 (7), and (aAb) = (cAb) = (aAb) = ¢):

[(Veer X)p@)]= N [zerX]=[p()]
zeV(©)

— /\ ( \/ WoX(t)/\ﬂa::W*t]]>:>ﬂg0(l‘)]]

zeV(©) teV(B)

= N AN @oX@®)A[x=r"]) = [p(2)]

teV(B) zeVI(©)
< N\ moX(t) = [p(n*t)]

tev(s)

= A (A @ox@rvie=md Vi)

tev(B) *gev(o)

= AN A @oX®)Alz=r]) = ([e(xt)] A [z = 7*1])

teVv(B) eV I(©)

< A A @oX®Afz=n"]) = [o(@)]

teV(B) zeV ()

- A < \ WoX(t)Aﬂw:W*tﬂ):>H90(m)]]

zeV(©) teV(B)

— /\ [z € 7*X] = [e(x)] = [(Vz € 7°X)p(2)].
zeVI(©)

The proof is complete. >

2.5.13. For all VB _classes X and Y, the following hold:

[7*X =7*Y]¢ =7[X =Y]?, [»*X e n*Y]° =7[X € Y]".
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< Note first that 7 o Y(t) = (7*Y)(7*t) or w[t € Y]P = [r*t € 7#*Y]C for
t € VB (this follows from 2.5.8 and 2.5.11 by 2.2.2(3)). Then, using the first
formula of 2.5.12, deduce

[7*X c 7*Y]¢ = [Vz € n*X)(x € 7*Y)]¢

= /\ moX(t)= [r"t € W*Y]]C
tev(B)

= N\ #([teX]®=[teY]?) =n[X Y]
teV(B)

Whence
[7*X =7*Y]¢ = [r*X c *Y]C A [7*Y Cc 7*X]¢ = n[X = Y]".
Finally, using the above and the second formula of 2.5.12, obtain

[7*X € m*Y]° = [(3t € 7*Y) (t = 7* X)]¢

= \/ moY@)A[rt=n"X]
teVv(B)

=\ W(Y(t)/\[[t:X]]B) =r[X € Y]",

tev(B)

which completes the proof. >

2.5.14. The above facts allow us to translate some results of Section 2.2 to
a new environment. We list only a few:

(1) If p(Y1,...,Y,) is a bounded predicative formula then
mle(X1, .., X)]P = [e(n* Xy, ..., 7 X,)]¢
for all VB _classes X1, ..., X,. In particular, if = is a monomorphism then
VB = o(Xy,...,X,) & VO o X,,..., 7" X,).
(2) If  is a predicative formula of class ¥1 then
mlo(X1, ..., X8 < [e(m*X1,..., 7 X,)]%,
with X1, ..., X, the same as before. In particular, the following implication holds:

VB = o(Xy,...,X,) - VO = o Xy,..., 7 X,).
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<1 The proof is carried out along the lines of 2.2.3. By way of example, consider
the case of a bounded universal quantifier: p:= (Va € Y)v.
By 2.5.12 and 2.5.13, granted V(®)_classes Y, X1, ..., X,,, observe

[o(m™Y, 7" Xy, ... 7" X5)]
= /\ [7*z € 7*Y] = [Y(n "z, 7" X1, ..., 7" X,)]

z€V(B)
= /\ ﬂ[[xGY]] :>7T[[w(va17'-'7Xn)]]
eV (B)
— W( N [zeY]= [[w(a:,X1,---,Xn)]])

xEV(B)
=n[(Ve e V)(z, Xu,..., X,)] = 7l(p(Y, X1, ..., X,)],

so completing the proof. >

2.5.15. Using the canonical embedding (- )" : V — V(&) to each class X C V
we assign the V2-class X’ by the formula:

X'(t) = { 1,, if (Jz € X)(t=21"),

02, otherwise.

It is trivial from 2.1.8 (4) that X’ is extensional.
We further put X" := +*“X’, where ¢ is the identical embedding of 2 into B.
Hence, X" is a V(B)_class such that

X t)=\{lt=2"]:2€X} (teV®)

Observe that since Ord (X) is a bounded predicative formula; therefore, by
2.2.8(4), 2.2.9(1), and 2.5.14, On" is an ordinal class inside V(5); i.e., V(B) =
Ord (On"). Also, the formulas of 2.5.12 are simplified:

[(Ve e Y )p(@)] = N{le(@")] : x eV},
[Bz e Y)p(@)] = \/{lp(a")]:z €V}
2.5.16. Let ¢ and ) be predicative formulas with free variables X, X1, ..., X,.

Given some VB)_classes Y1, ..., Yy, assume that [p(zo,Y1,...,Y,)] = 1 for some
xo € VB Then
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[Gz)(p(z, Y, Vo) = ¥(2, Y1, ..., Vo))

= \A{[¥@ 1., V)] 2z e VP A fp(a, Y1, ..., Y,)] = 1},
[(Va)(o(z, Y1, .., V) = (2, Y7, ..., Vo))

= /\{[[zb(x,Yl,...,Yn)]] sz e VB Aoz, Y1,...,Y,)] =1}

<1 The proof proceeds along the lines of 2.3.8. >

2.5.17. Theorem (the maximum principle). Let ¢(z) be a predicative B-
formula with a single free variable (which implies that ¢ may contain constants
that are VB _classes or V(B)_sets). Then the following hold:

(1) There is an element zy in VB) such that [(3z)p(z)] = [¢(z0)];

(2) If VB |= (3z)p(x) then there is an element xy in VB) such that
V) = p();

(3) If VB) |= (3'z)p(x) then there is a unique element x( in V(B) such
that V(B) = o(x).

< The proof, basing on the mixing principle (cf. 2.5.3), does not differ from
the arguments of 2.3.10 and 2.5.4. >

2.5.18. Theorem (the transfer principle). Every theorem of NGB holds in
VB,
< Tt suffices to show that the axioms of NGB are satisfied inside V(B),

(1) The axiom of extensionality for classes inside V() holds, which is
immediate from the definitions of 2.5.8 and 2.5.9. NGB,, ..., NGBj5 are true inside
V(B) as shown in Section 2.4.

(2) V(B = NGBg. The proof proceeds as in 2.4.5. We only need
substitute (¢,u) € X for ¢(t,u) throughout (cf. 2.4.5 and 1.3.4).

(3) VB) = /\k - NGBy. It suffices to establish that Theorem 1.3.14
holds inside V(B) gince NGB,-NGB3 are particular cases of 1.3.14.
Assume that a formula ¢(Xy,...,X,, Y1,...,Y,,) obeys all hypotheses of
1.3.14. Consider arbitrary VB)_classes Y7,...,Y,, and define the V(B)-class Z
by the formula

Z(t):=[3Fz1,...,xn)(t = (1,...,z0) Np(@1, ... T0, Y1, ..., Y))]
It is easy to show that in this case
VB = (Vay, ..., x,)3)((t = (z1,...,2p) AL E Z = @(1,. .., 20, Y1,...,YN))).

(4) V(B) = NGBy4. Substituting the upper case X for the lower case
Latin letter z, obtain the desired.
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(5) V(B |=NGB;5. Let G be a function from On onto V(B), Put

F(t):==\/{[t = (", G())?] : & € On}.

Then F is a V(B)_class and by analogy with 2.4.10, we may proceed with the
successive calculations: [Fnc (F)] = 1, [Ord (On") A dom(F) = On"] = 1, and
[im(F) D Ug] = 1.

Therefore, the universal class Up may be well ordered inside V(). Hence,
V(B) = “there exists a choice function of the class UP).” >

2.5.19. Theorem 2.5.18 opens an opportunity to deal with classes inside V(5.
As an example, we consider the definition of category inside V(5.

A category R inside VB) consists of some classes Ob £, Mor &, and Com inside
VB) which are called the class of objects of &, the class of morphisms of &, and the
composition of R, respectively and which satisfy the condition V(&) |= (81)-(83)
where

(R1) There are mappings D and R from Mor & to Ob K such that, for
all objects a and b, the class R(a,b) := Hg(a,b) := {a € Mor R :
D(a) = a, R(a) = b} is a set (called the set of morphisms from a
to b);

(R2) Com is an associative partial binary operation on Mor K and

dom(Com):= {(a, ) € (Mor 8)* : D(8) = R(a)};

(R3) To every object a € Ob R there is a morphism 1, called the identity
morphism of a such that D(1,) = R(1,) = a, Com(1,,a) = « for
R(a) = a, and Com(S,1,) = § for D(5) = a.
We usually write Sa or 3o « instead of Com(q, f3).

2.5.20. COMMENTS.

(1) The Boolean valued model V(5) over B may be characterized ax-
iomatically. Namely, there is a class V&) unique up to a bijection preserving
all Boolean truth values and obeying the following conditions: (a) there are two
mappings [- € -], [ = -] : VB x V(B) — B such that the conventional ax-
ioms of equality hold inside V(B) (cf. 2.1.7 and 2.1.8); (b) V(B) is separated; i.e.,
[x = y] = 1p implies that x = y for z,y € V(B); (c) the axioms of extensionality
and regularity hold inside V(#); and (d) Proposition 2.5.6 holds for V(5.

(2) Let m be a complete homomorphism from a complete Boolean alge-
bra B to another complete Boolean algebra C'. Then 7* is a unique mapping from
VB to V(© such that (a) [r*z = m*y]¢ = 7z = y]® (2,y € VB)), and (b)
[z € 7*y]C <V, evim [z = 77z] for y € VIB) and 2z € VO,
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Functors of Boolean Valued Analysis

The transfer and maximum principles enable us to carry out various construc-
tions of the conventional mathematical practice inside every Boolean valued uni-
verse. Therein we encounter the fields of real and complex numbers, Banach spaces,
differential operators, etc. The objects, representing them, may be perceived to
some extend as nonstandard representations of the original mathematical entities.

Therefore, viewing V(5) as a nonstandard presentation of the mathematical
universe of discourse and recalling that V(&) is constructed within the von Neumann
universe, we may peek in the Boolean valued world, discovering standard objects
in a nonstandard disguise. Skipping from one B to another, a keen researcher sees
many hypostaces of a sole mathematical idea embodied in a set-theoretic formula.
Comparing observations is a method for studying an intrinsic meaning of the formu-
la. The method shows often that essentially different analytical objects are in fact
just distinctive appearances of the same concept. This reveals the esoteric reasons
for many vague analogies and dim parallelism as well as opens new opportunities
to study familiar objects.

The overall picture reminds us of the celebrated cave of Plato. If a casual
escapee decided to inform his fellow detainees on what he saw at large, he might
build a few bonfires in the night. Then each entity will cast several shadows on the
wall of the cave (rather than a single shadow suggested by Plato). Now the detainees
acquired a possibility of finding the essence of unknown things from analyzing the
collection of shadows bearing more information than a sole shadow of an entity.

Comparative analysis, using Boolean valued models, proceeds usually in two
stages which we may agree to call syntactic and semantic.

At the syntactic stage, the mathematical statement under investigation (a def-
inition, a construction, a property, etc.) is transformed into a formal text of the
symbolic language of set theory or, to be more precise, into a text in a suitable jar-
gon. In this stage we often have to analyze the complexity of the text; in particular,
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it matters whether the text or some of its fragments is a bounded formula.

The semantic stage consists in interpreting a formal text inside a Boolean
valued universe. In this stage we use the terms of the conventional set theory, i.e.
the von Neumann universe V, to interpret (decode or translate) some meaningful
texts that contain truth about the objects of the Boolean valued universe V(5),
This is done by using especial operations on the elements and subsets of the von
Neumann universe.

In the present chapter we consider the basic operations of Boolean valued anal-
ysis, i.e., the canonical embedding, descent, ascent, and immersion. The most im-
portant properties of these operations are conveniently expressed using the notions
of category and functor. The reader may resume acquaintance with the preliminar-
ies to category theory by consulting the Appendix.

3.1. The Canonical Embedding

3.1.1. This section is devoted to the way of the embedding class of sets into
a Boolean valued universe.

Theorem. The following statements hold:
(1) Ifa class X C V and an element z € V(5) are such that V(B =
z € X" then z = mix,e x (byz") for some partition of unity (b,).,cx
in B;
(2) To a V2-class Y there is a unique class X C V such that V2 =
X =Y,
(3) For X CVandY CV,

XeY VB EXx ey, X=Y VB Ex =y~

(4) If 7 : B — C is a complete homomorphism then 7* X" = X" for
every class X C V where X A is the standard name of X in V(©),
< (1) Given z € X, put b, := [z" = z]. Then, by 2.2.8(2),

for x,y e X,z #y.
On the other hand,

VibeizeX}=X"(2)=[ze X" ] =1,

so that (b;)zex is a partition of unity and z = mix,ex (b,x").
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(2) The claim follows from 2.2.8. Indeed, if X":= {y € V) : [y € Y] = 15}
and X:={z€V:2" €X'} then, by 2.2.8(3,4), for t € V(?) obtain

Xty =\Hlt=2"1P:2e X} =\/{lt=2"]*: Y(2) = 12}
=\/{Y@)At=2"]?:2e VE} =Y ().
Uniqueness ensues from 2.2.8 (4) and 2.5.15.
(3) To prove, compare 2.5.15 and (2).
(4) If 21 and 22 are embeddings of the two-element algebra 2 into B and C' then
m o1 =19; and, by 2.5.11,
T XN =10 (X") = X" = X" >
3.1.2. If x and y are sets then
{3 = {2}, {zy} = {="v"}", (z,9)" = (=", y")".
<1 All these formulas are bounded. Using 2.2.9, deduce
VP = (g} = {2} Aa,y) = {27y A (2,9)" = (2, 97).
It suffices now to recall the appropriate formulas of 2.4.8. >

3.1.3. Assume that a formula ¢ of class 1 obeys all hypotheses of Theorem
1.3.14. Take some classes Zy,...,Zy, Y1,...,Ym, and define the class Y by the
formula

Yi={(z1,...,2,):
X1 EZLN. . NTy €Ly NO(T1,y - Ty Y1, ooy Yo ) e
Then the following holds inside V(B):
Y ={(z1,...,2p) :
X1 EZLN . Nxp €Z)NO(T1,y -y Ty YT oY) )

< By Theorem 1.3.14, Y is the only class obeying the conditions ®(7, ..., Z,,
Yi,...,Y,) and U (Zy,...,Z,,Y1,..., V), where ® and ¥ are as follows

O:=NuecVY)Ir1 € 21)... 3y € Zp)(u= (z1,...,2n) No(T1,-..,Ym)),
UVi=NVz1€2y)...(Vx, € Z,)(Fu)
(u=(1,..., ) N@(21,...,Y) 2 u€eY).
Obviously, ® and V¥ are formulas of class ¥;. Hence, from 2.5.14 we infer
VB =z, .Y ANU(Z],...,Y0).

This amounts to the claim. >
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3.1.4. For X C V andY C V the following hold:
(1) VB E (XuY)" =X "UY";
(2) VB E (X xY)" = X" xY";
(3) VB = (UX)" =UX");
(4) Rel (X) — VB = Rel (X*);
(5) (F: X -Y)-> VB EFr: X» 5 Y7,
(6) Rel (X) — VB = (X4Y)" = (X)) “(Y7");
(7) Rel (X) —» VB = dom(X") = dom(X)" Aim(X") = im(X)".

< The claims of (1)—(5) follow from 3.1.3 (cf. A.1.11 and A.1.12). Unfortu-
nately, (6) and (7) fall beyond the scope of applicability of 3.1.3 and so we deduce
them by direct calculations, appealing to 2.4.9, 3.1.1, and 3.1.2.

Start with (6):

[t e (X?)*(Y")] =[Cue X")BveY")(u=(v1))]

=\ V=0 0l=\ V [=v]r[w =1

ueX veyY veY (z,w)eX
= \/{[[wA =t]:veY, (v,w) e X}
=[Cwe (X)) (t =w)] = [t € (X*Y)"].

Proceed with checking (7):

[t € dom(X")] =[3Fue X")(Fv)(u= (t,v))]

— \/ \/ [ =] A w” =]

(z,w)eX veEV(B)

= \/{lz" =1] : 2 € dom(X)} = [t € dom(X)"].

The proof is complete. >

3.1.5. Theorem. Let X and Y be nonempty sets and F' C X x Y. Consider
the correspondence ® := (F,X,Y). Then the element ®" of V(B) satisfies the
following conditions:

(1) VB = ®" is a correspondence from X* toY", and Gr(®") = F;
(2) VB =07 (A") = ®(A) forall Ac P(X);

(3) VB = (Vo ®)» = V" o d” for every correspondence VU;

(4) VB = (Ix)" = Ixn.
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< (1) Let the formula ¢(X,Y, F, ®) state that ® is a correspondence from X
to Y and F' = Gr(®). Then ¢ is a bounded formula and the claim ensues from
2.2.9.

(2) This follows from 3.1.4 (6).

(3), (4) Here we again deal with bounded formulas. Hence, it suffices to refer
to 2.2.9. >

3.1.6. Corollary. Let f : X — Y be a mapping. Then f”" satisfies the
conditions:
(1) VB = X = Y7
(2) VB = fr(2") = f(x)" for all z € X;
(3) VB = (gof)"=grofrforallg:Y — Z.

3.1.7. We now define the categories 7, and ”//*(B) that are associated with
the universes V and V(). Note that, without further specification, we agree to
presume that the classes of objects and morphisms of any category do not intersect
(this can be achieved by using extra indices, cf. A.3.2).

Let 7. be the category of nonempty sets and correspondences, so that Ob 7, :=
V\ {9} and 7. (z,y) is the set of all nonempty correspondences from z to y, with
the composition law the conventional composition of correspondences.

The class of objects of the category ¥ P) consists of nonempty VF)-gets:
Ob %P = {2 e VB . [z £ 0] =1}

The set of morphisms from an object x € Ob ”//*(B) into an object y € Ob ”//*(B) is
defined by the formula

7 (@, y)
= {a e VB : [a is a correspondence from z to y and Gr(a) # @] = 1}.

If o and 3 are morphisms of the category %) such that [D(B) = R(a)] = 1
then, by the maximum principle, there is a unique element v € V(B) satisfying
[v = Boa] =1. We appoint this element ~ as the composition of & and 3 in the
category V(B),

The subcategories of 7, and “V*(B), each preserving the original class of objects
but with mappings as morphisms, are denoted by ¥ and #(B). Assign to a set
z € V\ {0} and a correspondence « the elements z* € V&) and o* € VB,
Denote the resultant mapping by .#”. The following theorem is straightforward
from 3.1.5 and 3.1.6.
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3.1.8. Theorem. The so-defined (pair of mappings) . " is a covariant functor
from the category ¥, to the category B (as well as from the category ¥ to the
category ¥ (B)).

The functor Z# " (as well as its restriction to the subcategory ¥') is the canonical
embedding functor or the standard name functor.

3.1.9. We now inspect the properties of ordinals inside V (&),

(1) Recall (cf. 2.4.10) that Ord (X) is a bounded formula. By defini-
tion, lim(a) < « for every ordinal a.. Therefore, the formula Ord (z) A z = lim(z)
may be rewritten as

Ord (z) A (Vt € x)(Ts € x)(t € s),
and so it is bounded too. Finally, the record
Ord (z) Az =lim(x) A (Vt € )(t = lim(¢) — t = 0)

shows that the concept of “least limit ordinal” is expressed by a bounded formula.
Thus, by 2.2.9, « is the least limit ordinal if and only if V(B) = “a” is the least
limit ordinal.” Since w is the least limit ordinal (cf. 1.4.6); therefore, V(B) = “u"
is the least limit ordinal.”

(2) It follows from 1.4.5(2), 2.5.15, and 2.5.16 that V(&) |= “On" is the
only ordinal class failing to be an ordinal.” Hence, for every z € V(8) the following

holds:
[Ord (z)] = \/{ﬂx =a’]: «a € On}.

(3) For x € VB) the formula V(B) |= Ord(z) holds if and only if
there are an ordinal 3 € On and a partition of unity (by)acg C B such that
z = mixeep(baa”). In other words, each ordinal inside V(B) is a mixing of some
set of standard ordinals.

< The claim follows from (2) and 3.1.1(1). >

(4) Using 2.5.16, we come to the rules for quantifying over ordinals:

[(V2)(Ord (z) — ()] =\ [¥(a],

a€On

[B2)(Ord (x) Ay(x)] =\ [¥(a")].

a€eOn

3.1.10. A class X is finite if X coincides with the image of a function on
a finite ordinal. In symbols, this is expressed as Fin(X). Namely,

Fin(X):= (3n)(3f)(n € w AFnc(f) Adom(f) =n Aim(f) = X).
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Obviously, the above formula is not bounded. By the axiom of replacement NGBg,

it is clear that Fin(X) — M (X), and so we shall speak about finite sets instead of

finite classes. Denote by Pg,(X) the class of all finite subsets of X:
Pin(X):={Y € Z(X) : Fin(Y)}.

We now check what happens with finite sets under the canonical embedding of V
in V(B) thus grasping the class g, (X)". To this end, we first show that

V(B) ’: yﬁn<X)A C <gzﬁn()(A).

< Note that if f is a mapping of n € w to X then [im(f") € P, (X")] = 1.
Indeed, by 3.1.6, [f" : n" — X"] = [n" € w"] =1, and so

[im(f") € Z(X") AFin(im(f"))] = 1.
Given t € V(B) proceed with easy calculations (cf. 2.2.8 (1), 3.1.4(7), 3.1.6):

[t € Pan(X)"]

=V I=ul=V V [t=m()]

ueﬁfin(X) necw fin—X
=\ V E=mU)IA[" € IA[f" 0" — X"]
new fin—X

<[t € Zan(X)],

so completing the proof. >
3.1.11. The following holds

VB = P, (X)" = Pgn(X7)

for an arbitrary class X.
< Assume that for t € V(B) the following holds:

[t € Zsn(XM)] =[EFn € w™)3)(f:n— X" At=im(f)]=1.
Then there is a countable partition of unity (b)), c, C B such that

(A :n" = X At =im(f)] > b (new).
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Given n € w and using the maximum principle, find f, € V(&) obeying the in-
equality
[fn:n — X ALt = im(f))] > bt
By 3.1.6, choose f” € V(B) so that [f” : n" — X*] > (b(™)*, and assign f, :=
mix{b™ £/ (b(™M)* £}, Then [f, : n" — X*] =1 and [t = im(f,)] > b(™.
Further, considering k € n, note that [f,(k") € X*] = 1. Hence, f,(k) =
mix(bgck)wA) for some partition of unity (bgsk))xex (cf. 3.1.1(1)). Therefore,

[fn(k") = 2] > b (z € X,k €n).

Let X™ stand as usual for the class of all mappings from n to X. Given g € X"
and k € n, note that

(k") = 9" (k)] = [fulkY) = g(k)"] > b,

Hence, [fn, = g"] > bg,n, where by - /\{bg(k) k € n}. In this event however we
also see that

[im(f) =1im(g")] = by (9 € X™).
By definition, im(g) € Pgn(X), while by 3.1.4(7),

[im(g") € Pn(X)"] = 1.

We thus obtain

[t € ZPan(X)"] = [t = im(fp)]
Alim(fn) = im(g")] A [im(g") € Pan(X)"] = 6" Aby.n.

Using the definition of b, , and the distributive laws 1.1.5 (1, 2), calculate

Vi Abgninewge Xy =\/ b(”)/\< VA b%c))

new geX™ ken
Y b(”)/\</\ \ o) ) \/ b(”)/\(/\ \ bgp) —\/ b =1
new ken geXn new kenzeX new

Clearly, [t € Psn(X)"] = 1. So, applying 2.5.16, deduce [Pg,(X") C
Pan(X)"] = 1. The reverse inclusion is established in 3.1.10. >
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3.1.12. For a class X and n € w, the following hold:
(1) VB & (Xm) = (X5
(2) VB = 2(X)" ¢ 2(X").

< (1) Given t € V(B) by 3.1.6 we may write

[t e (X™)"] = \/{ﬂt =u"]:ue X"}
:\/{[[t:uA]]/\[[uA:nA—>XA]]:u€X"}
<\VAlt=ulAfu:n - X"]:ueVPB}

=[Eu)(u:n" - X"ANt=u)] =t € (XA)"A]].
Therefore, we have established
[(X™) c (X)) =1.

To prove the reverse inclusion, consider u € V(5) satisfying [u: n" — X*] = 1. In
this event Ju(k") € X*] =1 (k € n), and so [u(k") = mix(bggk)xA)]] = 1 for some
partition of unity (b;’“))zex (cf. 3.1.1(1)).

By refining partitions, we may, if need be, choose a partition of unity (b¢) and
families (wx,¢) C X (k € n) such that [u(k”) = mix(bexy ()] = 1 for all k € n.

Define the functions ug : n — X as follows ug(k):= xp¢. Then [u = u;] > be
and [u € (X™)"] = 1. Hence, [u € (X")"] = 1. By 2.5.16, conclude [(X")"" C
(X" 1=1

(2) This follows from straightforward calculation. >

3.1.13. COMMENTS.

(1) Cardinals inside V(B) are a greater problem than ordinals (cf.
3.1.9). It is easy to note that ™ Card(x) is a ¥;-formula and so [Card(a”)] =1 —
Card(a). The formula Card(z) is not however of class ¥;. Therefore, the opposite
implication might fail and an ordinal might lose the property of being a cardinal
under the canonical embedding in V(5). In fact, given infinite cardinals A\ < s, it is
possible to choose a complete Boolean algebra B so that V(B) |= |\"| = |s"|. This
effect is called the cardinal shift or cardinal displacement. We may even choose B
so that VB) |= 2%« = w5, for some o < 3. That is how the consistency of ” GCH
and ZFC is established [11, 83, 241].

(2) In spite of what has been said in (1), cardinals inside V(&) behave
themselves provided that B satisfies the countable chain condition; i.e., if every
disjoint subset of B is at most countable (in this event B is said to has countable
type in the literature of Russian provenance). Granted B, observe
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VB = Card(a") « Card(a),
V(B) |: (wa)A = WaAN-

(3) The properties of constructible sets (see 1.5.10) inside V(&) resem-
ble those of cardinals. Namely, if L(x) is the formula stating that x is a constructible

set then
w]=\/{lu=v]:veL} (ueV®)

and 3.1.9 (2)—(4) remain true on substituting L for Ord (cf. [11, 83, 241]).

(4) In view of 3.1.11, it might seem that we have equality holding in
3.1.12(2), i.e., [Z(X") = Z(X)"] = 1. However, this is not so. Indeed, let B be
the algebra of regular closed subsets of the Cantor set (which is the w-discontinuum,
i.e., the product of countably many discrete two-element Boolean algebras. Then

[Z(w) # Z(w)"] = 1.

3.2. The Descent Functor

In this section we set forth the basic technique of translating propositions about
the members of a Boolean valued universe V&) into statements about ordinary sets.
The role of the translator is performed by descent. We use the word “descent” both
for the result and the method of presenting the elements of V) in the von Neumann

universe V. Paraphrasing this informally, we may say that the descent acts from
VB to V.

3.2.1. Take an arbitrary class X inside V(B), ie., an extensional mapping
from V(&) to B, and put
Xl ={ze VP [zeX]=1p)

This equality defines a certain subclass X | of the von Neumann universe V which
is called the descent of X. Let X, := ¢ be the class inside VB definable by some
B-formula ¢ (see 2.5.5). Then the descent of X, has the form

Xol = {2 e VI : [p(a)] = 1}.

In this case the formula x € X,| reads: “x satisfies ¢ inside VB » Thus, for
instance, if f € V(B and [Fnc(f)] = 1 then we say that f is a function inside
V(B) . 1t is obvious that the descent of the universal V(&) -class Up coincides with
V(B) Also, observe two useful formulas that are immediate from 2.5.16:

X C Xyl = /\{MJ g w€X¢l}
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[X, N Xy # 2] = \H{[¥(@)] : = € X, 1},

where ¢ and v are arbitrary B-formulas.

In what follows we systematically use the following technique of abbreviations.
Let a symbol f be a (conventional) notation for some n-ary function; for instance,
{-,-}, (-, ), ®(-), ma(-), etc. Then to all z1,...,z, € VB there exists a unique
element x; € VB) such that

[z = f(z1,...,20)] = [B2) (21, ..., 20, 2) € f].

In this event we simply write f(x1,...,2,)] instead of z¢|. For instance, ®(A)]| is
the class determined by the rule

y € ®(4) < ([Cz e Ay c 2(2))] =1).

3.2.2. Let X be a subclass of V(B ie., X ¢ VB in the sense of V. Say
that X is cyclic or universally complete and write Cyc(X) provided that X is closed
under mixing, i.e., if X contains the mixing of its every family by an arbitrary
partition of unity. In other words, X is a cyclic class whenever, given a partition of
unity (be¢)eez C B and a family (z¢)ecz C X, we observe that mixecz(bexe) € X.
The intersection of an arbitrary collection of cyclic sets is a cyclic set itself. The
least cyclic set, containing a set M C V(B)_is the cyclic hull or cyclic completion or
universal completion of M. Let cyc(M) stand for the cyclic hull of M. Obviously,
a subset M of V(B) is cyclic if and only if M = cyc(M).

3.2.3. Let X and Y be classes inside VB). Then the following hold:
(1) [X #2] =1 — X|# & ACye(X]);
(2) Xe VB - X|eV;
B) X=Y< X|=Y].

< (1) By the maximum principle, the class X | is nonempty. If (z¢)eez C X|
and (be)eez is a partition of unity then, assigning x:= mixgcz(bexe), note that

[x e X] > [x=axe] Nze € X] >be (£ €E).

Therefore, [z € X] >V, czbe =1 and z € X|.

(2) Assume that X € V(B and x € X|. Let u : dom(u) — B be a function
such that dom(u) C V(&) dom(u) € V, and @(-) = [- € X] (cf. 2.5.6). Then

\Aut) ATt ==2] : t € dom(u)} =1.
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Using the exhaustion principle 2.3.9, find a partition of unity (b¢) C B and a family
(t¢) C dom(u) satisfying u(te) A [z = t¢] > be, which implies the equality =
mix(bete). Denote by Part(B) the set of all partitions of unity in B and put

Y:= U{(dom(u))e : 0 € Part(B)}.

Consider the function F' assigning to each x the set of those ordered pairs (6, v)
for which 6 € Part(B); v : § — dom(u); and if 6 := (b¢) then z = mix(bexe),
with z¢ := wv(be). Obviously, dom(F) D X[, im(F) C Z(Part(B) x Y), and
F(x)N F(y) = & for © # y. Therefore, | X|| < |Z(Part(B) x Y)| and X| € V.

(3) If X| =Y then, by 2.5.16,

[Xxcy]= A ltevl= A\ [teY]=1
teX| tey|

Analogously, [Y C X] =1 and, hence, [X =Y] =1. >

3.2.4. Let X and Y be two VB)_classes. Denote by X x5 Y their Cartesian
product inside V(B) which exists by virtue of 1.3.13 (2) and 2.5.18.

The mapping

()i (@y) = (@y)" (zeX], yeYl)

is a bijection of the class X| x Y| onto the class (X xp Y')|. Moreover,

[Prx|(z,y) = Prx(z,y)] = [Pry,(z,y) = Pry(z,y)] =1
(reX|, yeYl]),

where Prx| and Pry| are the coordinate projections to the factors X| and Y|,
while Prx and Pry stand for the coordinate projections inside VB to X and Y.

(Recall that Prx and Pry are classes inside V(B ), whereas Prx| and Pry| are
classes in the sense of V.)

< As was mentioned earlier (cf. 2.4.9 and 2.5.3), the function (-, )P is an
injective embedding of V(&) x V(B) into V(B). Hence, it suffices to establish that
(«,-)Bsends X| xY| Cc VB x VB o (X xgY)|. Granted z € X| and y € Y,

observe

[(z,y)" € X x Y]
= [Bu)@v)(ue X AveY A (u,v) = (z,y)P)]
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=V V eX]rlveY]Al(uo) = ()"

ueVI(B) peVI(B)
>[ze XAy € YIA[(z,y) = (x,9)"] = 1.

Therefore, (z,y)? € (X xgY)|. Now, consider an arbitrary element z € (X xgY)]|
and note that, by the maximum principle, there are elements z and y of V(B)
satisfying

1=[zcXxY]=[CucX)(3veY)(z=(u,v))]
=[ze X]AyeY]A[z=(z,9)]

Hence, z € X |, y € Y|, and z = (z,y)?. Finally, given 2 € X|, y € Y|, and
z € VB infer

[z = Prx(z,y)] = [((z,y), 2) € Prx] = [ = 2] = [z = Prx (2, 9)],

which ensures validity of the claimed identity for the projection to X. The situation
is analogous with the projection to the second factor. >

3.2.5. Consider a (binary) relation X inside V(). This implies that X is
a class inside V() and [X is a relation] = 1. By 3.2.4 and the axiom of domain
NGBy, there is a class Y satisfying

(z,9) €Y = (z,9)" € X[.
Indeed, we may put

Y:=dom((-, )Zn(VE x V(B x x|)).

It is obvious that Y is a relation and that (-, -)® carries out a bijection between
Y and X |. The class Y is the descent of X. We preserve the symbol X | for Y. In

much the same way, we define the descent of an n”-ary relation X; namely:
X| = ({01, wa) € (VO (o1, )P € X1,

Observe that the descent of a class X and the descent of a binary relation X
are not the same. Therefore, the common notation X | is just a minor liberty we
took for convenience. This particularity is worth remembering to avoid confusion.
For instance, the equality (XxgY)| = X| x Y| is simply another record of the
first part of 3.2.4. The same remark applies to the descents of correspondences,
categories, and their next of kin to appear below.
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3.2.6. Theorem. If X and Y are classes inside V(B) then the following hold:
(1) dom(X)] =dom(X]), im(X)| =1im(X|);
(2) (X ﬂY)l X|nY|;
(3) (X1Y)|= (Xl) [ (Y);
(4) (X ) (X~
(5) (XoY)|l=(X])o(Y]);
(6) (X “Y) (X1)“(Y]);
(7) (V) |= Fne (X)) < Fne (X1);
(8) (VB EXCY)e X|CY;
(9) [z =y] < [X(2) = X(y)] (z.y € VIP);
(10) (X)) =(X"")] (n€w).

< (1) By the maximum principle, granted z € V(5) note that there is some y
in V(B gsatisfying

[ € dom(X)] = [(Fu)((z,u) € X)] = [(2,y)" € X].

Therefore, from z € dom(X)| it follows that z € dom(X |). Conversely, if x €
dom(X|) then [(z,y) € X] =1 for some y € V(B). Hence,

[x € dom(X)] = \/{[[(sc,u) e X]:ueVBE}>[(z,y) € X],

and so z €dom(X)|. The second formula is proven by analogy.
(2) By definition, given 2 € V(&) note that

[reXnNY]=zeXANzeY]=[ze X]|A][zreY].

Therefore, z € (X NY)] if and only if z € X| and = € Y| simultaneously.
(3) Applying (2), 3.2.4, and the definition of X [ Y, deduce

(X TY)= (XN xUp)l=X|nY]x V)= (X]) [ (V]).

(4) This ensues from the definition of X 1.

(5) Considering a class Z, denote by 0Z the o-permutation of Z, with o :=
(11,22,23) a permutation of {1,2,3} (cf. 1.3.10). It is easy to check that (0Z)] =
o(Z]). It Z € VB issuch that VB) = Z = (Y xUp)N(Ug xX) and 0:= {1, 3,2}
then

VB = X oY = dom(cZ).

Now, using (1), (2), and 3.2.4, proceed with the following chain of equalities

(X oY) =dom(cZ)|=dom(c(Z]))
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— dom(a (V] x VE) (1 (V) x X)) = (X1) o (Y1),
(6) Successively applying (1) and (3), obtain
(XY)] = (im(X [Y))|=im((X [ Y)])
=im((X]) [ (Y])) = (XD)“(Y]).
(7) Assume that [Fnc (X)] = 1. Then X| is a binary relation and, moreover,
[(z,9) € X]A[(2,2) € X] <[y = 2]

for all z,y, z € VB), Hence, granted (z,y) € X| and (z,2) € X|, infer [y = 2] =1,
i.e., y = z. In other words, Fnc (X |) is fulfilled. In turn, if X | is a single-valued
binary relation then, using 2.5.16, deduce

Foe(X)]= A Ally=2:(x.y) € X|.(z.2) eX|} =1.
zeV(B)

(8) Applying (2) and 3.2.3 (3), write

1=[XCY]el1l=[XNnY=X]«<X|NY|=X|«X|CY].

(9) The formula (Vz)(Vy)(x =y — Xz} = X “{y}) is a theorem of ZF, and
so its Boolean truth value is unity. Expanding the Boolean truth value by the rules
for quantification and implication, come to the claim.

(10) If [t : n» — X] = 1 then to every k € n there is a unique element
x € X| for which [t(k") = ] = 1. Letting s(k):= z for k € n, obtain the mapping
s :n — X| which is also denoted by ¢]. Hence,

[t1(k) =t(k")] =1 (k€n).
Conversely, if s : n — X| then define t € V(&) by the rule
t:={(k", (k)P :ken) x1p.

In this event [t : n* — X] = 1, [t(k") = s(k)] = 1 for k € n and t] = s.
Summarizing, conclude that the mapping ¢ — ¢] is a bijection between {x € V() .
[z € X""] =1} and (X|)".

Proceed with recalling the definition of s:= (2(0),...,2(n — 1)) (cf. 2.4.9).
Let z:n — X| and y : n — X| be such that y(0) = z(0), y(k) = (y(k — 1), z(k))?
for 0 # k € n and y(n — 1) = s. By the above, there are p,q € V(B) satisfying
[p,q:n" — X] =1, in which case p] = x and ¢q] = y. It is now easy to check that

[p(0) = q(0) A (VE € n")(k # 0 — q(k) = (q(k — 1),p(k)))] = 1.
Therefore, [¢(n* — 1) = (p(0"),...,p(n" —1)) € X*"] = 1. On the other hand,
[s=¢q(n"—1)]=1,and so s € (X™")|. Thus, the mapping

(I(O)v SRR ac(n - 1)) = (I(O)v R ac(n - 1))3
is an injection of (X|)™ to (X™")]. )
Analogous arguments show that the image of (X |)™ is the whole of (X™ )]. >
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3.2.7. The matter with the descents of the complement of a class and the
union of a family of classes differs in some respects from the cases settled in 3.2.6.

Consider an arbitrary class Y € V(). Since the formula z € V(B) A (Vy € V)
([x = y] = 0) is predicative, there is a class Y¢ determined from the relation

reY oxze VB Ay eY)([z=y]=0).
Now, take a class X inside V(&) Denote by X¢ the V(®)-class that is the
complement of X inside V(B); i.e.,

VP = (Vz)(z € X -z ¢ X).

The existence of X¢ follows from 2.5.18.
Consider the formula
@(y,BaYaV(B)a II = ]])
=Ma)(Vb)(Vz)(b:a— Y A “bis a partition of unity”

ANe:a—Y Ny = meix(b(a)x(a))),
stating that y is a mixing of a certain family of elements of the class Y. It is easy
to see that this formula is predicative, and so there is a class mix(Y’) such that

(Vy)(y € mix(Y) < oy, B,Y, VP [ = -T)).
By way of example, granted an arbitrary class X C V, observe that X"| =

mix(X;) where X; := {z" : x € X} and the canonical embedding (cf. 3.1.1(1))
carries out the injection of X to mix(X).

3.2.8. Ifaclass Y is a set then
mix(Y) = cyc(Y).
< We only have to demonstrate that the set mix(Y’) of all possible mixings

mix,cy (byy) of families of Y is cyclic. To this end, consider a partition of unity
(be)¢c= and the elements

ye = mix(beyy) (& € =)
in mix(Y’). Put yo:= mixge=(beye) and bie ) := be Abe,y, for E € Eand y € Y. If
(& y) # (n, 2) then
b(&y) N b(mz) = bg N b77 N b§7y N bUaZ = 0.
Moreover, straightforward calculation gives (cf. 1.1.5(2))
\/ b(é,y) = \/ (bﬁ/\ \/ bévy) =L

(& y)EEXY gex yey
Therefore, (b(¢ ) is a partition of unity. Given y € Y, note that

[vo =yl = [yo = ye] A lye = y] = be N bey.
Whence, yo = mix(b(¢,,)y), and so yo € mix(Y); i.e., mix(Y") is a cyclic set. >
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3.2.9. For nonempty classes X and Y inside V(B) the following hold:
(1) X°|= X[
(2) (X UY)|=mix(X| UY]).

< (1) Using definitions and 2.5.16, derive the following equivalences:

reXloreX)=1
<—>[[33¢X]]:1<—>[[:U€X]]:O<—>\/{[[x:s]]:seXl}:O
— (Vse X][)([s=2]=0) <z (X])".
(2) It is seen from 3.2.6 (8) that X|UY| C (XUY)]. Conversely, if z € (XUY)|

then
Hzxe X)FyeY)(z=2Vy=2).

Using the maximum principle, choose zg,yo € VB) so that bV ¢ = 1 where b:=
[xo € X] A [zo = 2] and c:= [yo € Y] A [yo = 2]. Choosing x1 € X| and y; € Y|
arbitrarily, put x = mix{bxo, b*z1} and y:= mix{cyo, c*y1}. Then x € X|, because

b <[z =] AJzxo € X] <[zeX],
b* <[z1=2z] A[z1 € X] < [z € X].

By an analogous reason, y € Y |. Moreover,

b<[z=uxz]AJro=2] <[z=27],
b*<c<[y=yo] Ay = 2] <[y =2];
i.e., z = mix{bz, b*y} and z € mix(X|UY]). >
It is worth observing in addition that we factually have

(8) (XUY)] = UpepbX| @ b*Y |, where bX| @© b*Y| is the set of
elements of the type mix{bx,b*y} (z € X|, y € Y|).

3.2.10. Sometimes we are to repeat descending. We now clarify the way this
happens.
Let X be a class. Arrange the class-function Y by the formula

Yi={(z,y):x e VP y=z|}.

The double or repeated descent of X is the class (Jim(Y [(X])) denoted by X|].
Therefore,

x| =|J{zl:zeX|}.
Evidently, if X € V(&) then X|| € V (cf. 3.2.3(2)).
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3.2.11. For each nonempty VB)_class X the following hold:
(1) (UX)l =UXI);
(2) (NY)L =NX1);
(3) Z(X)ll c 2(X]).

<1 The proof leans on 2.5.16. The due calculations are as follows:

(1) veUX|])— FveX|)(uev)— (3ze X])(uez])
—FzeX|)(uezl=1) - [FzeX)(ue)]=1<ueJX]=1
—ue (UX)].

(2) veNXl) e VveX|)(uev)— Vze X])(u€ z])
o> VzeX|)(uezl=1)«[VzeX)(uez)]=1
—lueNX]=1<—ue(NX)].

B) ueZX)l— FzeZX))u=z]) - F2)([zCX]=1ANu=z])
= Fz)(zl c Xl ANu=2z2]) s uC X —ue Z(X]|). >

3.2.12. Theorem. Let X, Y, and f € VB) be such that [X # @] = [V #
@] =[f: X — Y] = 1. Then there is a unique mapping f| : X| — Y|, the descent
of f, such that

[f(z)=fl@)] =1 (zeX])

The descent f| of a mapping f inside V(B) has the following properties:
(1) f| is an extensional mapping, i.e.,

[z =2'] < [fl(z) = fL(&)]  (2,2" € X]);
(2) If Z and g € VB) are such that [Z # @] =[g:Y — Z] = 1 then

(go f)l =glofl:

(3) f| is surjective, or injective, or bijective if and only if [f is surjec-
tive, or injective, or bijective] = 1.
< Let h be the descent of f in the sense of 3.2.5. It follows from 3.2.6 (1,7)
that h: X| — Y. Then, since (z,h(z))? € f| for all x € X|; therefore,

[h(z) = f(2)] = [(z, h(z)) € f] = [(z, h(x))" € f]=1.

The so-defined mapping h is unique. Indeed, if g : X|— Y| has the same property
then

[(z) = g(2)] = [g(z) = f(@)] A [M(z) = f(x)] = 1.

Hence, h(x) = g(z) for every € X| because V(P) is separated. Using the defining
relation of h and 3.2.6 (9), proceed with this calculation
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[z = 2] < [f(z) = f(@)] A [f(2) = h(2)]
ALf (") = h(z")] < [h(z) = h(z")].
We have thus established (1), while (2) follows from 3.2.6 (5).
So, we are left with checking (3). The claim about surjectivity is easy from

3.2.6 (6), while bijectivity is the conjunction of surjectivity and bijectivity. The
injectivity of f inside V() is equivalent to the formula

[z =21 =[f(2) = f(&)] = [h(z) = h(a")] (x,2" € X]).
Hence, x = 2’ if and only if h(x) = h(z’), which means that the mapping h is
injective. >

3.2.13. Theorem. Let X,Y,F € VB be such that [X # @] = [Y # 2] =
[ #FCXxY]=1. Let ® € V() be a correspondence from X toY with graph
F inside V(B); je., V(B) = & = (F, X,Y). Then the 3-tuple ®| := (F|,X|,Y]),
the descent of ®, is a unique correspondence obeying the equality

®l(z) =2(x)l (z € X))

The descent of a correspondence has the following properties:
(1) ®(A)| € ®|(A]) for every A € V(B) satisfying [A C X] = 1;
(2) To(A)| = 7o (A]) for every A € VB) satisfying [A C X] = 1;
(3) (®'o®)| = d'| o ®| for another correspondence ®' inside V5);
(4) (Ix)l=Ix,.

< All claims but (2) are elementarily deduced from 3.2.6. Note only that the
defining relation ®|(z) = ®(x)| (z € X|) must be understood in accord with the
remark on 3.2.1.

Indeed, by the maximum principle that there exists a member ¥ in V(&) such
that [V : X — Z(Y)] = 1 and [®(z) = ¥(x)] = 1 for all z € X|. By 3.2.12,
Ul : X| - 2(Y)] and [®(x) = ¥[(x)] =1 for z € X|. In this case, however, ®|
is defined by the relation

O (z) = (Vl(x))l =V(z)ll (zeX]).

In particular, this yields ®|(A]) = W(A)||. Using these remarks, turn to prov-
ing (2). Note that

[re(4) = () ¥(A)] =1

ie., mp(A) = {¥(a) : a € A} is fulfilled inside V(B). Whence, using 3.2.11(2),
deduce

ma (A)l = ()P = [(T(A)L)
=[{®l(a):a € Al} = ma(Al),

so completing the proof. >
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3.2.14. We now address families of functions and correspondences inside V(5.

(1) Assume that X and Y are nonempty sets inside VB).  Assume
further that a family (f¢)¢e= of members of VB) is such that

[fe: X -Y]=1 (£€2).

Then the mixing mix¢cz=(be fe) of (fe)ec= by each partition of unity (be)ecz C B is
a function from X to Y inside V(B) and

Iggg (befe)l(z) = Iggg(bgfgl(x)) (r € X1).

< Put g:= mixgez(be fe). Since
bfgﬂg:ff]]/\ﬂfgiX%Y]]S[[g;XHY]];

therefore, [g : X — Y] = 1 meaning that g is a function from X to Y inside V().
Moreover, by 3.2.12, given x € X |, find

< [9(z) = fe(2)]
Alfel(x) = fe(x)] < [gl(z) = fel(2)].

Hence, g|(z) = mix¢ez(be fel (). >

(2) With X, Y, and (b¢) the same as above, assume that (®¢)ecz is
a family in V(B) consisting of correspondences from X to Y inside V(B). Then the
mixing mixeez (be ¢ ) itself is a correspondence from X toY inside VB). Moreover,

mix (be @¢)L(w) = mix(be Pel(z)) (v € X1).

<1 The proof is analogous to 3.2.14 (1). >

3.2.15. Let .#! stand for the mapping sending a nonempty VF)-set X to its
descent X | and taking each correspondence ® inside V(B) to ®].

Theorem. The mapping .Z' is a covariant functor from the category 7P to
the category ¥, (from the category ¥P) to the category ¥, respectively).

3.2.16. Theorem. Let & be a category inside VB). Then there is a unique
category R (in the sense of V) such that ObR = (ObR)|, Mor & = (Mor ) |,
and Com’ = Com |, where Com’ is the composition of & and V() |=“Com is the
composition of the category K.”
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< It follows from 3.2.6 (7) that Com’ is a partial binary operation on the class
(Mor &)]. Since [Com(a, 3) = Com’(a, )] = 1 for all o, 8 € Mor & and Com is
associative inside V(B): therefore, Com’ is also associative.

Let D and R be the V(P)-classes of the definition of & (cf. 2.5.19). Put
D’':= D| and R':= R|. By 3.2.6(1),(7), D' and R’ are mappings from Mor & to
Ob R’. Appealing to 3.2.6 (1) again, conclude that for o, 3 € Mor & the formulas
(a, B) € dom(Com’) and [(, 3) € dom(Com)] = 1 are equivalent. On the other
hand, the equality R'(«a) = D'() is fulfilled only if [R(«r) = D(B)] = 1. Existence
of the identity morphisms in & is obvious. Hence, £ satisfies all hypotheses of the
definition in 2.5.19. >

3.2.17. The category & of 3.2.16 is called the descent of & and denoted by
R]. Let Seti3 be the category of nonempty sets and correspondences inside V(5.
More explicitly, Mor SetZ, Ob Set?, and Com : V(&) — B have the form

ObSet? : z — [z # 2],
Mor Set? : a— [(3z)(3y)(3 f)

(#DNy#SNf#DNf Caoxyha=(fzy))],
Com : u— [(3a)(35)(Fy)
(a, B, and 7 are correspondences) Ay =ao S Au = (a,3,7)].

The descent of the category Set? is easily seen to coincide with the category A
of 3.1.7. The category Set® of nonempty sets and mappings inside V&) is defined
similarly, yielding ¥ (B) = Set?].

3.2.18. COMMENTS.

(1) As was mentioned in 3.2.5, we use the unique symbol | for denoting
various operations of the same provenance. Consequently, the record X | is unam-
biguously understood only if extra information is available on which object X is
descending. This runs in a perfect analogy with using the same sign + for denoting
many group operations: addition of numbers, vectors, linear operators, etc. The
context always prompts the precise meaning.

(2) The double descent of 3.2.10 appears in dealing with other set-
theoretic operations. For instance, let [[ X stand for the class of all mappings f
from X to |JX such that f(z) € x for all x € X and ) X:= J{z x {z} : 2 € X}.
Then to each X € V(B) there are natural bijections

(TT2x)u=TIeew. (X x)i="> wxw.

The double descent in (][] X)|| relates to mappings.
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(38) The inclusion in 3.2.11 (3) is clearly strict on assuming that B # 2.
Note also that &2(X)| is an algebraic system of signature (V, A, %,0,1). It is possible
to show that this is a complete Boolean algebra presenting a completion of the
inclusion ordered set Z(X)]| in the following sense: There is an order preserving
injection+ : Z(X)||— Z(X)| satisfying the following condition: givena € Z(X)],
a < 1, we may find b € #(X)][] so that a < #(b) < 1. This situation is in exact
analogy with the construction of the completion of a Boolean algebra (cf. [83, 220]).

(4) Proving 3.2.6 (10), we have established in particular that, for X €
V(B) | the mapping ] is a bijection between the sets ¥ (n, X |) and ¥ B)(n", X).
This phenomenon is of a rather abstract nature, reflecting deep relationship between
the functors .#" and .#'. We elaborate details in Section 3.5.

3.3. The Ascent Functor

In this section we ascend from the von Neumann universe to a Boolean valued
universe, considering this as reversal of descent. We define an appropriate functor
and study its main properties.

3.3.1. Assume given a subclass X of the class V(5.

(1) The formula
=\/{lt=2]:2€X} (teV®)

defines a V(B _class Y.
< By Theorem 1.3.14, there is a class Y in the sense of V such that

(y,b)eYHer(B)/\beB/\(b: \/ [[:U:y]]).
reX

Clearly, Y is single-valued and dom(Y) = V(B): ie., Y is a mapping from V(%)
to B. Moreover, this mapping is extensional since, by virtue of 2.1.8 (4),

Yt)Aft=s]=\/{lt=a]Alt=5]:2 € X}
S\/{s:x:xeX}:Y(s).

Hence, Y is a class inside V(&) >

To each class X C V(B) we have thus assigned the class Y inside V(B) which
is called the ascent of X and denoted by XT.

In case X is a set, there is a unique element y € V) such that X7(¢) = [t € y]
forallt € V(B (c¢f. 2.5.6). This y is the ascent of X (cf. 2.5.10). By way of example,
note that, for a class X C V, the class X" is the ascent of {z" : © € X} (cf. 2.5.15).
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(2) Assume now that X is a relation on V(5); ie., X ¢ V(B x V(B),
In order for X to ascend, we will firstly embed it into V(&) and, secondly, apply
the above procedure. To this end, we use the function (z,y) — (x,y)? (cf. 3.2.4).
Therefore, we give the following definition of the ascent of a binary relation X on

VB,
X1t \AlE = (2,9)"] : (z,9) € X}

In particular, if X is the product of some classes Y € V(&) and Z ¢ V(&) then we
arrive at the ascent of Y x Z:

Y x2)1:t = \[{lt = (z,9)°]:y €Y,z € Z}.

3.3.2. Assume that X € V(B) is a nonempty class and ¢ is a B-formula. Then

[(Vue XTew)] = Alle@)] : ue X},
[Gue XT)e(u)]=\/{lew)]:ue X}

< We demonstrate only the last formula (cf. 1.1.5(2,7)):

[Bue XTe(u)] = [Cu)(u e XT Ap(u))]

=V V u=vrlew]

veVB) ueX

=V (Vb= aleol) = Vil ue x).

ueX NpeV(B)
The case of a universal quantifier is settled by analogy. >

3.3.3. For an arbitrary class X C VB and a nonempty VB _class Y :
V(B) — B, the following arrow cancellation rules hold:

(1) X1 =mix(X);
(2) YiI=VY.
< (1) If X is empty then the claim is trivial. If x € X then [xr € X 1] =1.
Hence, z € X1|. This fact, together with 3.2.3, yields mix(X) C X1|. The reverse

inclusion follows from 3.3.2 and the mixing principle.
(2) By 2.5.16, given y € V(B) note that

yevil=\i{ly=t:teY}=[CteY)t=y]=[yeYI,

so completing the proof. >

(3) Using the mixing of a family of ordered pairs, we find the following
proposition of service:
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Assume that (be)¢cz is a partition of unity in B. Assume further that (x¢)ecez
and (ye)¢ez are some families in VB). Then

B
mix bg (z = (mixbexe, mixb .
mix be (e, ye) ” = (mix bewe, mix beye)

<1 Show first that b(z,y)? = b(bz, by)? for all z,y € V(B) and b € B. To this
end, successively apply 2.3.2, 2.4.9, and 2.3.6:

[z, )" = b(bz, by) "] = b — [(2,9)" = (bx, by)"] =
= ([z =] Ay =by]) = b — ((b" = [z = 2])
A= y=2]) ="V ((bVv]z=2))A@V]y=2])
=0*"VboVz=2])AD*VbV]y=202]) =1.

Now, assign
T:=mixbsx = mixb
mixbere, Y= WX beye.

Summarizing, obtain

be(e,ye)P = be(bewe, beye)® = be(bex, bey)® = be(z,y)P.

To complete the proof, refer to the mixing principle. >
This fact allows us to consider mixings in the class V(&) x V(B) Namely, we
agree to assign
mix be (Te, ye ) := ( Mix bexe, mix b .
mix be (v, ye) = (1Mmix bee, Mix beye)

We are in a position now to assert that the mapping (z,y) — (z,y)? preserves
mixing.

3.3.4. Theorem. For all classes X C V(B) and Y ¢ VB) the following hold:

(1) VB = X1 C Y1 provided that X C Y;
(2) VB = (X UY)l = XTUYT;
(3) VB = (mix(X) Nmix(Y))] = XTNY7;
(4) VB = (X xY)] = XT x YT.

Moreover, if X and Y are relations and Z is a class then
(5) VB = dom(X)T = dom(XT) Aim(X)] = im(X71);
(6) VB = (X1 = (X1)7 4
(7) V) b (mix(X)“mix(2))] = (X1)“(21);
(8) VP | (mix(X) o mix(¥)) = (XT) o (Y1);
(9) VB = (Z™)1 = (Z1)™ for all n € N.
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< (1) The claim follows from the definition of descent.
(2) This ensues from the following calculation:

[te XuvN=\{lt=u]:ueXUY}
=\ [t=ulv \/ [t=ul=[te XTVvteYT]

ueX ueyY

(3) Assume proven that the ascent of the intersection of X and Y coincides
with the intersection of the ascents X1 and Y7 inside V&), By 3.2.6 (2) and 3.3.3,
conclude

mix(X NY)=(XnNnY) =(XTNnYT)|
= X1 NY7 = mix(X) Nmix(Y).

Conversely, assume that the cyclic hull of the intersection of X and Y equals the
intersection of the cyclic hulls of X and Y. On appealing to 3.2.6 (2) and 3.3.3
again, infer

(X NY)IL = XL NYTL = (XT Y7L,

Hence, [(X NY)T = XTNYT] =1 according to 3.2.3(3).

To complete the proof, apply the above to the classes mix(X) and mix(Y) and
recall the rules for arrow cancellation of 3.3.3.

(4) Using 3.3.2, proceed with the calculation

[€ XTxYT]=[CFue X)(FveYT)z = (u,v)]
—V VE=@ul= V E=@n’l=[eXx)]

ueX veY (u,v)EX XY

(5) Supposing that X is a binary relation, it is easy to check the following
chain of equalities (cf. 1.1.5(2,7)):

[z € dom(XT)] = [(y)((z,y) € XT)]
=V V [@9° =07

yeVB) (s,t)eX

=V V k=srly=1

(s,)EX yeV(B)

— \/ [x = s] =[x € dom(X)T].

sedom(X)
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The claim about im(X) is demonstrated by analogy.

6) [(z,y) € XN =1y.2) e XTl= V [(s,1) = (y,2)]

(s,t)eX

= \/ II(t, 5) = ('Tay)]] = [[(Ivy) € (X_l)ﬂ]

(t,s)exX—1

(7), (8) It is obvious that

(mix(Y) x VB 0 (VB x mix(X))

= mix(Y x VB nmix(VP x X).
Proceed further along the lines of 3.2.6 (5, 6), using (3), (4) and the fact that [V (5)1
=Ug] =1.

(9) Considering 3.3.3 (3), note that mix(Z"™) = mix(Z)™. Using 3.2.6 (10) and
3.3.3(1), conclude

((ZD)")1=(Z1)" = (Z")L.
This yields the claim by 3.2.3 (3). >

3.3.5. Consider a class X composed of subsets of V(B); ie. X c 2(V(B),
The double or repeated ascent of X, denoted by X1, is the ascent of the class
{z1: z € X'}. Hence,

[texn]=\{lt=21l:2€X} (teVP)
Introduce one more notation:
mix “X := {mix(u) : u € X}.

Obviously, [X1T= (mix “X)1T] = 1.
Let (X)) stand for the class of nonempty members of Z(X); i.e.,

Po(X)={z:2C X,z # O}

3.3.6. Suppose that X is a nonempty V(P)-class and Y ¢ 22(V(B)). Then
(1) VB = = UY);
(2) V1B = (Y1) = N(mix “(YT);
(3) VP EUX = (UXIDN;
(4) VB = 2(X)11= P0(X).

<1 The proof is left to the reader as an exercise. >
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3.3.7. We now return to Theorem 3.3.4 and observe by items (1) and (4) of
this theorem that the ascent of a correspondence is again a correspondence. For
the purposes of analysis, it is desirable that “the images of points and sets,” X|(t)
and X “A, be preserved in ascending. Unfortunately, this is not so as seen from
3.3.4(7). Moreover, the ascent of a function may fail to be single-valued. This is
easy to comprehend on recalling that the consecutive “ascending and descending”
provides cyclic hulls (3.3.3 (1)), whereas every descended function is extensional by
3.2.6(9).

We exhibit an appropriate example. Suppose that X ¢ V(B is a cyclic set and
f:X — {0",1"} is a two-valued function. Assume that f(z) = 0" and f(y) = 1"
for some x,y € X, x # y, while an element b € B is other than 0 and 1.

If f sends z:= mix{bz,b*y} € X to 0", then 0 < b* < [z = y] £ [f(2) =
f(y)] = 0. Analogously, if f(z) = 1" then 0 < b < [z = 2] £ [f(2) = f(z)] = 0.
On the other hand, [z = y] < [f1(2) = f1(y)] by 3.2.6(9). Therefore, either
1) = f()] # 1, or [F1(z) = F(x)] # 1; ie., the equality [f1(z) = f(z)] = 1 is
fulfilled not for all z € X.

Therefore, we must study in more detail what happens with an ascending
correspondence.

3.3.8. For an arbitrary relation X ¢ VB) x V(B) the following are equivalent:
(1) Ifb < [xzy = 2] for x1, x5 € dom(X) and b € B then

VAbATy =ul sy € X(20)} = \/{0 A [y2 = ul : y2 € X(22)}

for every u € V(B);
(2) If x1, x9 € dom(X) and y; € X (1) then

[1 = o] < \/{lv1 = w2l : y2 € X(22)};

(3) mix(X(x)) = mix(X)(z) (z € dom(X));
(4) [XT(z) = X(2)1] =1 (z € dom(X));
(5) [r1 = 22] < [X(z1)T= X(22)1] (21,22 € dom(X)).
< (1) — (2) Insert b:= [z1 = z2] and u:=y; in (1).
(2) — (3) The inclusion C is obvious. To prove the reverse inclusion, take
a partition of unity (b¢) C B and a family ((z¢,v¢)) C X and arrange (x,y) =

mix(be(ze,ye)). The task is to establish that y € mix(X(x)). It follows from (2)
that

be < [z =] < \{[Y =wel : v/ € X(2)} = [ye € X (2)1].

Therefore, be < [y = ye] A [ye € X(2)1] < [y € X(2)1], so that [y € X(x)T] = 1.
But then y € X (x)]| = mix(X (x)), which completes the proof.
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(3) — (4) Using 3.3.3(1) and 3.2.6 (6), note that
X (@)1l = mix(X () = mix(X)(z) = (X1])(x) = (XT(2))L-

Applying 3.3.3 (2), obtain the desired.

(4) — (5) It suffices to apply 3.2.6 (9).

(5) — (1) By 2.3.2, if b < [z1 = x2] and x1,25 € dom(X) then b(X(z1)T =
b(X (z2)7). On the other hand, by the definition of descent,

[u € b(X(@)D] = \/{b A [u=y]:y € X(z1)},
which yields the claim. >

3.3.9. Now return in more diverse circumstances to the notion of extension-
ality which we have encountered in 3.2.6(9) and 3.2.12(1). A binary relation
R c VB x VB ig extensional in second coordinate provided that R obeys one
(and hence all) of the equivalent conditions 3.3.8 (1-5). Note that if R is a function
then each of the conditions (2) and (5) of 3.3.8 turns into the following formula (cf.
2.5.5)

[x1 = x2] < [R(z1) = R(x2)] (x1,22 € dom(R)).

Let X ¢ VB and Y ¢ VB be sets. A correspondence ®:= (F, X,Y) is exten-
sional if the graph F of ®, viewed as a relation on V(B) x V(B) s extensional in
second coordinate.

If, moreover, dom(®) = mix(dom(®)) and ®(z) = mix(®(z)) for every z €
dom @ then & is said to be fully extensional. Evidently, if ® is fully extensional
then F = (X x Y) Nmix(F).

Say that some sets A and C C V(B) are in general position provided that

[a=c <\/{la=b]Ab=c]:beANC}

for alla € A and ¢ € C'. When this condition is fulfilled, the last inequality becomes
an equality since [a = b] A [b = ¢] < [a = ¢].
The following are equivalent:
(1) VB = (AN O)r = AT nCY;
(2) mix(ANC) =mix(A4) Nmix(C);
(3) A and C are in general position.

< The equivalence of (1) and (2) results from 3.2.6 (1), 3.3.3(1), and 3.2.4(3).
Prove (1) < (3). To this end, note that the inclusion AT NC'TC (AN C)7
amounts to the formula

Vae AN)(VeeC)la=c— (Fbe ANC)a=bAb=c)).
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The Boolean truth value of this formula is as follows:

N la=d= \/ la=b]A[b=.

acA,ceC be ANC

This implies that (3) is equivalent to the inclusion ATNCT C (ANC)7 inside VB,
The reverse inclusion is always true. >

We thus see that if A C C then A and C are in general position for a trivial
reason. Also, every two sets of the type A:= {a" : a € A’}, where A’ € V, are in
general position.

The ascent of a correspondence ® := (F, X,Y) is by definition the element
®1:= (F1,X1,YDE € VB where F1 is the ascent of the relation F (cf. 3.3.1(2)).

3.3.10. Theorem. Suppose that X and Y are subsets of V(B) and ® is an
extensional correspondence from X to Y. The ascent ®7 is a unique correspondence
from X7 to Y7 inside VB) such that

[dom(®7) = (dom(®)){] = 1,
[®1(x) = ®(@)1]] =1 (x € dom(®)).

Moreover, the following hold:
(1) Ifdom(®) and a set A C X are in general position then

VI = o(A)1 = 21(A7);

(2) The composition ¥ o & of extensional correspondences ® and ¥
is an extensional correspondence. In this event if dom(¥ o &) =
dom(®) and the sets dom(¥) and ®(x) are in general position for
all x € dom(®) then

VB £ (Fod) =TT od;

(3) VB = (Ix)1 = Ixy.
< By 3.3.4 and 3.3.8, it suffices to verify uniqueness for ®] and the claims
(1)—(3). Also, the case of the empty correspondence is obvious and thus omitted.
Let U be another correspondence inside V(5) obeying the same identities as
o7; ie., [dom(¥) = (dom(P))T] =1 and [V(z) = ¢(2)1] = 1 (z € dom(P)). In
this case VB = dom(¥) = dom(®]) and

[(V € dom (W) (x) = B ()]
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= A BF@=2@]= A [¥)=o@)]=1

xzedom(P) zedom(P)

(1) Using 3.3.9 (1) and the properties of ®7 established above, take an arbitrary
y € V(B and proceed with the equivalences:

y € D1(AT) = (3z)(z € (dom(®))TAz € ATAy € @(x))
— (Fz)(x € (ANndom(P))T Ay € ¢T(x))
— (Jz € (ANdom(P))])y € ®(z)T7.

Hence,

yeoranl= \/ [lyeo@1]

x€ANdom(P)
= V ly=ud= \ ly=v]=Iyec eIl
z€ANdom(P) veP(x) veED(A)

(2) Show that the correspondence © := W o & is extensional. Take x1, zo €
dom(©), y; € ®(x1), and z; € ¥(y;). By 3.3.8(2), the following estimates hold:

V ===V < V ﬂzlzzﬂ])

29€0O(x2) Y2 €P(z2) ~22€¥(y2)

> \/ [y =w2] > [x1 = x2].
y2€P(z2)

Using 3.3.8 (2) again, note that O is extensional. Therefore, using the above for ©,
infer:

[O1(z) = 0@ =1 (€ dom(O)).

Considering the facts established in (1), proceed inside V(B) as follows:

O1(x) = O(x)= U(®(2))] = V(2 (2)1)
— U(@1(2) = (U] 0 ®T)(x) (v € dom(6)).

Therefore, from 3.3.2 we derive
V) = (2 € dom(61)) (O1(2) = (¥1 0 BT)(2)),

which amounts to the claim since dom(¥7 o &) = dom(O7).
(3) This is obvious. >
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3.3.11. Theorem. Let X and Y be subsets of V(B). Assume further that
f is an extensional mapping from X to Y. Then f] is a unique element of V(P
satisfying
1 X1 = YT = [fi(@) = f@] =1 (veX).
Moreover, the following hold:

(1) If Z is a subset of V(B) and g : Y — Z is an extensional mapping
then g o f is also an extensional mapping and

VB = (go f)T =gl ofT;

(2) VB = f(A) = f1(AD) (A C X);
(3) VB) = “the mapping f1 is injective” if and only if f is injective;
(4) VB) = “the mapping f1 is surjective” if and only if mix(im(f)) =
mix(Y).
3.3.12. Proposition 3.3.3 directly yields the arrow cancellation rules for cor-

respondences and mappings.

Let ® and f be extensional correspondences from X to Y, with f single-valued.
Assume further that U is a correspondence inside VB). Then the following hold:

(1) @1l () = mix(®(z)) (x € dom(P)),
(2) fll(z) = f(z) (z € dom(f)),
(3) ¥[I=1,
(4) me1(A) =71 (A7)l (A C X),
(5) ma1 (A)T = a1 (AD) (A C X).

Moreover, if ® is fully extensional and A C dom(®) then
(6) mo(A)T=mer(AT7).

< (1) Given z € dom(®), use 3.2.13, 3.3.10, and 3.3.3 (1) to derive:

1 (x) = &1 ()| = B(2)1l = mix(®(x)).
(2, 3) These are obvious.
(4) Considering A C X, obtain

z€e€mpr(A])| < [Vae Al)z € DT(a)] =1
= Nlze®(@)] =1« (Vac A)(z € 21(a)])

acA
— (Vae Az e ®l(a) « z € a1 (A).
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(5) The sought equality ensues from the above on appealing to 3.3.3 (2).
(6) Granted a fully extensional ®, use (1) to observe

w1 (A) = [] ®ll(a) = [ ®(a) = ma(A).

a€EA a€A

The claim now ensues from (5). >

3.3.13. Consider the category ayP consisting of nonempty subsets of V(B
extensional correspondences with a nonempty graph and the conventional compo-
sition law:

Ob 297 .= 2(VIP)\ {o};
W”V*(B)(X ,Y):={® : ® is an extensional correspondence from X
to Y and Gr(®) # o},

Com(®,¥):=Tod (&, ¥ e Mor2¥ P,

The subcategory of the category @”f/*(B) which consists of cyclic sets and fully
extensional correspondences is denoted by ¢ PV P Let 2B and 927 B be
the respective subcategories of the categories 2V P and 927 P) with the same
classes of objects but now with extensional mappings as morphisms.

The soundness of this definition is ensured by 3.3.10 and 3.3.11. Consider
a mapping .# | assigning to every object X and every morphism ® of the category
2V P) their ascents X1 and ®7. By Theorem 3.3.10, .# ! acts into the category
7B (cf. 3.1.7).

3.3.14. Theorem. The mapping .#' is a covariant functor from the category
2¥ B) to the category ¥ B).

3.3.15. COMMENTS.

(1) We use the unique symbol | for denoting various ascents in much
the same way as this is done with descents. Therefore, all precautions and agree-
ments of 3.2.5 and 3.2.18 (1) should be taken into account. The terminology of
“ascending and descending” was coined by S. S. Kutateladze in [141, 142] in mem-
ory of M. C. Escher (cf. [79, 156]).

(2) The functors .Z” and .Z! act in the same category and resemble
one another in many respects (compare, for instance, the definitions 2.5.15 and
3.3.1(1); the formulas 3.3.2 and 2.5.15; 3.3.3 and 3.1.1(1); 3.3.4 and 3.1.4; 3.3.10
and 3.1.5; etc.). A deeper analogy is revealed in Section 3.4.
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(3) Formulas 3.3.2 and their counterparts of 2.5.15 are particular cases
of the following rules. If ¢ and ¢ are predicative formulas in n + 1 and m + 1 free
variables, while X1, ..., X,, and Yi,...,Y,, are some V(&) _classes; then

[V ) (o, ) = v, V)] = Al D) € A},
[G ), %) A, V)] = /{6, X)) s 2 € A},

where A is any subclass of V(&) obeying the condition
mix(A) ={z e VB : [pz, X)) =1} #2 (X = (X1,...,X,)).

(4) Ascending was implicit in Section 2.4. We now explicate this point.
Let = be a subset of an unseparated universe. Assume further that z/ ¢ V&) ig
the image of X under factorization (cf. 2.5.2 and 2.5.7): 2':= w%x:= {nt : t € z}.
Define some element y of the unseparated universe by the formulas: dom(y):= =z,
im(y):= {1}. Then [ry = 2'T] = 1. Indeed,

[7t € 2'1] = \/ [rt = u] = \/ [rt = 7u]

uex’ uexr

=\ ywAlt=u]=[tey]=[rtemy]

uedom(y)

Therefore, the element y of 2.4.5 (2), {z}? and {z,y}? of 2.4.8, f of 2.4.11 (1-3) are
all ascents in the unseparated universe. Moreover, X" is the ascent of {z" : x € X}
(cf. 3.3.1(1)).

(5) The hypothesis of general position is impossible to omit in Theo-
rem 3.3.10. The corresponding counterexamples are easily available on using the
following argument: Assume that A C X and ® is a correspondence from X to X
with graph {(z,z) :z € M}. f AC X and ANM = @ but AN mix(M) # &,
then ®(A) = @ and [®(A)T= @] = 1. On the other hand, [®1(AT) # @] =1
since [z € ®T(AT)] =1 for z € ANmix(M). Observe also that in some of our rele-
vant articles (cf., for instance, [123, 131, 141]) the condition of general position was
absent on the implicit presumption that A C dom(®) or im(®) C dom(¥). This
inadvertent omission might lead to confusion in the case of general correspondences.
However, there is no danger at all in dealing with the correspondences defined ev-
erywhere and, in particular, with mappings. The same remarks are appropriate in
regard to the rules for calculating polars (cf. 3.3.12(6)).
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3.4. The Immersion Functor

Of utmost import for applications of Boolean valued models to analysis is
the following technique: We immerse the object under study, i.e. some set X, in
a suitable Boolean valued universe V(#) making the structure of X less intricate or
even transparent. We then continue analysis inside V(&) which often completes the
original task. This immersion procedure proves to be functor-like, enabling us to
study not only the inner structure of individual objects but also interplay between
them.

3.4.1. A complete Boolean algebra B induces some extra algebraic structure in
the descent of every object inside V(B). Therefore, only those objects may pretend
to be immersed into V() that are duly related to the complete Boolean algebra B.

We now introduce the appropriate terminology. Consider an arbitrary set X.
A mapping d : X x X — B is a B-semimetric provided that for all z, y, 2 € X the
following are fulfilled:

(1) d(z,z) = 0;
(2) d(z,y) = d(y,z);
(3) d(z,y) < d(z,2) Vd(zy).
If, moreover, d(z,y) = 0 yields z = y then d is called a B-metric or Boolean metric

on X. In this event (X, d) is called a B-set or Boolean set.
Each set X, lying in V(&) is equipped with the canonical B-metric

d(z,y) =z #y] = [z =y]" (z,y € X).

The fact that d is a B-metric follows from 2.1.8(1,3,4) and the separation
property of V(&) Considering subsets of V(&) as B-sets, we always imply that are
furnished with the canonical Boolean metric.

Many concepts of Chapter 2 translate naturally to B-sets by dualizing with
respect to complementation in B. Thus, we sometimes omit some minor details in
introducing new notions.

3.4.2. Let (b¢) be a partition of unity in B and let (x¢) be a family in a B-
set X. The mizing of (z¢) by (be) is an element x € X such that b A d(z,z¢) =0
for all €. As before, we write = mix(bez¢). This mixing, if existent, is unique.
Indeed, if y € X and (VE)(be A d(y, z¢) = 0) then

be Nd(z,y) < be A (d(w,z¢) V d(ze, y)) = 0.

The infinite distributive law 1.1.5(2) in B implies

d(l‘,y) = \/{bf N d(l‘,y)} =0,
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and so x = y.
Note that unlike the case of the universe V&) (cf. Section 2.3), not all mixings
in a B-set may fail to contain each mixing.

3.4.3. Consider a B-set (X,d). Given a subset A C X, we denote by mix(A)
the set of all mixings of elements of A. If mix(A) = A then A is a cyclic subset
of X.

Denote by cyc(A) the intersection of all cyclic sets containing A. A Boolean
set X is universally complete or extended if X contains the mixing mix(bez¢) of
each family (x¢) C X by any partition of unity (b¢) C B. In the event when these
mixings exist only for finite subsets of X, we call X finitely complete (the word
“decomposable” prevails in the Russian literature).

In much the same way as in 3.2.8, it is possible to show that if X is a universally
complete B-set then mix(A) = cyc(A) for all A C X. A cyclic subset of a B-set
is not always a universally complete B-set. Every cyclic subset of V() with the
canonical B-metric is a universally complete B-set.

3.4.4. Let A be a set. Assume that to each o € A there corresponds a B-set
(Xa,dy). Put X :=1l,ea X, and define the mapping d : X x X — B as follows:

d(z,y) == \/{da(z(a),y(e)) : @ € A}.

Then d is a Boolean metric on X ; moreover, (X,d) is universally complete if and
only if X, is universally complete for all o € A.

< It is easy to prove that the above mapping is a B-metric. Moreover, if (b¢) is
a partition of unity and (z¢) is a family in the product X then z = mix(bez¢) if and
only if z(a) = mix(bex¢(ev)) for all & € A. Whence it follows that X is universally
complete. >

In the sequel we always view the product of B-sets as a B-set with the Boolean
metric of 3.4.4.

3.4.5. Let A be a subset of a universally complete B-set (X,d). Then for any
x € X the Boolean distance from x to A, defined as

dist(z, A) := /\{d(m,a) ta € A},

is attained for some a € mix(A). In other words, to every x € X there is some
a € mix(A) satisfying dist(z, A) = d(x, a).

< If b := dist(x, A) then there are a partition (b¢) of bj and a family (a¢) C A
such that be A d(x,a¢) = 0 for all £&. Put a := mix{boao, beac}, where ag is an
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arbitrary element of A. Since (b¢) U {bo} is a partition of unity then a € mix(A).
Moreover, for every £ we obtain

be Nd(z,a) < (be Nd(z,ae)) V (be Ad(ag,a)) =0.

Hence, bj A d(z,a) = \/{bg Ad(x,a)} = 0 or d(x,a) < by. The converse claim is
immediate. >

3.4.6. Note three useful corollaries to 3.4.5:

(1) The distance from a point x € X to a subset A of a universally
complete B-set X is equal to zero if and only if x € mix(A).

(2) The Boolean distance between A; C X and As C X is defined by
the formula B
d(Aq, Ag) := \/ dist(a, A2) V \/ dist(41, a).

a€Aq acAs

It is easy to check that d is a Boolean semimetric on Z(X) but not a metric in
general. It would be natural to call d the Hausdorff B-semimetric associated with d.
If X is universally complete then d(A1, A3) = 0 if and only if mix(A4;) = mix(Asy).
(3) Let Z.yc(X) be the set of all cyclic subsets of a B-set (X, d). Then

(X, d) is universally complete if and only if (P.y.(X),d) is a universally complete
B-set.

<1 Indeed, assume that X is universally complete. Then, by (2), d is a metric
on P.y.(X) and we have only to prove that (Z.y.(X),d) is universally complete.
To this end, consider a partition of unity (b¢) and a family (A¢) in Peyc(X).

Define A C X as the union of all mixings of the form mix(bsx¢), where z¢ € Ag¢
for all £. Then, given z € A and 2’ € A¢ and using 1.1.5(8), note the equalities

be Adist(z’, A) = \{be Ad(2',a) :a € A} =0,
be Adist(z, Ae) = N\{be Ad(2,a) :a € A} =0.

Finally, by the distributive laws 1.1.5(1,2), b¢ A d(A, A¢) = 0. The last equality
holds for all £ and so A = mix(bsA¢). To prove that A is cyclic, proceed along the
lines of 3.2.8.

The converse claim results from the fact that the mapping = — {z} is an

injection of X to Peyc(X) satisfying d({z}, {y}) = d(x,y) for all z,y € X. >

3.4.7. Consider B-sets (X,dx) and (Y,dy). A correspondence ¢ from X to
Y is called contractive, or a contraction correspondence, or simply a contraction
provided that
dy (®(z), ®(y)) < dx(z,y) (z,y € dom(P)),

where dy is the Hausdorff B-semimetric associated with dy .
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(1) The contraction property of a correspondence ® is equivalent to
each of the conditions (cf. 3.3.8(1,2)):

(a) Ifdx(x1,22) < b (x1,22 € dom(P)) then
bV dist(y, ®(x1)) = bV dist(y, P(x2))

forally € Y;
(b) dist(y1, ®(z2)) < dx(x1,x2) for arbitrary z1,z9 € dom(®) and
Y1 € ‘I)(l‘l)

If X and Y are subsets of V() then to denote the same property of a corre-
spondence after introducing the above definition we may use two terms, contraction
and extensionality, which are contrasting in common parlance. To avoid ambiguity,
recall that extensionality is interpreted with the Boolean truth value of equality
[- = -], whereas contraction pertains to the B-metric under study.

A correspondence @ is called fully contractive if ® is contractive and

¢ (z) = mix(®(x)) (z € dom(P)).

(2) The descent of every correspondence is a fully contractive or, which
is the same, fully extensional correspondence.

< The conclusion means that if ¥ is a correspondence inside V(&) and & :=
U| then @ is an extensional correspondence and ®(x) is a cyclic set for every
z € dom(®). By 3.2.6(9), 3.2.13, and 3.3.8 (5), ¢ is extensional; while by 3.2.3 (1)
and 3.2.13 (1) ®(z) is cyclic. >

A mapping f: X — Y is contractive whenever

dy (f(x), f(2) < dx(x,2") (z,2" € X).

If the last formula holds with equality then f is a B-isometry. A bijective B-
isometry is an isomorphism of B-sets.

3.4.8. Eachset X € V becomes a B-set if equipped with the discrete B-metric:

1Ba lf.T#y,
d(z,y):=
(z,9) {OB, if x =y.

In this case the pair (X, d) is called a discrete B-set. In a discrete B-set there is
no mixing mix(bexe) if only the set of elements (z¢) has more than one element
and the partition of unity (b¢) differs from the trivial partition {0p,15}. Every
correspondence from a discrete B-set to an arbitrary B-set is contractive.

Discrete and universally complete B-sets are two extreme examples of “B-
qualification” offered by the elements of the universes V and V(&) (cf. 3.2.3).
Compromises are plentiful among the members of 2(V(B)). In analysis, we of-
ten encounter B-sets of another provenance.
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3.4.9. Assume that 7 is a complete monomorphism of B to a Boolean alge-
bra C'. Put

de(z,y) == \{b" :7(D) Az =7(dD) Ay} (2,y€C).

Then d, is a B-metric on C', and the Boolean operations on C' are contractive.

< If # = Ip then d.(b,b') = (b < V)" =b A . Consider one more com-
plete Boolean algebra C’ and a complete monomorphism 7’ : B — C’. Then the
homomorphism h : C — C” is a contractive mapping between the B-sets (C,d)
and (C',d,/) if and only if h o w = «’. Indeed, the fact that h is contractive in the
metrics d, and d,s means that 7(b) Az = 7(b) Ay implies 7/(b) Ah(z) = 7' (b) Ah(y)
for all z,y € C' and b € B.

If 7 = h o7 then, applying h to the equality 7(b) A z = m(b) A y, obtain
7'(b) A h(z) = 7'(b) A h(y). Conversely, if in the last equality we put x = 1¢ and
y := m(b) then we get either «'(b) = 7' (b) A hr(b) or n’(b) < hom(b). Since b € B
is arbitrary, deduce 7’ = how. >

3.4.10. Consider another construction with B-sets analogous to 2.2.10. Let
¥ be an ultrafilter on a Boolean algebra D. Consider a Boolean set (X, dx) with
a D-valued B-metric dx. Equip X with the binary relation ~,, by the formula

(z,y) € ~y = dx(x,y)" €.

The definition of Boolean metric implies that ~,; is an equivalence. Let X/~ be
the factor set of the set X by ~,. Also, let 7x : X — X/~ stand for the canonical
mapping. If the same is done with the Boolean set (D, A) then D/~ presents the
two-element Boolean algebra, so that D/~ ~ {0p,1p}.

Clearly, there is a unique mapping d : X/~ — D/~ such that J(Wxsc, TXY)
— wp(d(z,y)) (z,y € X). Moreover, d is a discrete Boolean metric on X/~
If dx is a discrete metric then ~, = Ix and X/~,; = X. Some set-theoretic
operations on X and X/~ are simply interrelated. If (X,) is a family in X then
(UXa)/~p =U(Xa/~y).

In the case of powers there is a natural bijection between X/~ and (X/~,)"
given by the formula

Txn : (T1, .., &n) — (TxX1, ..., TxTpn) (T1,...,2, € X).

Note also that if A C X then A/~y =7x(A) and 74 =7x [ A.
Choose one more B-set (Y,dy), and let F' C X x Y. It is then easily checked
that
dom(F/~y) = dom(F)/~y, im(F/~y) =im(F)/~y.
3.4.11. Assume that p is an arbitrary automorphism (homomorphism into

itself) of a Boolean algebra B, and v, is an element of V(B) determined by the
function {(b", p(b)) : b € B} in accord with 2.5.6. Then the following hold:
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(1) p(b) = [b" € 9] for all b € B;

(2) [A* Cc ¢, = (NA)" €y, =1 for AC B if and only if p(\ A) =
A p(A);

(3) [¥, is an ultrafilter on B"| = 1.

< (1) This is checked by calculation on appealing to 2.2.8(1,2).
(2) Using (1) and given A C B, obtain

[A" c vl = N lacv]= /\ pla)=\p(A).
acA acA
Since p (\ A) < A p(A) by monotonicity of p, the inequality [A" C ¢,] < [(AA)" €

1,] amounts to the equality p (A A) = A p(4).
(3) First of all, note that V(B) |= Y, C B". Indeed, granted t € VB observe

[ted =\ p®)ATt=01< \/[t=b"]=[teB"].

beB beB

It then follows from (1) that [0 ¢ ,] = 1, while (2) implies that [¢, is a filter
base ] = 1. Moreover, if b € B then

[Ga € gp)a<t] =\ pl@)Ala® <b] = \/ pla)

a€EB a<b

= p(b) = [b" € ¥,

so that
[(Vbe B (aew,)a<d) —bew,)] =1.

Therefore, 1), is a filter on B” inside V(B) and we have to show that V(5) = “for
each b € B” either b € 9, or b* € 1,.” This claim is demonstrated by the following
formulas:

[(Vbe B")(bet, Vb el
= N\ €] VIO €9l = N\ pb)Vp(*)

beB beB
= /\{p(b\/ b*):be B} =p(1) =1.

The proof is over. >
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3.4.12. Let 9 := 1, where 1 is the identity homomorphism on B. According
to 3.4.11, V(B) =% is an ultrafilter on B", and A" C ¢ implies A\(A)" € ¥” for
an arbitrary set A C B.

Take an arbitrary B-set (X,d). It is obvious from 3.1.16 that (X",d") is

a B-set inside V(B), By 3.4.10, 3.4.11, and the maximum principle, there are )N(,
~:=~y, and mx € VB such that
(1) VB = “~ is an equivalence relation on X"”;
(2) V® £ X = X7/
(3) VB = “ny : X — X is the factor mapping”;
(4) (=", y")F € ~] = d(z,y)" (z,y € X).
If we apply the described procedure to a B-set (B, A) (cf. 3.4.9) then in place
of B we obtain the two-element Boolean algebra, so that V(B) = B ~ {04, 15}5.
Therefore, inside V(5) there is a unique {0%,1%}-valued Boolean metric d on X
satisfying .
VB (Va,y € XM)d(rx(2), 7x(y)) = 7 (d" (z,y)).
As seen from 3.4.10, for a discrete B-set (X, d) we have ~ = Ix~ and X~ = X".
Say that subsets A and C' of some B-set (X, d) are in general position whenever

d(a,c) > \{d(a,b) vd(b,c):be ANC}

for all a € A and ¢ € C. In much the same way as in 3.3.9, the above inequality is
in fact an equality since d(a,c) < d(a,b) V d(b, c).

(5) Sets A and C are in general position if and only if

VB = (ANC)~ =A~"NnC".
< Note that (AN C)Y = 7x(ANC)") = mx(A*NC") and AV NC~ =

mx(A") Nwx(C"). Hence, the inclusion (AN C)~ C A~ NC™ holds always, while
A~ NC™~ C (ANC)™ amounts to the formula

(Vae A")(Vee CM)(a~c— (b e (ANC)")(b~a A b~c)).

Writing out the Boolean truth value of the last formula and considering the equality
[a"~c"] = d(a,c)*, obtain

N da,o) = ( \/  da,b)* Ad(b, c)*) = 1.

acA,ceC be ANC

It is now evident that [A~NC~ C (ANC)~] =1 if and only if, for all a« € A and
c € C, we have

d(a, ¢)* < ( A d(a,b)Vdb, c)>*.

beANC
This means that A and C' are in general position. >
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3.4.13. Theorem. Suppose that (X,dx) and (Y,dy) are some B-sets and ®
is a contractive correspondence from X to Y. Then inside V(B) there is a unique
correspondence ®~ from X~ to Y™ such that

dom(®~) = (dom @)™,
[P~ (rxx") =y (P(2)")] =1 (2 € dom D).

In this event the following hold:
(1) If A C X and dom(®) are in general position then

V) L a(A)” = (A7)

(2) The composition W o ® of contractive correspondences ® and ¥ is
contractive, and if dom(W¥ o ®) = dom(®) and the sets dom(¥) and
®(x) are in general position for all x € dom(®) then

VB = (Tod)™ =T~ 0™,

(3) VP | (Ix)~ = Ix~.
< As follows from 3.1.5, V(B) |= “®" is a correspondence from X” to Y.”
Put ~:=7my o®" o W;(l. It is obvious that V(B) |= “®~ is a correspondence from
X~ to Y™~ and dom(®™) = mx (dom(®")) = wx (dom(P)") = dom(P"~).”
Show now that the Boolean truth values by := [y € ®~ o mx(z")] and by :=
[y € Ty o ®"(2)] coincide for all 2 € Z := dom(®) and y € V(B), Indeed,

bi=[Fs € ZMN)(Ft e Y")(y=nmy(t) Nt € P"(s) Ax(s) = mx(z"))]
—\/ VI € 85T A Ty = my ()] A brx (57) = 7 ()]

seZ teY

> \/ ly=my ()] At" € ®(x)"]
=[EteY")(y=ny(@) At € " (z"))] = bo.

On the other hand, using the equalities

o dx(s,2)" =[x (s7) = mx (2]
dy (®(x), ®(s))" = [ry(®(2)") = 1y (®(s)")]

and considering that the correspondence ® is contractive, infer
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br < \/ VIrv(@(5)") = 7y (B(2))] A [t" € D(s)"]

seZteY

ANy =my ()] < \/ [y € 7y (2" (z"))] = ba.
seZ

Therefore, by = by, which immediately implies the defining relation [ry (®(z)") =
O~ (mx(2"))] =1 for all x € Z. Hence, the relation

VB = (Vo € (dom(®))") D™ (nxz) = my d" ()

holds. Moreover, ®~ is unique since dom(®"~) = (dom(®))~ = wx ((dom(P))").
(1) Using 3.4.12(5), it is easy to note that

T~ (A™) = &~ (A~ N dom(d™)) = &~ ((A N dom(®))™).

On the other hand, ®(A)~ = ®(ANdom(P))™ and so there is no loss of generality
in assuming that A C dom(®). In this case, however, using the defining property
of ®~, we may write inside V(5) the following chain of equalities

e~ (A™) = | ®7(a)= |J ®7(7x0a)

acA~ a€EAN

= U mv(@(a) = 7y (27(4Y)) = 7y (B(A)") = B(4)™.

ac AN

(2) Let ¥ be a contractive correspondence from Y to U. Choose x1,29 € Z,
y1 € ®(z1) and uy € ¥(y1). Then, according to 3.4.7 (1)

dist(uy, ¥ o ®(xq)) < /\{dist(ul, U(y)):y € P(x2)}
< Nd(y1,y) 1y € ®(w2)} = dist(yr, ®(w2)) < d(w1,72).
Since 1, x2, y1, and u; are arbitrary; therefore, the correspondence W o @ is
contractive.

Given z € Z, use (1), 3.1.5(2), and the defining relations of (Vo ®)~, ¥~ and
®™ to obtain

(U~ o @) (mxa") =0~ (P(x)~) = U(P(x))™
=7y (Lo ®)(z)") =my((Vod) (z")) = (Yo @)™ (rxz").

Hence, [(V o ®)~ = U™~ o0 ®~] =1 since Z~ = dom (¥~ o 7).
(3) The claim is immediate from 3.1.5(4). >
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3.4.14. Theorem. To each contractive mapping f : X — Y there is a unique
element f~ € VB) such that

If~: X~ =Y~ =[fTorx =myof']=1.

Moreover, the following hold:
(1) VB = f(A)™ = f~(A™) for A C X;
(2) If g : Y — Z is a contraction then g o f is a contraction and
VB = (go f)~ =g~ o f~;
(3) VB = «f~ is injective” if and only if f is a B-isometry;
(4) VB = “f~ is surjective” if and only if \/{d(f(z),y):z € X} =1
for every y € Y.

3.4.15. Consider the categories BSet, and CBSet,. The objects of these cate-
gories are nonempty B-sets and nonempty universally complete B-sets, respective-
ly, while the morphisms are contractive and fully contractive correspondences. As
composition of morphisms we take the usual composition of correspondences. The
subcategories of the categories BSet, and CBSet, consisting of the same objects
and of contractive mappings are denoted by BSet and CBSet, respectively. Let .7~
be the function assigning to an object X and a morphism ® of BSet the elements
F(X):=X"~ and F~(P):= ¢™.

3.4.16. The mapping .#" is a covariant functor from the category BSet to the
category ¥V'(B)

3.4.17. COMMENTS.

(1) The concept of a Boolean metric appeared at the beginning of the
1950s in result of studying various “distances” given on abstract sets and taking
values in posets (cf. [15, 47, 205]).

Unfortunately, no particularly rich geometry associated with this concept was
ever discovered, which fact accounts most likely for the B-metrics being unpopular
in the years to follow. The reason of this curiosity is perfectly revealed in Theorems
3.4.13 and 3.5.4.

The geometry of Boolean metrics is rather meaningful and enthralling when
combined with topological and functional-analytical structures. In this case the
presence of a compatible B-metric opens up a possibility of studying the structure
in question by means of Boolean valued analysis.

(2) A mapping [- = -] : X? — B is called a Boolean valued equality
provided that it obeys 2.2.8 (1, 3,4). These mappings are plentiful in Boolean valued
interpretation of first-order theories (cf. [54]).

Clearly, the concept of a Boolean valued equality is just a “reflection” of the
idea of a Boolean metric since the conditions of 2.2.8 (1, 3,4) are met if and only
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if the mapping (z,y) — [x = y]* is a Boolean metric. In this context the idea of
a Boolean metric proves to be rather fruitful.

(3) Definitions 3.4.1, effective in this section, are motivated by the fact
that the algebraic systems typical of analysis often possess a natural B-semimetric,
whereas the introduction of some B-valued equality might be artificial.

(4) It is possible to demonstrate that the converse of 3.4.6 is also true.
Namely, if ¢ is an ultrafilter on B” inside V(®); then the mapping py : B — B,
defined by the formula py(b) := [b" € 9], is an automorphism of B*. Moreover,
py, = p and [y, =] = 1.

(5) Our remarks on 3.3.15 (5) apply fully to the case of 3.4.13(1,2).

3.5. Interplay Between the Main Functors

The main functors of the preceding four sections have a fruitful relationship
rather productive of applications. This specifies the topic of the present section.

3.5.1. Recall that for an arbitrary X € Z2(V(5)) the set mix(X) consists of
all possible mixings mix(bex¢) of all families (x¢) in X by all partitions of unity
(be) in B (cf. 3.2.7). In this event the operation mix sends X to the cyclic hull of
X (cf. 3.2.8). We now abstract mix to extensional correspondences.

Let X and Y be subsets of V(B) . Assume that ® is an extensional correspon-
dence from X to Y. There is a unique fully extensional correspondence ¥ from
mix(X) to mix(Y") satisfying

U(z) = mix(®(z)) (z € dom(P)).

< To prove, assign ¥:= ®7| and use 3.3.12 (1) and 3.4.7(2). From 3.2.13 and
3.3.3(1) it follows that Gr(¥) = mix(Gr(®)). >

By definition, mix(®) = V. If O is another extensional correspondence and
dom(©) C Y then, by 3.2.13(3) and 3.3.4(8), we note that mix(0 o &) = mix(0) o
mix(®) if and only if (O o ®)T = O] o ®T. Moreover, it is obvious that mix(Ix) =
Imix(X)'

3.5.2. Take a nonempty set X. Denote by By(X) the set of all partitions of
unity in B of the type (b, = b(x)),ex:

be By(X)— (be BX AN (Vo€ X)(Vy € X)(z #y) — b(z) Ab(y) = 0)).

Assign to an element y € X the partition of unity 1y := 1xy := (by)zex, Where
b, =1 for x =y and b, = 0 for x # y. Evidently, 1x is an injection from X to
By(X). Granted u, v € By(X), define

d(u,v):= /\{u(w)* Vo(x) 1z e X}
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It is easy to check that d is a B-metric on By(X). Moreover, (By(X), d) is a univer-
sally complete B-set. The last fact is established by essentially the same arguments
as in 3.2.8. Hence, By(-) is a mapping from V to CBSet. We now extend this
mapping to correspondences.

Given a correspondence ® := (F, X,Y), define By(®) := (G, Byo(X), Bo(Y)),
where

G:.= {(U,U) S Bo(X) X Bo(Y)
o (Vre X)(Vy e Y)(u(x) Av(y) #0 — (z,y) € F)}.

If & is single-valued then By(®) is single-valued too.
By definition,

Bo(Ix) = Ip,(x)
B0<\If o (I)) = B0<\If) ¢) B()((I)),
® =1," 0 By(®) o1x.

Hence, the mapping By(-) is a covariant functor from ¥, to CBSet..

3.5.3. Some features of interplay between the main operations of Boolean
valued analysis have earlier been presented in the form of the arrow cancellation
rules. We now paraphrase these rules for functors.

(1) The descent functor 7' and the ascent functor . establish an iso-
morphism between the categories ¥ B) and € ¥ (B). This implies that F1 o F'
and Fo.F1 coincide with the identity functors on ¥ (B) and € 2V (B) | respectively.

< The functor #1 o F! acts as the identity by the rules for descending and
ascending 3.3.3 (2) and 3.3.12(3). Similarly, the functor .# 0. %1 acts as the identity
by the rules for ascending and descending 3.3.3 (1) and 3.3.12(1). >

(2) The functor mix : 2V B) — ¢ 2¥ B) coincides with the compo-
sition 1 o F' and is a € 2V B)-reflector of the category ¥ B). In particular,
& 2¥'B) is a reflective subcategory in 2V (B).

<1 The equality mix := .#! o .Z! results from 3.3.3(1) and 3.3.12(2). Con-
sider nonempty sets A, C € 2(VB)), and suppose that C is cyclic. Then each
extensional mapping g : A — C admits a unique extensional extension g = g¢1| :
mix(A) — C (cf. 3.2.12, 3.3.11, and 3.3.12(2)). Therefore, the restriction mapping
0a.c:h— h| Ais a bijection of €27 B) (mix(A),C) onto 227 B)(A,C). De-
note the family of the mappings 64 ¢ by 6. Then 8 is a adjunction from mix to the
functor of the identical embedding of €2 ¥ (B) to 22y (B).
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Indeed, if A’, C' € 2(V(B)) and C’ is cyclic then, granted extensional map-
pings f : mix(A) - C, g: A’ — A, and h : C — C’, observe (f omix(g)) | A" =
(f [ A) o g. In turn, this makes obvious the equality

(ho(fomix(g))) [ A"=ho(f]A)og,

or, which is the same,

Oar,cr(ho fomix(g)) =hobac(f)og. >

(3) The composition of the canonical embedding functor and the de-
scent functor is naturally isomorphic to the functor By or, in symbols, F1o0.% "~ By.

< Given a set X, note that the mapping

Ox @ (bz)rex — géig(i(bxﬂ) ((bz)zex € Bo(X))
is a bijection of By(X) onto X”*|. The mapping 6 : X — 0x (X € Ob¥;) is an
isomorphism of the functors By and .| o .#”". To see this, it suffices to observe
that, for u € By(X), v € Bo(Y), a:= 0x(u), and b:= 0y (v), we have (a,b) € &"|
if and only if (z,y) € ® whenever u(x) A v(z) # 0. >

3.5.4. Theorem. Let (X,dx) be a B-set and X':= X~|. Then the following
hold:
(1) There is an injection 1x : X — X' such that

dx (z1,22) = [ix@1 # ixx2] (21,22 € X);
(2) To each ' € X' there are a partition of unity (b¢) and a family

(x¢) C X such that o' = mix(berxe);
(3) If ® is a contractive correspondence from X to a B-set Y, Y':=

Y™~|, and ®' := ®~|; then ®' is a unique fully extensional corre-
spondence from X' to Y’ satisfying dom(®’) = mix(:1x (dom(P)))
and

®' (1xr) = mix(1x (®(z))) (z € dom(P)).

< (1) By the definitions of X~ and mx (cf. 3.4.12(1-3)), [rxz" € X~] =1
for every x € X. Hence, there is a unique element ' € X’ such that [z’ =
mxx"] = 1. Assign 1xx:= z’. This defines the mapping 7:= 1x : X — X’ such
that iz = mx2"] =1 (x € X). Using the last relation and 3.4.12 (4), for arbitrary
xr1, ro € X, deduce

~

[ezq # 1xs] = [rxa) = wxxs]" = [zi~ae]™ = dx (21, 22),
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which implies in particular that 2 is injective.
(2) Note first that the following formula holds: [t € im (2)T = 7x(X")] = 1.
Indeed, given t € V() by the definition of + we have

[t eim@) = \/[t=wu]=\/[t=nxa"]=[t € 7x(X")].

zeX reX

Using the arrow cancellation rule 3.3.3 (1), derive
X' = mx (X = im(0)1] = 1(X)1] = mix((X)).

(3) Since @~ is a correspondence from X~ to Y™ inside V(5); therefore, ®' is
a fully extensional correspondence from X’ to Y’ (cf. 3.4.7(2)). Using the property
3.2.13 (1) of descent and given arbitrary x € X and y € Y, infer

1yy € ' (1xx) & [iyy € D~ (1xz)] = 1.

Using the construction of 1x, substitute wxx”" for 1xx on the right-hand side of the
above equivalence. Appealing to Theorem 3.4.13, note then that

[eyy € @™ (mxa™)] = [evy € my ((2)M)].

All in all, 1wyy € ®'(1xx) if and only if 1yy € my (P(x)")], which implies the claim.
Indeed, using (1) and (2), conclude that A~| = 7y (A")]= mix(2y (A)) for AC Y.
Involving 3.2.13 (1), proceed as follows:

'(1xx) = 7| (1xx) = ™ (nx (2"))] = 7y ((x)") = mix(ey ((x))),

where z € dom(®). Put X;:=im(1x), Y7 :=im(zy ), and ®;:= z;l o® o1x. Then
®, is an extensional correspondence from X7 to Y7, and the following hold:

X' =mix(X;), Y =mix(V7), @' (z)=mix(®1(z)) (z € dom(Py)).

Hence, ®' = mix(®,), and so ®’ is unique. >

3.5.5. We now describe the modified descents and ascents of correspondences.

(1) Suppose that X is a nonempty B-set, and Y is an arbitrary element

V(B) satistying [Y # @] = 1. Consider a member ® of V(5) such that V(B) =
“© = (F,X™,Y) is a correspondence from X~ to Y.”

By Theorem 3.2.13, ®| is a correspondence from X' := X~ | to Y|. Assign

®]:= ®|orx. The correspondence ®] is called the modified descent of ®. By virtue
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of Theorems 3.2.13 and 3.5.4, ®] is a unique fully contractive correspondence from
X to Y| satisfying

ye@[(z) = ye Phixx)]=1 (ze€X).
Note also that ®] = (F'| 7, X,Y]), where
Fl7={(z,y) € X xY|: (ixz,y)” € F}.

(2) Assume that ¥:= (F, X,Y]) is a contractive correspondence. The
ascent operation of Section 3.3 does not apply directly to ¥. However, the corre-
spondence ¥ o1y is clearly extensional and so it ascends. Assign ¥]:= (Vo z}l)T
and call ¥T the modified ascent of V. By Theorems 3.3.10 and 3.5.4, W7 is a unique
correspondence from X~ to Y inside V(®) such that

[dom(¥7) = (dom(¥))~] =1, [¥1(exz)=¥(z)]]=1 (z € dom(V)).
Note again that U] = (F_T, X™~,Y), where

F_:={(xz,9)? : (z,y) € F}.

(3) Assume now that X is a discrete B-set. Then ®] is a correspon-
dence from X to Y| uniquely determined from the formula

yedl(@) o lyed@)] =1 (veX).

On the other hand, in this case each correspondence ¥ from X to Y| is contractive
so that there is a unique correspondence ¥] from X" to Y satisfying

[W1(z") =¥(@)]=1 (z€X).

3.5.6. Theorem. The modified descent and ascent are inverse to one another,
each implementing a bijection between the set of elements ® € VB) satisfying
[® is a correspondence from X~ to Y] = 1 and the set of all fully contractive
correspondences from X toY].

< For simplicity, put ¢:=1x. By 3.5.4(2) and 3.3.3 (1), X~ = im(2). Hence,
in virtue of 3.3.10 (3), note that Ix~ = (fim(,))T. Applying the arrow cancellation
rules for correspondences, conclude then that the following holds inside V(5):

(I)II = (((I)l OZ) ° l_l)T = (CI)J/ O]im(z))T = CI)J,T O(Iim(z))T =®olx~ =9.

On the other hand, granted a fully contractive ¥, observe

U1](2) = (o )1l (w) = (mix(P)) o2~ " ()
= mix(¥)(z) = ¥(z) (2 € mix(dom(¥)) = dom(¥)),

which completes the proof. >
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3.5.7. Theorem. The descent functor .Z! is right adjoint to the immersion
functor #~. In this event the modified descent | is an adjunction, while the
modified ascent | is a coadjunction.

<1 Consider the functors £~ and ' from the category BSet x #(B) to the
category ¥ defined as follows:

H(X,Y) =7y B(X~Y), #YX,Y):=BSeto(X,Y]);
H(a,0):=0" = VP |20 =godoa™;
%l(a,ﬁ) =] oW oaq,
where X € ObBSet, Y € Ob¥# (B o € BSet(X,,X), g € YB (YY), ® €
A~ (X,Y), and ¥ € #H(X,Y).
The claim is that the modified descent | is an isomorphism of the functors
A~ and A#'. By virtue of Theorem 3.5.6, we only have to establish that | is

a functor morphism of the functor £~ to the functor ! or, in other words, that
the following diagram commutes

H~(X,Y) 1 AHX,)Y)
A (a,B) l l A (a,B)
%N(Xl,Yl) T)%l(Xl,Yl)

for the above indicated X, X1, Y, Y7, a, and 3. The commutativity amounts to the
fact that the equality (7 (a, 3)®)] = 7 (a, 3)(®]) holds for every ® € s~ (X,Y)
or, in virtue of the definitions of .~ and ¢!, that the following conditions are
compatible:

Ve #NX,)Y), [V=Fo0doa™]=1,
(8l) o (®]) o=V
These are fulfilled if and only if
[Bodoa™ = (Blo(@])oa)]=1.

However, the arrow cancellation rules, together with the definitions of modified
descent and ascent, imply that the following holds inside V(5):

(Blo(®])oa)l = (Blo(®l)oroaocs )
=Bl o(®1)o(rtoaoct™ ™ =Fodo(roaocr ).

To complete the proof, it suffices to note that [(1oa o027} =a~] =1. >
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3.5.8. We now list some important corollaries to Theorem 3.5.4 with its hy-
potheses and notation presumed effective.

(1) If (X,dx) is a universally complete B-set then 1x is a bijection be-
tween X and X'.

< Note that if = mix(bez¢) for a partition of unity (b¢) and a family (x¢) C X
then 1y = mix(berxxe). >

(2) To each B-set (X,dx) there is a 3-tuple (X', d', 1x) called a B-
completion of (X, dx) and obeying the following conditions:
(a) (X',d) is a universally complete B-set, and 1x is an isometry of
X to X';
(b) X' = mix(im(zx));
(c) to each contractive correspondence ® from X to a universally com-

plete B-set Y, there is a unique fully contractive correspondence
@' from X' toY satisfying dom(®’) = mix(+(dom(®))) and

mix(®(z)) = ®'(1xz) (z € dom(®));

(d) if a 3-tuple (X", d’s,7y) obeys (a)—(c), then there exists some B-
isomorphism 1 between X' and X" satisfying 101x = .

< To prove, take some universally complete B-set as Y in 3.5.4 (3) and appeal
to (1). >

(3) If X € Ob#(B) then there is a member 7x of V(B) such that [ jx is
an isomorphism (in the category ¥ B)) of X onto X|~] = 1.

< Indeed, if Y := X | then, letting jx := 2y T, note that jx is an isomorphism
between ¥ T= X and Y~ = X|7, since 7y is an isomorphism between Y and
Y~|. >

(4) If X andY are universally complete B-sets and ® is a correspondence
from X~ to Y™ inside V(B) then there is a unique fully contractive correspondence
¥ from X toY such that U~ = .

< Indeed, &' := ®| is a fully extensional correspondence from X’':= X~ | to
Y’ :=Y"~|. Hence, ¥:= z;l o ®" 01y is a fully contractive correspondence from X
to Y. If W':= U™~| then, using 3.5.4(3), obtain 13" o Wo1x = 1;,' o ¥ 01x. By (1),
U=V andso ® =d'1=917=V]. >

(5) If X and Y are universally complete B-sets then the mapping ® —
o™ is a bijection between the sets of morphisms CBSet, (X,Y) and V*(B)(XN, Y™).
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3.5.9. Suppose that X and Y are arbitrary B-sets and ® is a fully contractive
correspondence from X toY. Then

V(B) |: W@(A)N = T~ (AN)

for every subset A of dom(®).

< Note that the formulas (Va € A") (y € ®~(nxa)) and y € mp~(A™) are
equivalent since A~ = mx(A"). Using Theorem 3.4.13 and the fact that ® is fully
contractive, take y € 1y (Y') and proceed with the following equivalences:

y € o~ (A)] = N\{[y € @~ (nxa")]:a € A} =1
= (VacA)lyery(®(a)")] =1« (Vaec A)(y € ®(a)7])
— (Va € Ay € mix(ey (®(a))) « (Va € A)y € 1y (mix(P(a)))

—y € ﬂ 14(®(a)) « y €ry(ma(A)).
acA

Hence,
To~ (A7) =1y (e (A))T = me(4)". >

3.5.10. Theorem. The functors .#~ and .#' establish equivalence between
the categories CBSet, and %P In particular, #~ and .#! are mutually adjoint
full and faithful functors preserving inductive and projective limits (for the given
categories).

< It suffices to demonstrate the following;:

(1) the functor .#! o .Z~ is naturally isomorphic to the identity functor on
CBSet,; while the isomorphism is implemented by the mappings 1x : X — X’
where X € CBSety;

(2) the functor .#~ o .Z! is naturally isomorphic to the identity functor on
”//*(B); while the isomorphism is accomplished by the mappings 7x € ¥ (B)(X, X|™~)
where X € 7P,

To prove (1), involve 3.5.8 (1) and note that, by virtue of 3.5.4(3), for X,
Y € Ob CBSet, and ® € CBSet.(X,Y), the following diagram commutes:

X X5 X~

Lol

Y —— Y~

1y
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It then ensues from 3.5.8 (3,4) that, for all X, Y € Ob 7B and ® ¢ ”//*(B)(X, Y),
the following diagram commutes:

X X, x|~

| L

Y —— Y|~

Jy

This yields (2). >
3.5.11. For all X € ObCBSet, and Y € Ob %.\?) the following hold:
Oy)l=1v;, VP = (1x)” = jx~.

< The first equality is immediate from the definitions: (yy )] = (ey )1l = 2yy.
To prove the second equality, assign

b:=[(1x)~ =1x~], be:=ix~mx2" =j)x~7x2"] (r€ X).
Note that b = A{b; : * € X}. Hence, we are to check that b, = 1 for every
xr € X. However, if x € X then, by 3.4.13 and the definition of jx, obtain b, =

[rx~(txx)" = (1x~|)T o wx(z")]. Now, apply the following equalities which hold
by the definition of 2 x:

[rxx" =wxx] = [rx~y" =1x~y] =1 (ze€X,yeY™|).
Whence, on letting y = 1x2 and using 3.5.4 (1), infer
by =[x~ (1xx)" =1x~ (1x2z)] =1,

which completes the proof. >



Chapter 4

Boolean Valued Analysis of
Algebraic Systems

Every Boolean valued universe has the collection of mathematical objects in
full supply: available in plenty are all sets with extra structure: groups, rings, alge-
bras, normed spaces, etc. Applying the descent functor to the established algebraic
systems in a Boolean valued model, we distinguish bizarre entities or recognize old
acquaintances, which reveals new facts of their life and structure.

This technique of research, known as direct Boolean valued interpretation, al-
lows us to produce new theorems or, to be more exact, to extend the semantical
content of the available theorems by means of slavish translation. The information
we so acquire might fail to be vital, valuable, or intriguing, in which case the direct
Boolean valued interpretation turns out to be a leisurely game.

It thus stands to reason to raise the following questions: What structures signif-
icant for mathematical practice are obtainable by the Boolean valued interpretation
of the most common algebraic systems? What transfer principles hold in this pro-
cess? Clearly, the answers should imply specific objects whose particular features
enable us to deal with their Boolean valued representation which, if understood
duly, is impossible to implement for arbitrary algebraic systems.

In the preceding chapter we have shown that an abstract B-set U embeds
in the Boolean valued universe V(B) so that the Boolean distance between the
members of U becomes the Boolean truth value of the negation of their equality. The
corresponding element of V(&) is, by definition, the Boolean valued representation
of U. In case the B-set U has some a priori structure, we may try to equip the
Boolean valued representation of U with an analogous structure, intending to apply
the technique of ascending and descending to studying the original structure of
U. Consequently, the questions we raised above may be treated as instances of
the same problem of searching the qualified Boolean valued representation of a
B-set furnished with some additional structure.
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The present chapter analyzes the problem for the main objects of general al-
gebra. Located at the epicenter of exposition, the notion of an algebraic B-system
refers to a nonempty B-set endowed with a few contractive operations and B-
predicates, the latter meaning B-valued contractive mappings.

The Boolean valued representation of an algebraic B-system appears to be
a conventional two-valued algebraic system of the same type. This means that an
appropriate completion of each algebraic B-system coincides with the descent of
some two-valued algebraic system inside V(B). On the other hand, each two-valued
algebraic system may be transformed into an algebraic B-system on distinguishing
a complete Boolean algebra of congruences of the original system. In this event the
task is to find the formulas holding in direct or reverse transition from a B-system
to a two-valued system. In other words, we have to seek here some versions of the
transfer principle or the identity preservation principle of long standing in some
branches of mathematics.

We illustrate the general facts of Boolean valued analysis with particular al-
gebraic systems in which complete Boolean algebras of congruences are connected
with the relations of order and disjointness.

4.1. Algebraic B-Systems

We now introduce a class of algebraic systems suitable for the Boolean valued
interpretation of first-order languages. These systems arise as B-sets equipped with
contractive operations and predicates.

4.1.1. Recall that a signature is a 3-tuple o:= (F, P,a), where F' and P are
some (possibly, empty) sets and a is a mapping from F U P to w. If F and P are
finite then o is a finite signature. In applications we usually deal with algebraic
systems of finite signature.

An n-ary operation and an n-ary-predicate on a B-set A are contractive map-
pings f : A" — A and p : A" — B respectively. By definition, f and p are
contractive mappings provided that

n—1
d(f(a07 RS an—l)v f(a67 T a%—l)) < \/ d(ak7 a;ﬁ)’
k=0
n—1
ds (p(a07 ce an—l)vp(a67 T a;—l)) < \/ d(akv a;c)
k=0
for all ag, ag,...,an—1, a,,_; € A, where d is the B-metric of A, and ds is the

symmetric difference on Bj i.e., ds(b1,b2):= by A by (cf. 1.1.4).
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Clearly, the above definitions depend on B and it would be cleaner to speak
of B-operations, B-predicates, etc. We adhere to a simpler practice whenever this
entails no confusion.

An algebraic B-system 2 of signature o is a pair (A, v), where A is a nonempty
B-set, the underlying set or carrier of 2, and v is a mapping such that (a) dom(v) =
F U P; (b) v(f) is an a(f)-ary operation on A for all f € F; and (c¢) v(p) is an
a(p)-ary predicate on A for every p € P.

It is in common parlance to call v the interpretation of 2, in which case the
notations f* and p” are familiar substitutes for v(f) and v(p).

The signature of an algebraic B-system 2(:= (A, v) is often denoted by o(2);
while the carrier A of A, by |2]. Since A° = {@}, the nullary operations and
predicates on A are mappings from {@} to the set A and to the algebra B re-
spectively. We agree to identify a mapping ¢g : {&} — A U B with the element
g(2). Each nullary operation on A thus transforms into a unique member of A.
Analogously, the set of all nullary predicates on A turns into the Boolean alge-
bra B. If F:={f1,...,fn} and P:= {p1,...,pn} then an algebraic B-system of
signature o is often written down as (A, v(f1),...,v(fn), v(P1),-..,v(pm)) Or even

(A, fi,..., fn, P1,---,Pm)- In this event the expression o = (f1,..., fn, P1,---,DPm)
is substituted for o = (F, P, a).

4.1.2. If B is the two-element Boolean algebra {0, 1}, then instead of algebraic
B-system we speak about a two-valued algebraic system or simply about an algebraic
system. In this case an arbitrary set may be treated as a B-set, while an n-ary
operation becomes an arbitrary mapping from A" to A and a predicate P on a B-set
transforms into the characteristic function p : A™ — {0,1} of {x € A™ : p(x) = 1}.
Therefore, an algebraic system 2 of signature o is a pair A = (A,v), where the
underlying set A of 2 is nonempty and the interpretation v of 2 is a function from
dom(v) = F U P to V such that

v(f): A S A w(p)c A*P) (feF, peP).

On the other hand, if (A, v) is an algebraic system of signature o and A C vV (B)
then, considering A as a B-set (with the B-metric d(a,a’):= [a = d']* = [a # d']
(a,a’ € A)) and given p € P, we may define the n-ary B-predicate v/(p) on A with
n:= a(p) by the following formula (cf. 3.4.5)

V' (p):=(ag,- - an_1) — dist((ag, ..., an_1),v(p)).

It is obvious that v/(p) : A™ — B is a contractive mapping. Assume further that
v(f) is a contractive mapping for every f € F. Put v/(f):= v(f) for all f € F.
Then (A, ') is an algebraic B-system.
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Considering a particular algebraic system 2, we describe the ingredients of
20 in a liberal fashion. Rather than solemnly proclaiming the formalities of the
signature of 2, we usually indicate only the most significant symbols of operations
and predicates and even identify the whole system 2 with its underlying set |2A|.
This routine is another sacrosanct privilege of the working mathematician.

4.1.3. An algebraic B-system A is universally complete or finitely complete
provided that A is a universally complete or finitely complete algebraic B-set
(cf. 3.4.3). Note that “decomposable” is synonymous with “finitely complete” and
“extended” stands for “universally complete” in the texts of Russian provenance.

A B-predicate p on the set A is called assertive if there exists an element x in
A such that p(z) = 1.

(1) A contractive mapping p from a universally complete B-set A to B
is an assertive B-predicate if and only if 1 = \/{p(x) : z € A}.

< Indeed, if the proviso is fulfilled then there are a family (z¢) C A and
a partition of unity (b¢) C B such that p(x¢) > be. If x:= mix(bexe) then p(x) =
1. >

To each algebraic B-system 2 we may relate the algebraic system 2 with the
same underlying set || := |2| and the interpretation 7 defined as follows: If f is
a function symbol then 7(f):= v(f); while if p is a predicate symbol and n = a(p),
then 7(p) := {(zo,...,xn-1) € A" : p(xg,...,2,—1) = 1}. Clearly, the predicate
7(p) might be empty for some p.

The algebraic system 2 is said to be the purification or reduct of . It is in
common parlance also to say that 2 is obtained from A by purification or reduction.

(2) If (A,v) is an algebraic B-system and (A,7) is the purification of
(A,v) then
p¥ - dist(z, 7(p))*  (z € AP

for every assertive predicate p”.

<1 By corollaries to the theorem on Boolean valued representation of B-sets
(cf. 3.5.8), the B-set A has a B-completion A’ ¢ V(&) and p” admits a unique
extension v/(p) to some B-predicate on A’.

In this event, v/ (p)(z) = dist(z, mix(7(p)))* = dist(z,7(p))* = [z € p*1] (v €
A“(p)). This yields the desired result since we lose no generality in assuming that
AcCcA. >

Proposition 4.1.3 (2) makes it possible to identify an algebraic B-system with
assertive predicates 2 and some algebraic system, namely, the purification of 2. It is
natural to ask the question: What algebraic systems are obtainable by purification
of finitely or universally complete algebraic B-systems? The answer to this question
is formulated in terms of congruences.
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4.1.4. Consider an arbitrary algebraic system 2 := (A, v) of signature o :=
(F,P,a).

An equivalence p on A is a congruence of 2 if, for every f € F and for all
ZOy ey L1y Y05 - - -, Yn—1 € A, n = a(f), from (xg,y0) € p, - -, (Tn—1,Yn—1) € p it
follows that (f*(zo, ..., Zn-1), f*Wo,--sYn-1)) € p-

The set of all congruences of 2 is denoted by Cong(2). Equip Cong(2) with
some order by the formula

p1 < p2 <> p1 C p2 (p1,p2 € Cong(A)).

The identity congruence 15 := {(z,x) : * € A} and the trivial, indiscriminate
congruence A x A are obviously the least and greatest elements of Cong(2).

(1) Theorem. The poset Cong(2l) is a complete lattice. The greatest
lower bound of a subset & of Cong(2l) coincides with the intersection ({p : p €
P}. The least upper bound of a subset & of Cong(2l) is the union of all possible
compositions p1 o . ..o p,, where {p1,...,p,} Is an arbitrary finite set in Cong(2l).

The poset Cong(2) is the congruence lattice of . The join p1 V py of p1, p2 €
Cong(2l), as seen from the above theorem, coincides with the union of all possible
relations of the form p; o py 0 p1 o...0 p1 o pa. Hence, if p; and py commute, i.e.,
p1 0 pa = p2 o p1; then p1 V pa = p1 o pa. Conversely, if p1 V pa = p1 0 po then the
congruences p; and ps commute.

A set of congruences A on an algebraic system 2 is independent (finitely inde-
pendent) if, to every family (finite family) (A¢)ecz in A and to every family (finite
family) (a¢)eez in A, there is an element a in A satisfying (a, ag) € A¢ for all £ € E.

A set of congruences A is complete provided that (a) inf(A):= ((A) = I4 and
(b) for all p € P and an arbitrary n-tuple (xq, ...,z,—1) € A", n = a(p), the formula
(xo,...,xn_1) ¢ v(p) yields the existence of A in A such that (yo,...,yn—1) & v(p)
as soon as (g, Yo) € Ay ..., (Tp—1,Yn—1) € A (cf. [164]).

Considering the definition of a complete set of congruences, it is convenient to
paraphrase (b) in terms of mixing.

Take a family (ax)xrea in A. If (a,ay) € A for some a € A and all A € A
then we naturally say that a is the mizing of (ay)) relative to A. A subset U of
A" is closed under A-mizing if for each family ((af,...,a}""))xea in U we have
(ag,...,an—1) € U, where ay, is the mixing of (a}) relative to A.

(2) An independent set of congruences A of an algebraic system 2 is
complete if and only if inf(A) = I, and every predicate v(p), p € P, is closed under
A-mixing.

< To proof sufficiency, assume that all predicates are closed under A-mixing.
Assume further that p € P, n = a(p), and (zo, ..., xn—1) ¢ v(p) but, nonetheless, to
each A € A there are (1Y, .. ., yg_l) € v(p) such that (z,y%) € A (k=0,...,n—1).
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Denote by y; the mixing of the family (yx x)rea relative to A. Then (yo,...,Yn-1) €
v(p). At the same time (zy,yx) € A for all A € A. Hence, z, =y, (k=0,...,n—1)
since () A = I4; a contradiction.

Assume conversely that A is a complete set of congruences. Take p € P and
a family of n-tuples (ax o, ..., axn—1) contained in v(p). Let aj, stand for the mixing
of (ax k)ren relative to A.

If (ag,...,an—1) ¢ v(p) then, since A is complete, there is a congruence A € A
satisfying (ax,0,...,axn—1) ¢ v(p). This, however, contradicts the choice of (axo,
..., @xn—1). Hence, v(p) is closed under A-mixing.

Necessity holds clearly without the assumption that A is independent. >

4.1.5. A Boolean algebra of congruences is a Boolean algebra % C Cong(2l)
such that the least upper bound of an arbitrary set in 4 is inherited from the
congruence lattice Cong(2l) and the least congruence I4 serves as the zero of A.

It is worth observing that the Boolean complement p* of p € % may fail to be
the complement of p in the congruence lattice Cong(2(); i.e., the least upper bound
of p and p* in Cong(2) may be less than A x A.

A base for an algebraic system 2l is a complete Boolean algebra of congruences
2% C Cong() such that each predicate v(p) (p € P) is closed under A*-mixing for
each partition of unity A C # where A*:= {b* : b € A}.

An algebraic system with base % is universally (finitely) complete provided
that the set of congruences A* is independent where A C 4 is an arbitrary (finite)
partition of unity.

An algebraic system 2 has a base 9 isomorphic to a complete Boolean algebra

B if and only if there is an injective mapping h : B — Cong(2l) obeying the following
conditions:

(1) h preserves infima and h(0) = 14;

(2) every predicate v(p) (p € P) is closed under h(A*)-mixing for each

partition of unity A C B.

In this event 2 is universally (finitely) complete if and only if the set h(A*) is
independent for every (finite) partition of unity A C B.

4.1.6. An algebraic B-system 2 is full provided that to each 0 # b € B there
are elements =, y € A, x # y, such that d(x,y) < b. It is obvious that a finitely
complete B-system is full, but the converse may fail in general.

Theorem. An algebraic system 2 is the purification of some full algebraic
B-system 2! if and only if 2 has a base isomorphic to B. In this event, 2 and 2’
are universally (finitely) complete or not simultaneously.

< Let 2 be a full algebraic B-system. Take b € B and put h(b):= {(x,y) €
A% d(z,y) < b}
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Since v(f) is a contractive mapping for every f € F'; therefore, h(b) is a con-
gruence on A. It is obvious that h(0) = I4 and h preserves infima. Since 2 is full,
conclude that h is injective. Assume that the algebraic system 2l is the purification
of 2. Note that every set of the type {z € A : p(z) = 1} is closed under all mixings
in the B-set A. Whence, it follows from 4.1.5 that 2 has a base isomorphic to B.
Conversely, assume that 21 has a base % and there exists a Boolean isomorphism
h from B to %. Assign

d(z,y):= /\{b € B:(z,y) € h(b)} (z,y€A).

If by, by € B are such that (x, z) € h(by) and (2,y) € h(bz) then (z,y) € h(b2)oh(by).
However, h(bg) o h(by) C h(by V b2) and so d(x,y) < by V ba.

Taking the infimum over by and bs, use the distributive law 1.1.5 (1) to conclude
that d(z,y) < d(z,z) V d(z,y). It is now evident that d is a Boolean semimetric
on A. Since h preserves infima; therefore,

h(d(w, 5)) = (Y{h(b) : b€ B, (w,1) € h(B)}.

Whence we deduce that d(z,y) < b if and only if (z,y) € h(b). In particular,
d(z,y) = 0 implies that x = y; while, given 0 # b € B, we may find z,y € A
satisfying = # y and d(z,y) < b.

It remains to show that if A is a partition of unity in B then for a family
(ap)per C A the mixing relative to h(A*) coincides with that in the sense of the B-
metric d, i.e., with mixpea(bap). This fact, however, is immediate from the above:
(a,ap) € h(b*) < d(a,ap) < b* <~ bAd(a,ap) = 0. We now define A’ := (A", 1) by
putting A":= A, v'(f) =v(f), f € F, and

V(p) : x — dist(z,v(p)) (p€ P, x € AW),

If f € Fandn = a(f) then for all b € B and xq, yo, - - -, Tn—1, Yn—1 € A the contain-

ments (g, yr) € h(b), k < nimply that (f*(zo,...,2Zn-1), [*(Yo,---,Yn—1)) € h(b),
which gives

d(fy(l'o, ) xn—1)7 fy(y07 SRR yn—l)) < b.
Passing to the infimum over b and observing that

n—1

AL () € h(b), k< ny = \/ dlew, ),

k=0

conclude that the mappings f¥ = v(f) are contractions. Choosing p € P, a(p) = m,
take z:= (xg,...,Tm-1) and y:= (Yo, ..., Ym—1) in A”. Then

d(z,y) Adist(z, v(p)) < dist(y, v(p)),
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which implies that v/(p) is a contractive mapping. Moreover, since v(p) is closed
under mixing (see 4.1.3(2)), observe that v(p) = {x € A™ : V'(p)(x) = 1} which
makes the contraction property of v/(p) obvious. Moreover, since v(p) is closed
under mixing (cf. 4.1.3(2)), we see that v(p) = {x € A™ : V'(p)(z) = 1}. Hence, A
is the purification of the full algebraic B-system 2I’. The fact that the systems 2A
and 2" are universally complete implies that A*, where A is a partition of unity in
2, is an independent set and that (A, d) is closed under any mixings. By similar
reasons, the claims about finite completeness of the two systems are also equivalent
to each other. >

4.1.7. Consider some concrete examples of algebraic B-systems. Recall that
an associative ring R is a Boolean ring if every element of R is idempotent, i.e., if
(Vo € R)(z? = z). A unital Boolean ring is a Boolean algebra. Conversely, each
Boolean algebra B is a Boolean ring with unity. In this event the zero and unity of
a ring coincide with the Boolean zero and unity, respectively (see 1.2.1).

(1) Let By be a Boolean algebra. Assume that X is a unital module
over the Boolean ring By. Denote by B the completion of By and let j stand for
an isomorphism of By onto a dense subalgebra of B. Assign

d,(z,y):= /\{j(b) ' =0"y,be By} (x,y € X).

It is easy to see that d, is a B-semimetric on X. For instance, demonstration of the
triangle inequality proceeds as follows: If b*x = b*z and ¢*z = ¢*y then, considering
e:=b"-c* =b"Nc* = (bVc)*, note that ex = ez and ey = ez. Therefore, ex = ey
and d,(z,y) < e < 3(bVc) = gb)Vy(c). Since b and c are arbitrary, obtain
d,(z,y) < d,(z,2)Vd,(z,7).

Call X a laterally faithful module if for each partition of unity (b¢) in By from
(V&) (bex = 0) it follows that = 0 for all z € X. It is beyond a doubt that the
semimetric d, is a metric for a laterally faithful unital Byp-module X. By analogy
with the triangle inequality for d,, we may show that all module operations are
contractive:

dy(x +u,y +v) < dy(w,y) V dy(u,v)  (2,9,u,v € X),
d,(bz,cy) < d,(xz,y)Vds(b,c) (z,y€ X; bce B).
The last inequality implies in particular that
d,(bz,by) < d,(xz,y) (be B; z,y€ X).

Moreover, d,(—x,—y) = d,(z,y). Therefore, the set X, furnished with the opera-
tions + and — and the unary operations of multiplication by b € By, is an algebraic
B-system.
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(2) Assume that R is a unital commutative ring. Consider the set
By:={e € R:e - e=e} of all idempotents of R. Then By is a Boolean ring with
unity and R is a module over By. In case B and j are the same as in (1), we notice
the B-semimetric d, on R.
Clearly, R is laterally faithful over By. By (1), we deduce that a unital com-
mutative ring R, laterally faithful over the subring By of the idempotents of B, is
an algebraic B-system of signature (4, —, -, 1).

(3) Assume that C' is a Boolean algebra and 2 is a homomorphism from
a Boolean algebra By to C. Since 1(By) is a subring of the Boolean ring C, we can
readily endow C' with the structure of a unital module over By. If B and ) are the
same as in (1) then

= A(®) = 1(b")y}-

The module C' is laterally faithful if ¢ is a complete monomorphism. In view of the
above mentioned interrelation between Boolean and ring operations, the Boolean
algebra C' is an algebraic B-system of signature (V, A, *,0,1) in the case when 2 is
a complete monomorphism. This system is universally complete if, for instance, By
and C are complete Boolean algebras.

4.1.8. We now address the B-valued interpretation of a first-order language.

Consider an algebraic B-system 20:= (A, v) of signature o:= o(A):= (F, P, a).
Let ¢(xg,...,xn—1) be a formula of signature o with n free variables. Assume
given ag,...,a,_1 € A. Define the Boolean truth value |p|*(ag,...,an,_1) € B
of a formula ¢ in the system 2 for the given values ay,...,a,_1 of the variables
g, ..., Tn_1. The definition proceeds readily by usual recursion on the length of ¢:
Considering propositional connectives and quantifiers, put

|90/\¢|Q[ (a()v"'aan—l) |90|Ql(a07 7an—1)/\|¢|Q[(a07"'7an—1);
|50vw|gl (a()?"'aan—l) |50|Ql(a07 y An— 1)V|7/J|Q[(a07---,an—1);

|ﬁ90|91(@07~-~,an 1):= |g0| (agy .- yan-1)";
|(V‘CEO)SO|Ql (al,...,(ln 1) - /\ |90|Q[ (Z(),...,an_]_);
ap€A
|(E|w0)90|91 (ah“ y An— 1 \/ |§0|Q[ CL(),...,CLn_l).
ag€A

Now, the case of atomic formulas is in order. Suppose that p € P symbolizes an m-
ary predicate, ¢ € P is a nullary predicate, and tg,...,t,,_1 are terms of signature
o assuming values bg,...,b,_1 at the given values ag,...,a,_1 of the variables
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g, ---,Tn_1. By definition, we let

|g0|gl(a0, cooyan—1):=v(q), if ¢ = q";
[/ (a0, . - - an—1):=d(bo,b1)", if p = (to = t1);
|90|Ql(a07 SR an—l) = pl/(b()v SRR bm—l)a if Y = py<t07 BRI tm—l)v

where d is a B-metric on A.

Say that ¢(zg, ..., x,—_1) is satisfied in A by the assignment ag, . .., a,—1 € A of
To, ..., Tn_1 and write 2 = p(ao, . .., a,_1) provided that [p|*(ag, ..., an_1) = 15.
Alternative expressions are as follows: ag,...,a,—1 € A satisfies (zo,...,Tpn—1)
or p(ag,...,an—1) holds in A. In case B:= {0,1}, we arrive at the conventional
definition of the satisfaction of a formula in an algebraic system (cf. [48, 164]).

Recall that a closed formula ¢ of signature o is a tautology or logically valid if
v is satisfied in every algebraic 2-system of signature o.

4.1.9. Theorem. Let 2 be an arbitrary algebraic B-system. Then the follow-
ing hold:
(1) Every theorem of predicate calculus holds in ;
(2) Every tautology of signature o(2() holds in 2.

< (1) We are to demonstrate that the axioms of predicate calculus are satisfied
in A, and the rules of inference do not destroy satisfaction in 2 (see 2.1.8). To this
end, it suffices to inspect the corresponding calculations of Boolean truth values
(cf. [11, 48, 123, 131, 240, 241]).

(2) If a closed formula ¢ fails in 2 then b:= |p|* < 15. Let h: B — 2:={0,1}
be a complete homomorphism satisfying h(b) = 0. Such an h exists, since the ideal
[0, b] lies in a maximal ideal that may be taken as h=1(0). If v is an interpretation
of 2 then we put v/(f):= f¥ for function symbols and v/(p):= h o p” for predicate
symbols. Then 2’ := (|2[,2/) is an algebraic 2-system and |p|%" = h(b) = 0; i.e., @
fails in 1. Hence, ¢ is not a tautology. >

4.1.10. Consider algebraic B-systems 2:= (A4, v) and €:= (C, ) of the same
signature o. The mapping h : A — C' is a homomorphism of 2 to € provided that,
for all ag,...,a,_1 € A, the following hold:

(1) dg(h(a1),h(az)) < da(ar,az);
(2) R(fY) = frifa(f)=0;
(3) h(f"(ag,...,an—1)) = f*(h(ap),...,h(an—1)) if 0 # n:=a(f);

(4) p”(ag,...,an—1) < p*(h(ag),...,h(an—1)), with n:= a(p).
A homomorphism A is called strong if
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(5) a(p):=n #0 for all p € P, and the following inequality holds:

p*(coy .- yCnot)

2 \/ {p”(ao,...,an_l) /\dc(CO,h(ao))/\.../\dc(Cn_l,h(an_l))}

for all ¢g,...,c,—1 € C.

If a homomorphism A is injective and (1) and (4) are equalities then h is said
to be an isomorphism from 2 to €. Undoubtedly, each surjective isomorphism h
and, in particular, the identity mapping I4 : A — A are strong homomorphisms.
The composition of (strong) homomorphisms is a (strong) homomorphism. Clearly,
if h is a homomorphism and A~! is a homomorphism too then A is an isomorphism.

Note again that in the case of the two-element Boolean algebra B:= {0,1} we
come to the conventional notions of homomorphism, strong homomorphism, and
isomorphism (cf. [48, 164]).

4.1.11. Consider some set ¢ of formulas of the same fixed signature o. Define
the category B-AS(®) as follows: The class Ob B-AS(®) consists of all algebraic
B-systems of signature o each of which satisfies all formulas of ®. The class Mor B-
AS(®) is the class of all homomorphisms of algebraic B-systems of Ob B-AS(®)
with the conventional composition of mappings as composition of morphisms. An
isomorphism in the category B-AS(®) is obviously a B-isometric strong homomor-
phism. Denote by B-CAS(®) the full subcategory of the category B-AS(®) whose
objects are universally complete algebraic B-systems.

4.1.12. According to 4.1.5 and 4.1.6, the structure of an algebraic B-system 2
may be reconstructed from the complete Boolean algebra of congruences Cong(2l).
On the other hand, one of the most general methods for obtaining complete Boolean
algebras is associated with the abstract concept of disjointness. We now dwell for
a while on essential relationship between these notions, starting with some relevant
facts to be recalled.

Consider sets X and Y. Assume that ® is a correspondence from X to Y.
Denote by 74 (A) and 75 (C) the polar of A C X and the inverse polar of C CY
with respect to ® (see A.3.10):

e(A):= ﬂ ®(z), 75'(C):= ﬂ D (y).

z€A yel

A set K C Y is a ®-band or simply a band of ® when the context prompts ®
provided that K = mg(n5 (K)) or, which is equivalent, K = 74(A) for some
A C X. Denote by Rg(Y') the set of all ®-bands. Let [C] stand for the least band
that includes a subset C of Y7 i.e., [C] = m4(mg5 ' (C)).
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(1) Theorem. The inclusion ordered set R¢(Y') is a complete lattice.
The supremum and infimum of a family (K¢)¢cz C Ra(Y) are calculated by the

formulas
N Ke= () Ke, \/ Ke= {U Kg}.

£eE £e= £eE £e=

The inverse polar mapping K + 75'(K) is an antitonic bijection of Rs(Y) on
Rep-1(X).
(2) A relation A on a set X is a disjointness relation or disjointness
(on X) provided that the following conditions are met:
(a) A =A"1 e, A is symmetric;
(b) ANIx CO x 0O,
with ©:= 7w (X) signifying the least A-band;
(c) [zINfyl € © — (z,y) € A.
A disjointness A is called simple if A obeys the additional requirement
(d) (z,y) eA—-2z€OVYyeO.
Since A is symmetric, the lattices 8a(X) and Ka-1(X) coincide. If A C X
then the polar ma(A) is called the disjoint complement of A in which case we also

denote ma(A) by AL. The relations x € ma(A) and C C wa(A) are rewritten as
z 1 Aand C L A. Note also that A++:= (AL)L = [A].

(3) Theorem. The inclusion ordered set RA(X) of all bands of a dis-
jointness A is a complete Boolean algebra. The Boolean complement of a band
coincides with its disjoint complement.

< As mentioned in (1), Ra(X) is a complete lattice. The zero and unity of
this lattice are ® and X. Applying elementary rules for operations on polars from
A.3.10 and using the distributive laws for the set-theoretic operations on arbitrary
bands K, L, and M, we may write the following chain of equalities:

(KVI)AM = (KvL*uMHt = (KtnLt)yu M)t
=(KruMHn(ILruMH) =[(KruMHtu(LtuMbh)H
= (K*tnMY)y vt oMt = (KAM) v (LAM).

Hence, the lattice £a(X) is distributive. Obviously, K N K+ = ©. On the other
hand,

KVEK'=[KUK"']|=(K"AK)F =0"=X;

i.e., K is the complement of K in &a(X). >
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4.1.13. Consider a set X with disjointness A. Let 7 be an isomorphism of
Ra(X) onto a complete Boolean algebra B. Introduce a mapping s : X — B by
the formula s(z):= j([z]) (x € X). Assume that the least band is a singleton; i.e.,
©:= {0} = [0] for some 0 € X. Say that a B-metric d and the disjointness A on X
agree provided that

d(z,0) =s(z) (re X).

Consider another mapping

§:(x,y) — (s(z) As(y)” (z,y € X).

Theorem. Assume that X is a set equipped with disjointness and B-metric d
that agree on X. Then the 3-tuple X:= (X, 6, 0) is an algebraic B-system satisfying
the axioms of simple disjointness (a)—(d) of 4.1.12(2).

< First of all, note that

d(z,y)" A s(z) = d(z,y)" Ad(z,0)
< d(z,y)" A(d(z,y) vV d(y,0)) < d(y,0) = s(y).
Hence, s is a contractive mapping. Therefore, the mapping ¢ is contractive too, and

so X is an algebraic B-system with binary predicate § and distinguished element 6.
By definition, obtain

[woy|* =6(z,y), |z #0F =s(x) (z,y€X).

Validate the axioms of disjointness for §. Obviously, § is symmetric. The set {0} is
the least 6-band as is immediate from the following;:

lzems(X) -2 =0|F = < A (5(x,y)) = s(z*)

yeX

=V (s(2) As(y) V(@) = s(@) v \/ sly) = 1.

yeX yeX
It is also obvious that
§(z,x) = |zdz|* = s(z)* = |z = 6|*

for all z,y € X. Therefore, condition (b) of the definition of disjointness is fulfilled.
Note further that
lu € [2]]* = s(u) = s(z) (r,u€ X).
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Using this, proceed with the calculation

el Nyl = {0})% = ( A (s(u) = 5(2) A (s(u) = s<y>>)

ueX

= s(u)" = [\ sV (s(x) \s(¥)" =8z,

ueX

Therefore, |[z] N [y] = {0} — xdy|* = 1. Hence, § is a disjointness. Furthermore, &
is simple. Indeed, if x,y € X then

lzdy —x=0Vy=0*=1

or, equivalently,
6(z,y) = s(x)" Vs(y) =1,

which ensues from the definition of §. >

Assume now that 2:= (A, v) is an algebraic B-system and A is the same as
in 4.1.13. Assume further that all operations of 2 preserve disjointness, i.e., for
each function symbol f and all a € A, zg,...,2p-1 € A (n:= a(f)), from x5 L a
(k:=0,1,...,n—1) it follows that f"(zg,...,zn—1) L a. If, moreover, the B-metric
and disjointness A agree then the 3-tuple (A, v, A) is called an algebraic B-system
with disjointness.

4.1.14. COMMENTS.

(1) While proving the Stone Theorem 1.2.4, we find that every Boolean
algebra B is isomorphic to the algebra of continuous functions C(St(B),2), with
St(B) a Boolean space. It seems reasonable to substitute an arbitrary universal
algebra for the two-element field 2. This leads us to an important example of an

algebraic B-system, the Boolean power of a universal algebra which was introduced
by R. F. Arens and I. Kaplansky [5] (see also [51, 52, 202]).

(2) In the sequel we proceed along the lines of the present section,
discussing only the problems pertinent to Boolean valued representation of algebraic
B-systems and to relevant specification of ascending and descending. The logical-
algebraic aspects of algebraic B-systems are expounded in full detail elsewhere
[9, 54].

4.2. The Descent of an Algebraic System

In the present section we specify the technique of descent in the case of algebraic
systems and give some illuminating examples.
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4.2.1. Let 0:= (F, P,a) be a signature. From the general properties of the
canonical embedding of the von Neumann universe V into a Boolean valued universe
V(B) (cf. 3.1.6 and 3.1.9) it follows that V(B) = “a” is a mapping from F" U P*
into the set of positive integers w”.” Moreover, V(B) = ¢" = (F*, P* a") and so

VB £ “s" is a signature.”

If o is a signature inside V(B) then o] fails in general to be a signature in the
conventional sense of the word. Indeed, assume that o = (F,P,a)? € V(5 for
some I, P, and a in VB satisfying [a : F UP — w"] = 1. Then, for every
uw € F'| UP], we can find a countable partition of unity (b,)neco C B such that
al (u) = mix(b,n").

Therefore, the descent of an algebraic system of arbitrary signature leads to
function and predicate symbols of “mixed arity.” It goes without saying that we can
elaborate a theory that admits operations and predicates of mixed arity since this
entails no principal difficulties. Another possible abstraction concerns algebraic
systems with operations and predicates of infinite arity. The present exposition
leaves these possibilities intact for better times.

4.2.2. Before giving general definitions, consider the descent of a very simple
but important algebraic system, the two-element Boolean algebra. Choose two
arbitrary elements, 0, 1 € V(B) satisfying [0 # 1] = 15. We can for instance
assume that 0:= 0% and 1:= 1%.

The descent C' of the two-element Boolean algebra {0,1}5 € V(B) is a complete
Boolean algebra isomorphic to B. The formulas

[x() =1] =b, [x(b) =0] =b" (b€ B)

define an isomorphism x : B — C.

< Since 0,1 € C; for every b € B, the mixing c¢:= mix(bl, b*0) belongs to C;
moreover, [¢ = 1] > b and [c¢ = 0] > b*. On the other hand,

[e=1]AJe=0]=Jc=1Ac=0]<[0=1] =0.
Hence, [¢ = 1] = b and [e¢ = 0] = b*. Putting x(b) := ¢, obtain a mapping

x : B — C. Obviously, x is injective. Check that y is surjective. Indeed, if c € C
then, letting b:= [c = 1], note that

[x(b) = 0] = 0" =[e=0[, [x(b) =1] =0,

and so
[x(b) = c] > [x(b) =1] Afe=1] =b.
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By analogy, [x(b) = ¢] > b* and so x(b) = c.
Descend the Boolean operations of {0, 1}(3) to note that, for all z, y, z € C,
the following hold:

z=xANy—z=1lex=1Ny=1] =1,
z=xVy<—[z=0c2x=0Ay=0] =1,
r=y - r=1-y=0]=1.

These formulas make it easy to prove that C' is a Boolean algebra while x is

a Boolean isomorphism. For instance, show that x preserves joins. Assume that
b1, by € B, bg:= b1 V by, and ¢;:= x(b;) for [ = 0,1, 2. By definition,

[[Cl :1]] :bl, [[Cl :0]] :b? (120,1,2),

and so
[[C()ZO]]ZbEk):bik/\b§=[[ClZO]]/\[[CQZO]]

or, which is the same, [co = 0 <> ¢; = 0 A ¢y = 0] = 1. Therefore, cg = ¢1 V ¢3 or
X(bo) = x(b1) V x(b2). By analogy, show that meets and complements are preserved
too, so completing the proof. >

4.2.3. Consider now an algebraic system 2 of signature ¢” inside V(B)_ and let
[ = (A, v)B] = 1 for some A, v € VB), The descent of 2 is the pair 2| := (A, ),
where p is the function determined from the formulas:

pefe @l (ferF),
pip—x towlp)l (peP).

Here x is the canonical isomorphism of the Boolean algebras B and the descent of
{0,1}8 (of 4.2.2).

In more detail, the modified descent v] is a mapping with domain dom(v]) =
F UP. Given p € P, observe [a(p)" = a*(p")] =1, [vl(p) = v(p*)] =1 and so

VB Eul(p): AN — {0,137,

It is now obvious that (v](p))] : (A])*¢) — C:= {0,1}#] and we may put u(p):=
X~ to(wl(p)l.

Let ¢(zo,...,xn—1) be a fixed formula of signature o in n free variables. Write
down the formula ®(xy, ..., z,_1,2) in the language of set theory which formalizes
the proposition 2l = ¢(xq, ..., z,—1). Recall that the formula 2 = ¢(xq,...,z5-1)
determines an n-ary predicate on A or, which is the same, a mapping from A"
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to {0,1}. By the maximum and transfer principles, there is a unique element
|| € V(B) such that

[[o/* : A" — {0,1}P] =1,
[[|90|QL(GT) =1] = [®(a(0),...,a(n—1),A)] =1

for every a : n — A|. Henceforth we write |p|* (ao,...,a,_1) instead of |¢|*(al),
where a;:= a(l). Therefore, the formula

VB = “p(ag, ..., an_1) is satisfied in A

holds if and only if [®(ag,...,an,-1,%)] = 1.

4.2.4. Theorem. Let 2 be an algebraic system of signature " inside V(5.
Then 2| is a universally complete algebraic B-system of signature o. In this event,

xo|p[* =p|?]

for each formula ¢ of signature o.

< As we already know, A| is a universally complete B-set. Further, the mod-
ified descent v/ of v € V(B) is a mapping with dom(') = F U P (see 3.5.5(3)).
Furthermore,

V() A" — Al=1 (feF),
[V(p): AP = {0, 1}] =1 (peP).
By 3.2.6 (10) and 3.2.12, the above formulas show that v/(f)| and v/(p)| are contrac-
tive mappings from (Al)a(f) to A| and from (A])*®) to C':= {0,1} 5], respectively.

Hence, (A], ) is a universally complete algebraic B-system.
Assume now that ¢ is a formula of signature ¢ and show that

[

Iﬂgplgl (CL(), .- '7an—1) = ]-]] = |90 (Cl(), .. .,an_l)

for all ag,...,a,—1 € A|. Using 3.2.12 and the definition of y in 4.2.2, obtain

|90|Qll(a07 teey an—l) = [“90|Q[\L ((Z(), ey an—l) - 1]]
= X_1(|90|Q[l (ag, - - -, an—l))a

which implies the claim.
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Induct on the length of . At first, assume that ¢ is atomic. If ¢ € P and
a(g) = 0 then [v(¢") = 0V wv(q") = 1] = 1, so that V' (q) € C and u(q) =
x 1V (q)) € B. By 4.2.2, u(q) = [xou(q) = 1] = [1 = v(¢")]. Now consider
the terms tg,...,t,_1 of signature ¢ which assume the values by, ..., b, _1 when
the variables xg,...,x,_1 take the values ag,...,a,_1. Assume that p € P and

a(p) =m. If o(xg,...,2n—-1):=p(to,...,tm—1) then

[le* (a0, .y an—1) = 1] = [v1(p)(bo, - .., bm-1) = 1]
=[x op"(bos- - bm—1)=1] = p*(bo, ..., bm-1)-

Whereas if ¢(zg,...,Tn-1):= (to(zo,...,Tn-1) = t1(z0,...,Tn—1)) then

lel™(ao, - ..y an—1) = 1] = [bo = b1] = d(bo, b1)*.

Suppose now that ¢; and ¢y are ¢ A ¥ and (Vzg)p while the claim is already
demonstrated for ¢ and 1. In this event,

llea* (a0, -, an—1) = 1]
= [[|g0|m(ao, ceap_1) =1A |1/J|9J'(CL(), ceyap_1) =1]
= [le[*(ao, - -, an—1) = 1] A [[¢[*(ao, - - .,an_1) =1]
= 1™ (a0, - -, an—1);
[le2l™ (a0, - - an—1) = 1] = [(Vao € A)le*(ao, ..., an-1) = 1]

= A el (@0, an—1) = 1] = [p2|™ (ao, - .., an_1).
CLOGAl

The cases of the remaining propositional connectives are settled in much the same
way. >

4.2.5. Theorem. Let 2 and B be algebraic systems of the same signature
o” inside V(B), Put ' := A| and B’ := B|. If h is a homomorphism (strong
homomorphism) from 2 to B inside V(B) then h':= h| is a homomorphism (strong
homomorphism) of the B-systems 2l and ‘B’.

Conversely, if h' : A" — B’ is a homomorphism (strong homomorphism) of

algebraic B-systems then h := h'] is a homomorphism (strong homomorphism)
from 2 to B inside V(5.

< We confine exposition to substantiating 4.1.10 (3) of the definition of homo-
morphism; i.e., we will consider only the case of a nonnullary function symbol, since
reasoning for the other symbols of signature o proceeds by analogy.

Let A := (A,v)B for some A, v € VB and A’ = (A’,v)). Assume that
e VB and i/ € V are the interpretations of B and B, respectively. Consider
a function symbol f of arity n = a(f) and elements ag,...,a,—1 € A’.
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As before, the record t = g(ag,...,an_1) for g € V(B) denotes the formula
t = g(a) where a € V(®) is a member of V(&) such that Ja : n* — A] = 1 and
al(l) =a; (I <n). If h € VB is a homomorphism from 2 to B inside V(&) then

[n(v(f")(ao, - - s an—1)) = u(f")(h(ao), - - ., h(an-1))] = 1.

Moreover, by the definition of descents (see 3.5.5(3))

(") =vI()] = [e(f") =pl(H]l =1
Ivl(f)(ao, ..., an-1
[11(f) (o, - - bu1) = 1 (f)(bo, - - -, b1)] = 1

[ht) =K ()] =1 (te A).

Combining the above formulas and recalling that V(5) is a separated universe, we
obtain

B (F)(dos - an1)) = 1 () (Ala0), - . . h(@n—1)).

Assume conversely that the last equality holds. By replacing A’ in it with h:=
h'7, we arrive at a true formula inside V(B). Substituting in the latter consecutively
v (f) for vI(f), v1(f) for v(f*), 1/(f) for uI(f), and ul(f) for u(f"), come to
another true formula inside V(5. It is this new formula that has the required
property inside V(&) >

Corollary. In the notation of Theorem 4.2.5 [h is an isomorphism between
the algebraic systems 21 and B] = 1 if and only if h' is an isomorphism between
the algebraic B-systems 21" and B’.

4.2.6. Asnoted in 4.1.3, a universally complete algebraic B-system 2:= (A, v)
can be viewed as a conventional (i.e., {0, 1}-valued) algebraic system 21" := (A, ') of
the same signature provided that the B-valued predicates p” are replaced with the
sets V' (p):= {(zo,...,Tn—1) € A" : p”(x) = 1}. This does not mean however that
if 2 is a B-model of an arbitrary formula ¢ of signature o(2) then 2" is a {0,1}-
valued model; i.e., a model in the conventional sense for the same formula ¢. On
the other hand, this phenomenon may take place for some formulas.

We elaborate the details in the section to follow. Now, we confine exposition
to some concrete examples of algebraic B-systems obtainable by descent.

If a formula ¢ is the conjunction of the axioms of a group (a ring, a module,
etc.) and the algebraic system 2 is a two-valued model for ¢ then we adopt the usual
practice of calling 2 a group (a ring, a module, etc.). Whereas if 2 is a B-model
for ¢ then we say that 2 is a B-group (a B-ring, a B-module, etc.).

Consider an arbitrary group G. An endomorphism 7 : G — G is a projection
or idempotent whenever mom = 7. Say that Z is a Boolean algebra of projections
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in G if # consists of mutually commuting projections in G and presents a Boolean
algebra with zero 0%:= 0 and unity 14:= I under the operations:

TV o= T + Mg — M O Mo,

T ATgi=m omg, T :=1—7 (m,m, ™ E AB).

The order on £ is defined as follows: m; < 79 if and only if 71(G) C m2(G). We
call the algebraic system (G, %), as well as the underlying group G, a group with
projections or a BAP-group. Given a BAP-group we refer to % as the distinguished
Boolean algebra of projections of (G, %) or G. A BAP-group (G, %) is universally
complete if Z is a complete Boolean algebra and, to each family (z¢) C G and each
partition of unity (m¢) C %, there is a unique element x € G such that mexe = mex
for all &.

Let (G, %) and (G', ') be BAP-groups. A group homomorphism h : G — G’
is a BAP-homomorphism if there is a Boolean isomorphism 7 : £ — 9%’ such that
hom=j(mw)oh for all T € A.

Assume that R is a ring whose additive group has a distinguished Boolean alge-
bra of projections Z. If, moreover, each projection m € 4 is a ring homomorphism
then (R, A) is a BAP-ring or a ring with projections.

Given z € R, call the projection [z]:= A\{m € # : mx = x} the carrier of z. It
is obvious that if the carriers of [z] and [y] are disjoint (as elements of the Boolean
algebra %) then x -y = 0, but the converse proposition fails in general. If -y =0
then z and y are orthogonal. An element = of R is regular if x is orthogonal only to
the zero of R. A zero divisor is each element orthogonal to some nonzero element.

A ring is semiprime, if it has no nonzero nilpotent ideals. Recall that an ideal
J C K is nilpotent if J" := J-...-J = {0} for some natural n.

n times

Let S be a multiplicative subset of a unital ring K; i.e., 1 € S and zy € S for

all z,y € S. Furnish the set K x S with an equivalence, by letting

(z,8) ~ (2, 8") « (It € S)(t(sa' — s'z) =0).

Let ST'K := (K x S)/~, and (z,s) — x/s be the canonical mapping. The set
S~!K becomes a ring under the operations

(x/s) + (y/t):= (tx + sy)/st,  (x/5)(y/t):= (xy)/(st).

The mapping z — /1 (z € K) is a homomorphism from K to S™1K called
canonical. The ring S™'K is the ring of fractions or ring of quotients of K by S.
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4.2.7. Theorem. Let & be a group inside V(B) and G := ¥|. Then G is
a BAP-group with distinguished complete Boolean algebra of projections % and

there is an isomorphism j: B M9 % such that
b<[z=0]<bx=0 (zedG, beB).

Moreover, (G, %) is a universally complete BAP-group and the following hold:
(1) VB = <4 is commutative” « “G is commutative”;
(2) VB = <4 is torsion-free” «+» “G is torsion-free.”
<1 By Theorem 4.2.4, ¢| is a universally complete algebraic B-system; namely,
a B-group. Denote the descent of 4+ by the same symbol. Show that G is a group.

We confine demonstration to the existence of inverses.
Put := (Vz)(y)(z +y = 0). Then, by 4.1.8,

W= A\ V l+y=01=1

zeG yeG

Since G is a universally complete B-set, to every x € G there is some y in G such
that
1=|z+y=0/%=d(z+y,0)*=[z+y=0],

and so x +y = 0. If 2 + z = 0 for some z € G then |z + 2z = 0| = 1. Recalling
that G is a B-group, note

l=|z+y=0Az+2=0%=|y=2°.

Hence, [y =2/ = [z =y] =1 and z = y.

The congruences of GG are exactly the equivalences determined by its various
normal subgroups. Therefore, by Theorem 4.1.6, there is an isomorphism j from B
onto some complete Boolean algebra %’ of normal subgroups of G such that

b<[z=0]<—zeyb") (beB, zed).

If b € B then f(b) N f(b*) = 0. On the other hand, given z € G, we may arrange
x1 := mix{bx,b*0} and zs:= mix{b*z,b0}. Since b* < [z; = 0] and b < [zo = 0];
therefore, x1 € 3(b), xo € 3(b*). Moreover, [z = x1 + 23] > [z1 = 2] Az =0] > b
and [x = z1 + x2] > [x1 = 0] A [z = x] > b*, which gives x = z1 + 2.

Therefore, each subgroup of the type 7(b) is a summand of G to which there
corresponds the projection 7, on j(b) along the complementary subgroup 3(b*). To
be more exact, m, is determined from the conditions: myz = z for all z € »(b)
and mpx = 0 for all x € j(b*). Let the same letter j stand for the isomorphism
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b — m(b € B), and put & := j(B). Obviously, Z and ) obey the required

conditions. The universal completeness of G amounts to the same property of the

underlying B-set. Indeed, x = mix(bex¢) if and only if j(be)x = j(be)xe for all €.
Assume now that ¢ is torsion-free. Then

[(Bze¥)(Fnew ) (ne=0)A(0#x)A(0<n)]=1.

Hence, there are an element 0 # = € G and a partition of unity (b,)ne, in B such
that b, < [n"z = 0] for all n € w. Note that [n"z = nz] = 1 and so b,, < [z # 0],
by, < [nz = 0], and 3(b,)(nx) = ny(b,)x = 0.

The projection j(b,) is nonzero for at least one 0 # n € w, which implies that
G is not torsion-free. Conversely, if nx = 0 for some 0 # z € G and n € w then
[n*x =0] =[ne=0]=1and [(In € w")(nx =0)A(n >0)] =1, ie., [¢ is not
torsion-free | = 1.

The claim about commutativity is obvious. >

4.2.8. Theorem. Let % be a ring inside V®) and K := J#|. Then K is
a universally complete BAP-ring with distinguished Boolean algebra of projections

% and there is an isomorphism j: B o9 % such that
b<[z=0]<bx=0 (ze€K, be B).

Moreover, the following hold:

(1) VB = “¥ is commutative (semiprime)” <> “K is commutative
(semiprime)”;

(2) VB) = “¥ has no zero divisors” « “every two elements of K are
orthogonal only if their carriers are disjoint”;

(3) VB |= “ is a multiplicative subset of # 7 «+ “S:=.7| is a mul-
tiplicative subset in K”; moreover, (. '¢)| ~ S7'K (with ~
standing for a ring isomorphism);

(4) VB = “¢ is a field” < “K is semiprime, the orthogonality of
the elements of K is equivalent to the disjointness of their carriers,
and every regular element in K is invertible”;

(5) VB) = “R is the radical of the unital ring # 7 « “0R| is the
radical of the unital ring K”; in other words, if # has unity then
R(A)| = R(K);

(6) VB) = Y, D) isaBAP-ring” « “the mapping @ + 7| (1 € 2])
is an isomorphism of 9| onto some Boolean algebra of projections
D of K, in which case A is a regular subalgebra in D and (K, D)
is a BAP-ring.”
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<1 By Theorem 4.2.7, K is a universally complete BAP-group, and there is an
isomorphism j from B onto a complete Boolean algebra % of additive projections
obeying the necessary condition. Furnish K with multiplication by appealing to
the general definition of 4.2.3: Given z, y € K, note that [x,y € ] = 1; and so to
x and y in K there corresponds their product z in V() which satisfies [z € #] =
[z =x-y] =1. We let z be the product of z and y in K. Therefore,

z=x-yoz=z-y=1 (z,y,z € K).

Using Theorem 4.2.4, we easily see that K becomes a ring. Take an arbitrary
element b in B and show that the projection j(b) is a ring homomorphism. Indeed,
the multiplication of K, as the descent of an operation on ., is extensional and so
it preserves mixing. Therefore, by the definition of j(b) (see 4.2.7), given x, y € K,
we find

J(b)xry = mix{bxy, b* 0}
= mix{bz, b*0} - mix{by, b*0} = 7(b)x - 3(b)y.

We now turn to demonstrating (1)—(6).

(1) The proof proceeds by analogy with 4.2.7 (1).

(2) The proposition V() = “%# has no zero divisors” is equivalent to the fact
that b:= [xy = 0] = [+ = 0] V [y = 0] for all z and y in . |. If the last formula is
fulfilled and xy = 0 then b = 1. Hence, letting e:= [z = 0] and c:= [y = 0], note
that e* A ¢* = 0. Moreover, j(e*)x = x and j(c¢*)y = y. Therefore, [z] < j(e*) and
[y] < g(c*). Clearly, the carriers [x] and [y] are disjoint. If, however, [z] o [y] = 0
then, as was mentioned in 4.2.6, x - y = 0. Conversely, assume that the equality
zy = 0 is equivalent to the fact that the carriers [z] and [y] are disjoint. Then for
b:= [zy = 0] the equalities 0 = 3(b)xy = (y(b)x) - (3(b)y) yield that the projections
m:= [7(b)z] and p:= [f(b)y] are disjoint. Note that j(b) om*z = 0 and j(b) o p*y =0
and so

[z =0]VvIy=01>®bAFHx") VAT (") =0

(3) The claim about multiplicativity is evident. Prove that the descent of a ring
of fractions is a ring of fractions. Note first that (. x #)| = S x K. Consider an
equivalence relation &2 € V(B such that, for z, 2’ € K and s, s’ € S, we have

VB = (z,5) P (2!, s') & (It € ) (t(sz' —s'z) =0).
If P:= Z2] then P is an equivalence relation in K x S, in which case

(z,s)P(x',s") « (It € S) (t(sz' — s'x) = 0).
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Then the descent of the factor set (¥ x. %)/ < is bijective with the set (K.Sx K)/P.
Finally, for z,y € K and s,t € S, the formulas

(x/s) + (y/t) = (tx + sy)/st,  (x/s)(y/t) = (vy/st)

hold if and only if they are satisfied inside V(#). All we have to do now is to
compare this with the definition of ring of fractions.

(4) Assume that [# is a field | = 1. In this case K is semiprime and zy = 0
yields that [z] o [y] = 0 for all  and y in K (see (1) and (2)). Given a regular
element z € K, note that j(b)zy = 0 — y(b)y = 0 for all b € B and y € K.
However, [zy = 0] < [y = 0]; i.e., [x # 0] = 1. Consequently, there is an element
u € K such that [xu = uz = 1] = 1. Hence, zu = ux = 1; i.e., x is invertible in K.

Conversely, assume that K is semiprime, every regular element in K is in-
vertible, and the orthogonality of two elements in K is equivalent to the disjoint-
ness of their carriers. Then V(B) |= “% is a commutative ring.” Hence, [.# is
a field] = [(Va)(x € # Az # 0 — (x is invertible)) ] = A{[(F2)(z = 271)] :
r € K Az # 0] = 1}. Therefore, it suffices to show that if [x # 0] = 1, then
[z is invertible] = 1 for all z € K. Assume that [z # 0] = 1 and 2y = 0 for
some y € K. Then, putting 7:= [z] and p:= [y], note m o p = 0. On the other
hand, 7(b)x = 0 implies b < [xr = 0] = [z # 0]* = 1* = 0, and so p:= j(1) = Ig.
Therefore, 7 < p* = 0 or y = 0. Hence, z is an invertible element of K. Whence it
is immediate that [z is invertible in £ = 1.

(5) An element z belongs to the radical of a ring if and only if for each y the
element 1 — yz is left-invertible. Now, we have to note that 1 — yx is left-invertible
in K if and only if [1 — yz is left-invertible in %] = 1.

(6) If [(A,2) is a BAP-ring] = 1 and 7 € 2] then, by 4.2.7, 7| : K — K
is a homomorphism. On the other hand, [r om = n] = 1. Hence, (7])o (7]) =
(mom)|=ml;ie., m| is a projection.

The fact that D is a Boolean algebra will be established in 4.2.9. Therefore,
(K, D) is a BAP-ring. By definition, Z = {r| : 7 € {09,15}7 |} (see 4.2.7).
Hence, # C D. The converse implication is established by analogy. >

4.2.9. Theorem. Let 9 be a complete Boolean algebra inside V(B) and
D := 2|. Then D is a complete Boolean algebra and there exists a complete
monomorphism 1 : B — D such that

b< [z <y] < ub)z <uby

for allz,y € D and b € B.

< By virtue of 4.2.4, D is a universally complete algebraic B-system of sig-
nature (V, A, *,0,1). The fact that D is a Boolean algebra also follows from 4.2.4.
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We temporarily denote the Boolean operations in D by V, A and check only dis-
tributivity to give an example of reasoning.

Take the terms ¢1(z,y,2) := (z Ay) V z and ta(x,y,2) := (z V 2) A (z V y).
Consider the formula ¢ := (Vx)(Vy) (¥ 2)p(z,y, 2) where ¢(x,y, z) = (t1(z,y,2) =
ta(z,y,2)). Using 4.2.4, note that

1=[97 =1] =" = A lel"(ab,0),

a,b,ceD

and so |¢|P(a,b,c) =1 for all a,b,c € D. Furthermore,

1=|¢|”(a,b,c) =d(ti(a,b,c), ta(a,b,c))*
= [t1(a, b, c) = ta(a, b, c)] = [(aAb)Ve = (aVc)A(bVc)].

Since V(B) is separated, we thus obtain (aAb)Ve = (aVe)A(bVe). In much the same
way we demonstrate the remaining axioms of Boolean algebras. Therefore, D is
a Boolean algebra.

The completeness of D is not expressible by a bounded formula. Consequently,
the above approach is inapplicable, and so we proceed otherwise.

Let <eV(B) stand for the conventional order relation on Z; i.e.,

VB = (Ve e 2)Vye D)z <y—xAy=uz).

Put < := (<)l. Given z,y € D, observe then that z<y if and only if zAy =
x. Consider the correspondence ¢ := (E,D, D). It is obvious that & is fully
contractive. Recall that if A C D then mg(A) (75'(A)) is the set of all upper
(lower) bounds of A (with respect to the order <). Therefore,

sup(A) = mg(4) N5 (14 (A))

provided that sup(A) exists. If ¥:= (<, 2, 2)B then ¥ is a correspondence inside
V&B) and & = U|. Since Z is complete, there is an element a € D such that
[a = sup(A)] = 1 or [rg(A) N7g' (7w (A)) = a] = 1. Employing the rule for
descending polars (cf. 3.2.13(2)), carry out the simple calculations

a = (mg' (me (A1) N7y (A7))]
=7y (mu (A1) N7e(ATl) = sup(mix(A)) = sup(A).
Therefore, a = sup(A), and so D is complete.

Let A € VB be the identical embedding of the algebra {05,145} in 2 inside
V(B Put 2; = A\| and 2:= 11 019, where 15 is an isomorphism B on {04,15}7].
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In this case ¢ is a monomorphism. The monomorphism ¢ is complete. Indeed, if
A C B then 1(mg (A)) C 74 (1(A)), where & := 171 0 ® 04. Furthermore, using the
obvious relation

v (B) ENMz,ye 2)(Vee{09,19})
Moz =My« (c=0g9)V(c=1g ANz =1y))

and given z,y € D and b € B, note that

Hence,
wb)z =(b)y < b < [z =1y,

and so

d(z,y)* = [z =y] = \/{b € B:u(b)z = 1(b)y}.

It is now evident that if p(z,y):= z < y then

ol P (z,y) = \/{b € B :a(b)x <u(b)y},
[lpl” (x,y) = 1] = [z < y],

which yields the equivalence in question. >

4.2.10. We now list a few corollaries for BAP-rings and Boolean algebras
whose proofs are in fact implicit in 4.2.5, 4.2.7, 4.2.8, and 4.3.2.

Given BAP-rings K7 and K, assume that 7; and j are isomorphisms of B to
the distinguished Boolean algebras of K; and K5 respectively.

A homomorphism h : Ky — Ky is B-homogeneous if h o j1(b) = j2(b) o h
(b € B). We also say in this event that K; is a BAP-ring with distinguished algebra
B and h commutes with the members of B.

(1) Theorem. Let #; and #> be BAP-rings with distinguished alge-
bra 9 inside VB). Put D:= 9| and K;:= %] for l:=1,2. Then K; and K, are
BAP-rings with distinguished algebra D.

Moreover, if h is a homomorphism from %, to J# commuting with the mem-
bers of 9 inside VB, then h| is a homomorphism from K, to K, commuting
with the members of D. If h is an isomorphism between %1 and %5 then h] is an
isomorphism between K, and K.
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(2) Theorem. Let 2, and %> be complete Boolean algebras inside
VB, Put Dy := 9] and let 1, : B — D), symbolize the canonical monomorphism
for k = 1,2 (cf. 4.2.9). If h € V(B) is an isomorphism of 9, onto %, inside V(P)
then there is an isomorphism H of D, onto Dy such that the following diagram
commutes:

B
u o

D1 D2

H

Conversely, if H : D; — D5 is an isomorphism of Di onto Dy making the above
diagram commutative then 9, and P, are isomorphic Boolean algebras inside V(B).

4.3. Immersion of Algebraic B-Systems

In the present section the immersion functor of Section 3.4 is extended to the
category of algebraic B-systems.

4.3.1. Let 2 := (A,v) be an algebraic B-system of signature o := (F, P, a).
Consider a mapping v/ : F U P — VB) acting by the rule

Vs u(s)Ti=F(v(s)) (se FUP),

where .~ is the descent functor (cf. 3.4.12-3.4.16). In accordance with the general
definition of immersion for correspondences (cf. 3.4.13), to each f € F, a(f) = n,
there corresponds the mapping N (f) : (4~)"" — A~ inside VB defined by the
formula

[V () a(zo),- - s1a(xn_1)) =14 ov(f) (20, ..., Tn_1)] =1,

where 1,4 is the canonical embedding of A to A" := A~ (see 3.5.4). Analogously,
for p € P, a(p) = m, the element /(p) € V(B) is the mapping from (A~)™" to
{0,1}5 € VB) acting by the rule

[v/(p) (2a (o), - - - 2a(Tm-1)) = 1B o v(p)(20, -, Tm-1)] = 1.

The modified ascent p:= (v')] of v/ : FU P — im(/) is clearly an interpretation
inside V(B),

Given an algebraic B-system 2, call the pair (A™, i) or the element (A~ u)B
e V(B the Boolean valued representation of 2 and denote it by ™.
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4.3.2. Theorem. For each algebraic B-system 2l of signature o the Boolean
valued representation A~ of 2 is an algebraic system of signature o inside V(5) .
Moreover,

e (ao, . an-1) = [lel™ (1a(a0), ..., 1a(an-1)) = 1]

for every formula ¢ of signature o with n free variables and all ag, . ..,a,—1 € |2.

< Recall that, considering an arbitrary set U as a B-set, we imply the discrete
B-metric on U. Therefore, 0™~ = o" (see 3.4.12). By 3.5.5,

VB = “4 is a function with dom(p) = F~ U P".”

Let A stand for |A|. By Theorem 3.4.14, V(B) |= «u(f") is a mapping from
(A~ to A~ for all f € F, and VB) |= “u(p) is a mapping from (A~)%P)
to {0,1}” for every p € P. Hence, V(B) |= “™ is an algebraic system of signature
O_A‘”

Consider a formula ¢ of signature o. By Theorem 3.5.5 (3), granted f € F' and
p € P, observe

140 f¥(ao, ... an—1) = p(f")l(2a(ao), ... 24(an-1)) (a1 € A),
1ipop”(ag, ... an—1) = p(@")(alao),...,1a(an-1)) (a; € A).

Using the above equalities and inducting on the length of ¢, deduce

|90|Ql<a07 ceey an—l) = |§0|m/(lz4(a0)7 ) ZA<an—1)) (CL(), coGpo1 € A)a
with " := 2~ |. To complete the proof, appeal to Theorem 4.2.4. >

4.3.3. Theorem. Let 2 := (A,v) be an algebraic B-system of signature o.
Then there are o/ and p € VB) such that the following are fulfilled:
(1) VB) = “g7, 1) is an algebraic system of signature o’ ”;
(2) IfA' := (A',V) is the descent of (&7, ) then A’ is a universally
complete algebraic B-system of signature o;
(8) There is an isomorphism 1 from 2 to A" such that A’ = mix(2(A));
(4) For every formula ¢ of signature o in n free variables, the equalities

hold
o[* (a0, - - an—1) = o] (1ao), - .., 2(an—1))
= X_l °© (|§0|Q[ )l(l<a0)7 ) Z(an—l))
for all ag,...,a,_1 € A, where x is the same as in 4.2.2.

< Put 7 := A~ and 1:=14. Define p as in 4.3.1. Now, all claims ensue from
3.5.5(3), 4.2.4, and 4.3.2. >
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4.3.4. Theorem. Consider algebraic B-systems 2l and B of the same signa-
ture.

(1) Let h be a contractive mapping from |2l| to |B|. Then h is a ho-
momorphism (strong homomorphism, or isomorphism) if and only
if VIB) = “n™ is a homomorphism (strong homomorphism, or iso-
morphism) from A~ to B~.” A homomorphism h™ is surjective
inside V(B) if and only if |B| = mix(h(||)).

(2) Assume that g € VB) and V(B) |= “g: A~ — B~ is a homomor-
phism of algebraic B-systems.” If B is a universally complete alge-
braic B-system then there is a unique homomorphism h : % — 8
such that g = h™.

< (1) If p' = b, A= AV, B = BT, 1 := 1y, and j:= yp|; then
h'ov=j0h (cf. 3.5.4(3)).

Show now that h is a homomorphism if and only if A’ is a homomorphism. We
agree to confine exposition to demonstrating 4.1.10 (3) with n = 1. In other words,
we will demonstrate that h and h’ preserve or fail to preserve unary operations
simultaneously.

To this end, let v, A, u(v), and u(\) be the interpretations of the systems
A B, A, and B~. If h is a homomorphism then h o f¥ = f*» o h. Moreover,
10 f¥ = (f*])orand jo fA = (f#MN]) o 5. Hence,

h’o(f“(”)l)oz:]ohof”:joonh:(fM(A)l)Oh/Ol_

Using the equality |2~ = mix(2(|2])), obtain b’ o (f*®)]) = (f*MN]) o h’. Con-
versely, if the last equality holds then, reasoning in the opposite direction, we find
ho f¥ = f o h. The case of an arbitrary operation, as well as that of an arbitrary
predicate, is more cumbersome but causes no principal difficulties. Consequently,
h is a homomorphism, a strong homomorphism, or an isomorphism between 2 and
B if and only if the mapping A’ from 2" to B’ has the corresponding property.
Therefore, all claims follow from 4.2.5 and 4.3.3.

(2) If A is a universally complete algebraic system then the claims ensue from
3.5.8(4). The general case is settled on appealing to 3.5.8 (2) at the beginning of
the proof. The sought homomorphism has the shape h:= 7710 (g]) o2 >

4.3.5. Note some corollaries to Theorems 4.3.3 and 4.3.4.
(1) Theorem. If A is an algebraic system of finite signature o then
V(B) = “A" is an algebraic system of signature o”.” Moreover,

A E p(ag, ..., an—1) < [A" 90(@87-~-aa2—1)]] =1

for a formula ¢ of signature o in n free variables and all ay, . ..,a,_1 € A.
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< To demonstrate, it suffices to note that in case 2 := (A4, fo,..., fi—1,
Doy - - -y Pm—1), the proposition A = ¢(ag,...,a,—1) is as a bounded set-theoretic
formula (A~ f§, ...y fh, 06y oy Pp_1s G0y ---,ah_1). Reference to 2.2.9 com-

pletes the proof. >

(2) Theorem. To each algebraic B-system 2l there are a universally com-
plete algebraic B-system ' of signature o(2) and an isomorphism 1 from 2 to A’
such that
(a) (2] = mix(a(|2]));
(b) if h is a homomorphism from 2 to a universally complete algebraic
B-system B then there is a unique homomorphism h' : ' — B
such that h' o1 = h;
(c) if A" is a universally complete algebraic B-system, and a homo-
morphism ' : A — A" obeys (a) with 2’ substituted for 2" ; then
there is a unique isomorphism h from 21’ onto " such that hor =14/.

< Let (7, u) be the Boolean valued representation of 2. Then the descent
A = (o, u)] of A obeys all requirements. Indeed, by 4.3.3(3,4) the canonical
embedding 2:= 7)9 is an isomorphism satisfying (a). If h and B are the same as
in (b) then, by Theorem 4.3.4, g:= h™| is a homomorphism from 2" to B’:= B~|.
Since B is universally complete, the canonical mapping j:= 1| is an isomorphism
“onto.” Obviously, h/:= 77! o g is a sought homomorphism. It stands to reason to
remark that if @ € || and a = mix(b¢e(ae)) then h'(a) = mix(beh o 2(ag)). The
claim (c) results now from (a) and Theorem 4.3.4. >

Each pair (2',1), where 2" is a universally complete algebraic B-system and
2 is an isomorphism from 2 to A’ obeying (a) of Theorem (2), is naturally called
a universal completion of 2. Consequently, Theorem (2) yields the following:

(3) Each algebraic B-system has a universal completion unique up to iso-
morphism.

Take a complete homomorphism 7 from B to a complete Boolean algebra C'.
Let 2:= (A, fo,.-., fk—1,P0,---,Pm—1) be an algebraic system of finite signature
inside V(B). Assign

7 (A):= (7*(A), 7" (fo), .- -, 7T*<pm_1))c, () € v(©),

where 7* : V(B) — V() is the mapping associated with 7 (cf. Section 2.2).
As usual, these facts enable us to speak about the universal completion of an
algebraic B-system (cf. 1.1.6 (7)).

(4) Theorem. The element 7*(2l) is an algebraic system of finite signature
o(2) inside V(©). The mapping a +— 7*(a) (a € Al) is a homomorphism from |
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to m*(A)|. For each formula ¢ of signature o(2l) with n free variables and for all
ag, .. .,an—1 € |2A]|, the following holds

Al = plag,...,an—1) = 7 (A)| = (7" (ag),. .., 7 (an-1)).

In particular, if 8 is an algebraic B-system of finite signature and 2 = 8"~ then,
for ag,...,an_1 € |B|,

B = plag,...,an—1) = 7 (A)| E p(r" or(ag),..., 7" oran—1)),

with 1:= 1. If m is a monomorphism then 7* is a monomorphism from 21| to
7*(A)| and the converse implication is also true in the above formulas. If 7 is an
isomorphism of algebraic systems then * is an isomorphism of algebraic B-systems.

< To prove, combine 2.2.4, 2.2.5, 4.1.10, and 4.2.5, on using the reasoning
of (1). >

(5) If A is an algebraic system inside V(B) then [A]~ ~A] = 1.

(6) Theorem. The Boolean valued representation (<7, v,d) of an alge-
braic B-system with disjointness (A, v, A) is an algebraic system with simple dis-
jointness inside VB), If (A’ V') := (&, )| and A":= {(z,y) € A’ x A" : 6| (z,y) =
1} then (A’,v'; A’) is a universally complete algebraic B-system with disjointness
and for all x,y € A the following hold:

rlye—wlwyeoiw=0VvViy=0]=1,

with1 =14 : A — A’ the canonical embedding.
< It suffices to use 4.1.13 and 4.3.3. >

4.3.6. We now address the important problem that was mentioned in 4.2.6.

Take an algebraic B-system 2 of signature o. Given a formula ¢ of signature
o and elements ag,...,a,—1 € ||, we will temporarily employ the record 2 =g
e(ag, . ..,an—1) in place of A = ¢(aop, ..., a,—1) since the latter is less informative.

Starting with the B-system 2, arrange the two-valued algebraic system A by
purification (cf. 4.1.3). We may speak about satisfaction of ¢(ayg, ..., a,—1) both in
2l and A since || = |A| and o(™A) = o. This gives rise to a natural question of inter-
relation between the statements A =5 ¢(ag, ..., a,_1) and A = ¢(ag, ..., an_1).

Theorems 4.2.7 and 4.2.8 provide examples of the formulas ¢ for which 2 & ¢
results from A =5 ¢. On the other hand, we can easily exhibit an example that
violates this implication. Indeed, assume that B:= 22([0,1]) and A:= RI% is the
set of all real functions on the interval [0, 1] with the B-metric

d(f,g):={t €[0,1]: f(t) # g(t)} (f,9 € A).
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Equip A with the B-valued binary predicate [- < -] as follows:

[f <gl:={t€[0,1]: f(t) <g(t)} (f,g€A).

Then A := (A,[- < -]) is an algebraic B-system and 20 =p ¢, where ¢ :=
Vo) (Vy)(r < yVy < x). Moreover, A := (A4, <) is obviously the purification
of A if we assign

f<g=(tel01)fF) < g(t).

Evidently, & = ~¢. Denote by .7 5(2) and .7 (%) the sets of all true formulas in
the systems 2 and 2, with the constants ranging over |2|. Clearly, none of these
two sets is in general a subset of the other.

We may expect therefore that for a certain class ® of formulas of signature o
there exist only relations of the type .75 (2) N ®(?).7 (A) N ®. Exact formulations
require some syntactic analysis of the texts under study.

4.3.7. Here we select particular classes of formulas.

(1) Consider the classes of generic and strictly generic formulas. These
are defined by recursion on the length of a formula. The rules are as follows:

(a) Every atomic formula is strictly generic.

(b) If ¢ and v are strictly generic formulas then ¢ A ¢, (F2)¢, and
(V) are also strictly generic.

(c) A strictly generic formula is generic.

(d) If ¢ and 1 are generic formulas then ¢ A ¢, (Fx)p, and (Vz)p
are also generic.

(e) If p is a strictly generic formula then "¢ is a generic formula.

(f) If o is a strictly generic formula and 1) is a generic formula then
@ — 1 is a generic formula.

(2) A basis Horn formula is a disjunction 61 A ... A 6, where at most
one of the formulas 6y is a basis formula and the remaining formulas are negations
of atomic formulas. A formula is a Horn formula if it is built from basis Horn
formulas with the connectives A, 4, and V.

(3) Each generic formula is equivalent in predicate calculus to a Horn
formula and conversely.

4.3.8. EXAMPLES.

(1) Let ¢ be a formula of signature {<} with a sole predicate symbol. If
¢ is the conjunction of the axioms of a lattice (cf. 1.1.1) then ¢ is a generic formula.
It is impossible to express distributivity as a generic formula in the signature {<}.
If, however, we take the signature o:= {A, V}, where A and V are binary function
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symbols; then the formula z A (yVz) = (xAy)V (xAz) is atomic and, hence, strictly
generic. Moreover, the property of being a distributive lattice is a strictly generic
formula of signature {A, V}.

(2) Consider formulas ¢ and v of signature {A, V, *,0,1}. Let ¢ be the
conjunction of the axioms of a Boolean algebra (see 1.1.2), while ¢ := “there exists
at least one atom,” i.e.,

V= 3z)Vy)(x #0Ny=y—2=yVy=0).

Then ¢ is a strictly generic formula, whereas 1) is not generic.

(3) Let o:= {+,0}, where + is a binary function symbol and 0 is a con-
stant. If ¢ is the conjunction of the axioms of a group (associativity of the group
operation, the axiom of zero, and existence of an inverse); then ¢ is a strictly generic
formula of signature o.

(4) Let o:= {+, -,0,1}, where + and - are binary function symbols,
and 0 and 1 are constants. Let ¢ be the conjunction of the axioms of a ring and 1,
the conjunction of the axioms of an integral domain; i.e., ¥ := ¢ A 8, with

0:=NVz)Vy)(z-y=0—-2=0Vy=0).

Then ¢ is a strictly generic formula, while 1 is a generic formula.

4.3.9. We continue our syntactic analysis with the following

(1) Jech Theorem. Let 2 be a universally complete algebraic B-
system. Assume further that ¢ is a formula of signature o(2l) and ag,...,a,-1 €
|2(|. Then the following hold:

(a) A =g plag,...,an_1) <« A= plag,...,an_1)

in case ( is strictly generic;

(b) A =5 ¢(ag,...,an_1) — A= p(ag,...,an_1)

in case ( is generic.
<1 The proof proceeds by induction on the length of ¢. By Theorem 4.3.3, we
may assume that 2 = & | where &/ is an algebraic system of signature ¢” inside
V&),
We start with the case of a strictly generic . If ¢ is an atomic formula then (a)
is immediate from the definition of purification. Indeed, given a predicate symbol
p € o(A), a(p) = n, note that

p”(ag,...,an—1) =1 (ag,...,an—1) € U(p)
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for all ag,...,an,—1 € |2
Regarding the conjunction ¢:= 1 A 6, use the induction hypothesis to obtain

[WAO]* =1 = P2 =110 =1 AE=PpAAE=0 = A=A
The case of a universal quantifier p:= (V)1 is settled by analogy:

(Va)pl* =1 < (Va € [A)i(a)* =1
= (Va e [UANA Fv(a) = A= (Vo)o.

Consider the case of an existential quantifier ¢ := (Fx)1. By the maximum
principle, there is an element z € V(B) such that

[ E Ba)dl = [z € || A o = 0(2)].

By Theorem 4.3.3, the above formula may be rewritten as

[z € [T A ()P = 1(F2)yl™.

This, together with the induction hypothesis, implies that the following equivalences
hold:

1o (3zeA(2)" =1

(Ga)l*=1- () =
)@ = v(z) = A G

—3ze A

since || = |.<7|| by the definition of descent in 4.2.3. Therefore, the induction step
is legitimate for a strictly generic ¢, which settles (a).

Turning to (b), note that the cases of A, 3, and V are settled in much the same
way as above. We are left with considering negation and implication, cf. 4.1.7 (e, f).

Let := "1, where 1 is a strictly generic formula. If [¢|* = 1 then |[¢|* =0
and from (a) it follows that 1 cannot be true in 2. However, A = ¢.

Finally, consider a formula of the type ¢:= 6 — 1, where 6 is a strictly generic
formula and 1 is a generic formula. Assume that |§ — ¥[* = 1. If A = 0 then from
(a) it follows that |#|* = 1 and so |¢|* = 1. By the induction hypothesis, A |= .
Therefore, A = 0 — 1. >

Note that the Jech Theorem makes it possible to replace the proofs of some
fragments of Theorems 4.2.7-4.2.9 with syntactic analysis of the corresponding
sentences. It goes without saying that we may proceed further in the abstract.
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(2) Corollary. Assume that </ and 2 stand for the Boolean valued
representation and the purification of a universally complete algebraic B-system.
For every Horn sentence o the following holds:

[ Eel=1-T ko

4.3.10. Let ® be some set of formulas of signature o. Introduce the category
ASB) (@) as follows:

Ob AS®) (®)
= {A e VB : [ is an algebraic system of signature 0" and 2 = ®] = 1};
ASB) (2, 8)
:={h € VB : [his a homomorphism from A to B] = 1};
Com(f,g)=h<—[h=gof]=1.

The above assignments determine a category in view of the transfer and maxi-
mum principles, Theorem 4.3.2, and other properties of the embedding functor.
As before, by #~ and .#! we denote the mappings of immersion and descent
which act in the categories of algebraic systems: .Z~: B-AS(®) — ASP)(®),
FL: ASB) (@) — B-AS(®).

Theorem. The following hold:
(1) The mapping .# ' is a covariant functor from the category ASB) ()
to the category B-CASP) (®);
(2) The mapping .7~ is a covariant functor from the category B-AS(®)
(as well as from B-CAS(®)) to the category ASP) (®);
(3) The functors F1 and .F~ carry out equivalence between the cate-
gories ASB)(®) and B-CAS(®).
4.3.11. We now state two important theorems by R. Solovay and S. Tennen-
baum.

(1) Theorem. Assume that D is a complete Boolean algebra and j :
B — D is a complete monomorphism. Then there are a complete Boolean algebra
2 inside VB) and an isomorphism H from D onto D' := 9| such that the following
diagram commutes:

B
| K

D D’

where 1’ is the canonical monomorphism from B to D’.
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(2) Theorem. Let (K, D) be a BAP-ring and let j: B — D be a com-
plete homomorphism. Then there are a BAP-ring (¢, ) inside V(®) and an
isomorphism h of K to K':= ¥ | such that for each b € B the following diagram

commutes:
h
K — K’

o | |®

K —— K’
h

where 7/ is the canonical monomorphism from B to D’.

Analogous results hold also for BAP-groups.

4.3.12. COMMENTS.

(1) Assume that C' and D are Boolean algebras. Assume further that

P and (@) are the Stone spaces of C' and D. Define the tensor product C ® D of C

and D as the Boolean algebra of clopen subsets of the product P x @ (cf. 1.1.6 (6)

and 1.2.6 (8)). Agree to denote by C®D the completion of C ® D (cf. 1.1.6(7) and
1.2.6(9)).

If D is a Boolean algebra and 2 € VB is such that V(B) = “@ is the

completion of D*,” then 2| and B&D are isomorphic Boolean algebras (cf. [227]).

(2) The Solovay—Tennenbaum Theorems 4.3.11(1,2) give grounds to
iterating the construction of a Boolean valued model.

Assume that 2 € VB and V(B) £ “9 is a complete Boolean algebra.”
Proceeding along the lines of Section 2.1 inside V(B)| we may construct the following
V(B)_classes: the Boolean valued universe (V(5))(?) the corresponding Boolean
truth values [- = -]Z and [- € -]?, and the canonical embedding (-)" of the
universal class Up in (VBE)Y?. Put D:= 2|, W) .= (VEND) | . = .]P .=
([- =11 € -1°=( € 12!, 3:= (-)"|. Let 2: B — D be the canonical
monomorphism, with ¢* : V(&) — V(P) standing for the corresponding injection
(cf. Section 2.2). Then there is a unique bijection h : V(P) — W) such that
[z = y]P = [M(z) = h(y)]? and [z € y]P = [h(z) € h(y)]? for all z,y € V(B).

In this event the following diagram commutes:

V(B)

u ¥

V(D) WD)
h

For more details, see [227].
As regards some related Boolean topics in the theory of universal algebras,
cf. [202].
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(38) Further iterations of the above construction lead to a transfinite se-
quence of Boolean valued extensions. In this way there appears an efficient method,
the iterated forcing, which has been used to establish the relative consistency of the
Suslin hypothesis with ZFC (cf. [227]).

4.4. Ordered Algebraic Systems

A complete Boolean algebra of congruences necessary for Boolean valued rep-
resentation of an algebraic system is often generated by an order relation. This
peculiarity brings about the possibility of Boolean valued representation for or-
dered algebraic systems. Supplementary information may be found in [13, 14, 56,
111].

4.4.1. An ordered group is an algebraic system (G, +,0, <) satisfying the fol-
lowing conditions:
(1) (G,+,0) is a group;
(2) (G, <) is a poset;

(3) The group and order structures of G are compatible, which means
that group translations are isotonic mappings; i.e., G is a model for

V) Vy)Va)(Vb)(z<y—a+z+b<a+y+b).

(Notice that the plus sign for the group operation does not imply commutativity.)
Say that G is a totally ordered group in the case when in addition to (1)—(3)
the following condition is also fulfilled:

(4) (G,<) is a totally ordered set; i.e., the formula (Vz)(Vy) (z <
yVy <z) holds in G.
An element x in G is positive if x > 0. The set of all positive elements is called
the positive cone of G and denoted by GT. A subset K of G is the positive cone of
some order on G provided that the following conditions are met:

(a) KN (=K)={0};
(b) K+ K =K;

(c)z+K=K+z (zreq).
In this case K and the order that K induces on G are related as follows:

r<ly—y—re K< —x+yck.

A group G is totally ordered if and only if
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(d) G=GTU(-G™).
The positive cone GT of G reproduces G or is reproducing provided that G =
GT — G7. In this event G is sometimes called a directed group. A homomorphism
h: G — G’, acting from an ordered group G to another ordered group G, is positive
if h(xz) > 0 for every 0 < z € G.

An ordered group G is integrably-closed if, for all x, y € G, the inequalities
nr <y, n € w, imply that £ < 0. An ordered group G is Archimedean if, for all x,
y € G, the inequalities nz < y, +£n € w, imply that =z = 0.

4.4.2. A lattice ordered group is an ordered group GG in which every nonempty
finite set {xg,...,z,—1} C G has the join xg V...V z,_1:=sup{xg,...,T,—1} and
meet £ A ... Axy_1:=1inf {zg,...,2,_1}. Given an element z of a lattice ordered
group G, define the elements |x|:= 2V (—z), 27:= 2 V0, and 7 := (—2)T = -z A0
which are called the absolute value or module of xz, the positive part of x, and the
negative part of x.

In every lattice ordered group the following hold:

(V) z=at -z, |z|=2T+a27, 2T Az™ = 0;

(2) (x+y)* <at 4yt (+y)” <a +y;

3) (nz)* =nx™, (nz)” =nx~, |nz| =n|z| (n € w);

(4) |z +y| <lz|+ [yl + |af;

(B) lz+ty—zl=z+yl -2 (@+y—2)" =2+y” —=

(6) uAz=0,uNy=0—uA(z+y)=0.
A lattice ordered group G is commutative if and only if (4) becomes |z+y| < |z|+|y]
for all x, y € G. Recall that a commutative group is also referred to as Abelian or
abelian.

Listing the properties of a lattice ordered group GG, note that G is a torsion-free
group and a distributive lattice. Moreover, the following identities hold:

a+(\/za) +0=\/(a+za+D),
a—i—(/\wa)—f—b: /\(a+wa+b).
A subgroup Gy of a lattice ordered group G is an o-ideal, or an order ideal or

a convex subgroup if, for all x and y in G, it follows from |z| < |y| and y € G that
x € Gy. If, moreover, GGy is a normal subgroup then Gy is called an [-ideal.

4.4.3. From now on we assume G to be a lattice ordered group and equip G
with the disjointness L by the rule:

1:={(z,y) e G xG:|z|A|y] =0}.
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There is no doubt that L obeys all axioms of disjointness of 4.1.12(2). The complete
Boolean algebra K (G) of L-bands of G is called the base of G and denoted by
P(G). Assume that a band K € #(G) is a summand of G. The corresponding
band projection 7 is a positive endomorphism in G satisfying mxx < x for all
0 <z € G. If each band of K is a summand then the set Pr(G) of all band
projections mx (K € %(G)) is a complete Boolean algebra isomorphic to Z(G). In
this event, say that G has the band projection property.

A lattice ordered group G with the band projection property is universally
complete or orthogonally complete provided that G is universally complete with
respect to the Boolean algebra Pe(G). The universal completion of a lattice ordered
group G is a universally complete lattice ordered group G’ together with an order
isomorphism ¢ : G — G’ such that (a) G’ = mix(¢(G)), where mix is calculated
with respect to the Boolean algebra Pt(G), and (b) to each 0 < 2’ € G’ there is
0 < z € G satisfying o(x) < 2

Recall that [z] stands for the least band containing z. The properties, listed
in 4.4.2, allow us to deduce that

(1) The following hold:

[yl =[zvyl=[z]V[y] (z,yeCGT);
[z] = [Jz]] = [zF] V [z7] (z € G);
[z+y—z]=z+y]-z (2,y€q);
rly—c+y=y+z (z,yeq).

(2) Each band, a member of (G), is an order ideal of G.

< Indeed, if  and y belong to AL for some A C G then, using the second
identity of (1) and 4.4.2, we may write

{z+y}t D> {z} A {3t A {2}t D A

Hence, z +vy € {x + y}*++ C AL, Therefore, A is a subgroup of G. On the other
hand, if y € AL and |z| < |y| then {z}+ D {y}+ D A and so z € {z}*++ C AL,
which completes the proof. >

4.4.4. If G is not commutative then the bands of G are not necessarily normal
subgroups; i.e., they are not [-ideals in general. Therefore, the following definition
is timely: A band K € #A(G) is invariant if vt + K —x C K for all z € G. By
4.4.3 (2), this amounts to the property that K is an l-ideal. Let %,(G) stand for
the set of all invariant bands of G.

(1) %.(G) is a regular subalgebra of A(G).
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< It is obvious that the intersection of invariant bands is an invariant band too.
Therefore, it suffices to show that the disjoint complement of an invariant band is
invariant too. To this end, take K € %,(G) and z € K*. Granted y € K and
a € G, observe 0 = (a+|y|—a)A|x| = —a+(a+|y|—a) A|z|+a = |y| A (—a+|x|+a).
Hence, —a + |z| + a € K+, which means that K- is an invariant band. >
(2) The following are equivalent for a lattice ordered group G:
(a) Every band is invariant; i.e., Z(G) = %,(G);
(b) For all x,y € G,

{2} =y +{z}" —y;
(c) Ifz in G is disjoint from all its conjugates y+x —y then x = 0.

< The condition (b) is an obvious consequence of (a). Assume that (b) holds
and x L (y+ 2z —y) for some z and y in G. Then

ze{ytz—ytt=y+{a}t —y= {2},

which immediately yields x = 0.

Assume finally that (c) is fulfilled and a band K has the form A for some
AC G Take z € K, y € G, and a € A and put z := (y + |z] — y) A |al.
Obviously, 0 < z A (—y + z+y) < |z| A |la] = 0, so that z = 0. This means that
y+x—yl=y+|r|-yc At =K;ie,y+ K-y C K. >

Furnish G with the symmetric relation defined as follows:

A={(z,y) e GxG:(Va)(¥Vb)(a+ |x|—a)A(b+ |y| —b) =0}.

If, for some x and y in G, it is false that x A y; then there are ag and by in G such
that ug:= (ag+|z| —ao) A (bo+ |y| —bo) # 0. Obviously, ug € {ap+ |x| —ap}**. On
the other hand, {ag + |z| — ap}®* = {x}*2. Therefore, ug € {z}**. Analogously,
up € {y}*2. Note also that the least A-band is {0}, and A NIgC L NIg = {(0,0)}.
Hence, A is a disjointness on G (cf. 4.1.12(2)).

(3) The set of all A-bands coincides with the complete Boolean algebra
of invariant |-components: R, (G) = B,(G).

4.4.5. Assume given a group G with invariant base; i.e., all bands of G are
invariant. This means exactly that A=_1. Clearly, each commutative lattice ordered
group has invariant base. In this event, G may be transformed into an algebraic
B-system.

Let y be an isomorphism of a complete Boolean algebra B on the (invariant)
base #(G) of G. Assign

p():=7"({z7}*) (z€G).
The mapping p : G — B has a few important properties.
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(1) For all x and y in G the following hold:
(a) 0<z—px)=1;
(b) p(z) Ap(—=z) =57 ({2}+);
(c) p(z) Aply) <
(d) p(z) = ply +
(e) p(z)Vp(-z)=1.
< Claim (a) is evident. To prove (b), note that {z}+t = {zT}*A{z"}1 =
{7} A{(—2)~}* since + and 2~ are disjoint. It is now clear that j~1({z~}+)
=7 *{z )N {(—2)" ) = p(x)Ap(—2). Analogous arguments will lead to
(c) if we begin with 4.4.2(2,6). Claim (d) ensues from 4.4.2 (5) since every band is
invariant.

Considering again that 2% and z~ are disjoint, we may write
({z"} v {7} )t = a" - A {am 1 = {0}

Whence we infer that {z*}+ v {z=}+ = G, which amounts to (e). >
Introduce the two mappings o,d : G x G — B by the rules:

o(z,y)=ply—2), dy)=5"({z—-y}*) (z.y€0).
From 4.4.5 (1) (a—e) we immediate derive
(2) The mapping o possesses the following properties:
(a) o(x,z) =0 (reflexivity);
(b) o(x,y) No(y,2) < o(z,z) (transitivity);
(c) o(xz,y) =0(a+x—b,a+y—b) (invariance);
(d) o(z,y) No(y,x) =d(x,y)* (antisymmetry).

By virtue of (d), d(z,y) = o(z,y)*Vo(y,z)*. Hence, dis a B-metric on G invariant
under left and right translations, while o is a B-predicate. Finally, it is obvious that
d(z,0) = 77 ({z}*1), i.e., the B-metric d agrees with the disjointness L (cf. 4.1.13).

4.4.6. Theorem. Let GG be a lattice ordered group with invariant base. Denote
by & the algebraic system that results from furnishing G with the B-predicate o
and the corresponding B-metric d. Then & is an algebraic B-system of signature
(4,0, <) which satisfies the axioms of a totally ordered group.

<1 As was mentioned above, the B-metric d is translation-invariant. Using this,
deduce

dlz+y,u+v) =d(x,—y+u+v) <dx,u)Vdu,—y+u+wv),
d(u, =y +u+v) =d(u+y —u,v) <d(y,v) Vd(u+y—uy),
du+y—uy)=dlu+y,ut+y)=0.
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These formulas show that d(z +y,u +v) < d(z,u) V d(y,v); i.e., addition is a con-
traction. Using 4.4.5(1) (c) and the definition of d, obtain

d(z,y)* Ap(x) = p(z) Ap(x —y) Aply —x) < p(y)

for all z,y € G. Whence it follows easily that o(z,y) Ad(z,u)* Ad(y,v)* < o(u,v),
which implies that o is a contraction too. Hence, (G,+,0,0) is an algebraic B-
system of signature (+, 0, <). By implication, we interpret the symbol < as follows:
given z,y € G, we let |z < y|%:= o(x,y).

The unary B-predicate p on GG is obviously the interpretation of the positivity
property; i.e., |0 < x|¢ = p(z) for all + € G. The fact that G is a B-model for the
axioms of a totally ordered group is just a paraphrase of the properties 4.4.5 (1) (a—
e). For instance, we demonstrate that the order o is total and compatible with the

group structure.
Let ¢ be the axiom of total order 4.4.1(4) (d). Using 4.1.8, write

Pl9= A le<yvy<al®= N o@yVolye).
,y€G zYeG

Applying 4.4.5 (1) (e), note that
o(z,y)Vo(y,x)=ply—z)Vplx-y) =1,
and so |p|% = 1.

If ¢ is now the closed formula 4.4.1 (4) (c); then, developing the Boolean truth
values for quantifiers according to 4.1.8, obtain

el“= AN l<y—atz+b<a+y+d°
I7yaa7b€G

Since o interprets <, infer
lt<y—at+az+b<at+y+b®=0(z,y)=>oc(at+z+b aty+b).

On the other hand, by 4.4.5 (1) (d),

ola+z+b,at+y+bd) =plat+y+b—(a+z+Dd))
=plat+(y—x)—a)=ply—x) =0o(z,y).

Therefore, 1 = o(z,y) = o(a+z +b, a+y+b) and so [p|“ =1. >
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4.4.7. We now turn to lattice ordered rings.
An algebraic system (A, +, -, 0, <) is an ordered ring if the following conditions
are satisfied:

(1) (K,4+,0,<) is a commutative ordered group;
(2) (K,+, -,0)is a ring (not necessarily commutative or associative);

(3) multiplication and order are compatible on K so that 0 <z, y € K
yields 0 < zy; i.e., K is a model for the formula

(Vz)(Vy) (x> 0Ny >0—2-y>0).

In other words, an ordered ring is a ring whose additive group is ordered and,
moreover, the ring homomorphisms corresponding to positive elements are positive
endomorphisms of the ordered additive group.

We often ascribe to a ring the properties of the underlying ordered additive
group. For instance, speaking about a lattice ordered ring, a totally ordered ring,
the positive cone of a ring, etc., we bear in mind the properties of the ordered group
of the ring under study, avoiding further specification. The order on a ring is called
a ring order provided that it obeys all conditions from (1) to (3).

An ordered ring K is commutative if, alongside with (1)—(3), the following
axiom holds:

(4) (Vo)(Vy)(zy = yx).

A subset P of a ring K is the positive cone of some ring order if and only if
Pn(-P)={0}; P+PCP; P-PCP

Every lattice ordered ring K, having the properties indicated in 4.4.2, obeys
the conditions: (zy)t <zTyT +27y~; (xy)” <zTy™ + a2 y™T; |ay| < |z|- |yl

4.4.8. Each lattice ordered ring K may be transformed into an ordered B-
group, in which case K may fail to become a B-ring in general. The point is
that the ring multiplication on K is not necessarily a contraction with respect to
the relevant B-metric. In order to exclude this undesirable phenomenon, we need
a closer compatibility between multiplication and order.

A lattice ordered ring K is an f-ring provided that K satisfies the following
condition: if z, y € K and x Ay = 0 then (az) Ay = 0 and (za) Ay = 0 for
all 0 < a € K. Note that in every f-ring the following condition is fulfilled:
[Z| Ayl =0— zy = 0.

If an f-ring K has no nilpotent elements then the converse statement is also
true, which is expressed customarily as K is a faithful f-ring. In particular, an
f-ring without zero divisors is totally ordered. Also, every totally ordered ring
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without nilpotent elements contains no zero divisors. Among the other properties
of an f-ring, we mention a few:

)

xz) V (yz); z(xVy)=(zx)V(2y);
(xAy)z = (x2) A (y2);  z(xz ANy) = (z2) A (2y);

|zy| = || - [y-

For every lattice ordered ring K the following are equivalent:
(1) K is an f-ring;
(2) {zy}t < {a} A {yht
(3) d(zy,uwv) < d(z,u)Vd(y,v).
< Assume that K is an f-ring. If [z| A|u| = 0 or |y| A |u| = 0 then |zy| A |u| =
(|z| - [y]) A Ju] = 0. Therefore, u € {x}* or u € {y}* yields u € {z - y}t, i.e.,
{x}+ U {y}*+ C {zy}+. Hence, {zy}++ < ({2}t U {y}H)t = {z} A {y}tt.
Assuming (2), note that |zy—wv| = |z(y—v)+(z—u)v| < |z|-|y—v|+|z—ul-|v|.
Hence,
{zy —uwo} < {y — v} v {z—u}

This amounts to (3) by the definition of the B-metric d in 4.4.5.
Assume finally that (z,y) — =y is a contraction. Put u:= 0, and v:=y:= a in
(3) and rewrite the result as {z-a}*+ C {z}++Vv {0}t = {2} or {za}t D {x}+.
By analogy, show that (ax) A y = 0, implying that K is an f-ring. >

4.4.9. Theorem. Each (associative, commutative) f-ring K with B-predicate
o and B-metric d is a B-ring, i.e., an algebraic B-system that is a B-model for the
axioms of an (associative, commutative) totally ordered ring. Moreover, an element
0 # e € K is a ring unity of this B-ring if and only if e is an order and ring unity
of K.

<1 As shown in 4.4.6, K, furnished with o and d, is a totally ordered B-group.
Enrich this group with the contractive mapping (z,y) — zy and prove that the
so-obtained algebraic B-system is an f-ring. Associativity, commutativity, and
distributivity in the B-system K follow trivially from the corresponding properties
of the ring K. Check the compatibility condition 4.4.7(3). To this end, note that,
by 4.4.7 and 4.4.8 (2),

{(zy) 3 = ety P A {aytH = {a P A {y

Recalling the definition of p, conclude that p(z) A p(y) < p(xy). We are left with
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calculating the Boolean truth values by using 4.1.8:

(Vz)(Vy)(z >0Ay >0 — zy >0)[~
= N\ =08 Aly >0 = |zy > 0%
z,ye K

- /\ p(z) Aply) = p(z-y) = 1.
z,yeK

Given e € K, note further that the equality 1 = |6 < e|¥ =|e > 0Ae # 0|F
implies p(e) A d(e,0) = 1; i.e., e > 0, and e is an order unit. On the other hand,

|(Va)(ze = ex = )| = /\ d(xz,ex)" Nd(x,ze)*.
reK

Hence, e is the unity of the B-ring K if and only if e is an order unit in K. In
other words, for all x € K, the equalities d(xe,z) = d(ex,z) = 0 hold, meaning
that x = ex = we. This completes the proof. >

4.4.10. Theorem. Let ¢ be an ordered group inside VB) | and put G:= ¥].
Then G is a universally complete ordered group with respect to the Boolean algebra
of projections %, and there is an isomorphism j from B to 9 such that

b<[0<z] =0<y(b)r (x €, be B).

In this event the following are equivalent:

(1) VB) = «& is directed (integrally-closed, or Archimedean)” « “G
is directed (integrally-closed, or Archimedean)”;

(2) VB) = “4 js lattice ordered (Dedekind complete)” « “G is lattice
ordered (Dedekind complete)”;

(3) VB = “4 is an ordered ring” < “G is a universally complete
ordered BAP-ring with distinguished Boolean algebra 2 ;

(4) VB) = “4 s a totally ordered skew field” « “G is a universally
complete f-ring without nilpotent elements, 9 is the algebra of
band projections of G, and every regular element in G is invertible.”

<1 The fact is established in 4.2.7 that GG is a universally complete BAP-group

with distinguished Boolean algebra %. Denote by ¢ the positive cone of ¢ inside
VB). Then

9T +9 c9T])=][9TNn-9" ={0}]
=[(Vze9)(z+9T=9" +a2)] = 1.
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Assign GT:= 41| and note that, by the rules for the descending intersection and
image, Gt + Gt C GT, Gt N -G+ = {0}. So, given z € G, note [r + ¥+ =
Gt +zx]=1;ie,x+9" =%" 4+ x. But then

(x+GN)=@+9")|= (9" +2)|=G" +2.

Therefore, G is an ordered group with positive cone GT. The existence of the
isomorphism j : B — 9 is proven in 4.2.7. Moreover, the equalities b < [z = y] and
J(b)x = 3(b)y are equivalent. Take 2z € G and note that [0 <z <« (Jy € ¥T)(x =
y)] = 1. This implies that b < [0 < z] if and only if b < [(3y € ¥T)(z = y)].
The last statement is equivalent to the existence of some y € ¢*| =: G such that
either b < [z = y] or 5(b)x = 3(b)y > 0.

We now prove the equivalence of the propositions from (1) to (4).

(1) If 4 is directed then [¢+ — ¢ = ¢] = 1, which is equivalent to the fact
that G is directed since (9T —91)| =91 —4*| = GT —GT. The integral closure
of ¢4 is nothing else but

Nz <0]:[Cye9)(Vnecw)(nz<y)]=1}=1.

Hence, ¢ is integrally-closed if and only if, for every x € G, the following implication
holds:
Fye@)([Vnew)(nz<y)]=1—[zr<0]=1),

(JyeG)(Vnew)n'z<y]=1) — [z <0] =1.

The last line is an equivalent paraphrase of the property that G is integrally-closed.

The claim about the Archimedean property of G is proven analogously.

(2) Let ¢ be a lattice ordered group. Prove that the closed formula (Vz)(Vy)
(32)(z = sup{x,y}) holds on G i.e., every two elements of G has a least upper
bound. If z and y belong to G then [{z,y} C ¢4] = 1. Therefore, [(Fu € ¥)(u =
sup{z,y})] = 1. By the maximum principle, there is some z € V(B) such that

[z € 9] A [z = sup{z,y}] = 1.
This implies that, on the one hand, z € G; whereas, on the other hand,
|z = sup{z,y}|“! = 1.

By definition, z = x V y. Analogous reasoning enables us to proclaim the existence
of x N y.
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Assume now that [¢ is a Dedekind complete group ] = 1. Show that in this
case (G is also Dedekind complete. We first recall the following equivalent definition
of the least upper bound sup(A) of a set A in an arbitrary ordered set:

sup(4) = 7 (4) N W;l(ﬂS(A)).

Choose an arbitrary upper bounded subset A of ¢, this means that 7<(A) #
&. In this case, however, by the rules for ascending and descending polars infer
that [r< (A7) # @] = 1 or, which is equivalent, [A] is an upper bounded subset of
¢] = 1. Using the maximum principle, find a € 4| so that

[a = sup(AT) = 7 (AT) N7 (mo (AT))] = 1.

Applying now the rules for ascending and descending, deduce a = sup(mix(A))
Since the relation < is fully extensional, conclude that sup(mix(A)) = sup(A4)
Therefore, A has a least upper bound, and so G is a Dedekind complete group.

(3) This follows from 4.2.8 and the properties of G we have established earlier.

(4) Assume that V(B) = “@ is a totally ordered skew field.” By (3) and
4.2.8, conclude that GG is a universally complete associative ordered BAP-ring with
distinguished Boolean algebra of positive projections %, and G has no nilpotent
elements.

Since ¢ is a model for (Vz)(Vy)(z Ay =0 — = = 0V y = 0); therefore,
[xtAy=0]<(x=0)V(y=0)foral z,y € G. If z Ay = 0 then b* < [z = 0] and
b <[y =0],or y(b)xr =z and j(b)y = 0 for a suitable b € B.

Hence, we easily deduce that 2 is a Boolean algebra of band projections. But
then the orthogonal completeness of G amounts to the universal completeness of
G with respect to #. Since the projections j(b) (b € B) are multiplicative (see
4.2.8), the kernel of each of them is a ring ideal. From this it is immediate that the
defining property of an f-ring holds for G (cf. 4.4.8(2)).

Conversely, if G obeys (4) then, by virtue of (2), [ ¢ is a lattice ordered ring | =
1. As is readily seen, ¢ is also an f-ring without nilpotent elements inside V(5). In
this case, however, for z,y € G it follows from [zy = 1] = 1 that [|z|A|y| = 0] = 1,
or |z|Aly| = 0. Hence, there is an element b in B such that j(b)z = 0 and 3(b*)y = 0.
Therefore, b < [x = 0] and b* < [y = 0], yielding [t =0Vy=0] > bVd* =1. We
have thus established that V(B) |= “@ has no zero divisors.” An f-ring with no
zero divisors is, however, known to be totally ordered. Hence, V(5 E “¢ is totally
ordered.”

Finally, by 4.2.8, the nonzero elements of ¢ are invertible. Hence, V(B) |= «@
is a totally ordered skew field.” >

4.4.11. The above shows that totally ordered groups and f-rings both trans-
form somehow into B-groups and B-rings. By the results of Section 4.3, this implies



188 Chapter 4

that the Boolean valued representations of these groups are totally ordered groups
and rings, respectively. We may thus translate the available information on the
structure of totally ordered groups and rings to more general classes of groups and
rings. We will illustrate the last statement with the examples of the well known
facts (see [14, 56]):

(1) Hélder Theorem. FEach Archimedean totally ordered group is
isomorphic to a subgroup of the additive group of the reals.

(2) Every Archimedean directed group is commutative.

(3) Theorem. An Archimedean totally ordered ring R is either a ze-
ro field; i.e., the product of every two elements of R is zero; or R is order and
algebraically isomorphic to a uniquely determined subring of the reals.

4.4.12. Theorem. Let G be an Archimedean lattice ordered group with base
isomorphic to a Boolean algebra B. Then there is a subgroup ¢ of the additive
group of the reals inside V(B) such that the lattice ordered group G':= ¥| is the
universal completion of G.

< By 4.4.6, the group G can be transformed into an ordered B-group. Let ¢
be the Boolean valued representation of this algebraic B-system. Then, by 4.3.3,
¢ is a totally ordered group inside V&), In line with Theorem 4.4.10, G’ := ¥ |
is a lattice ordered group, in which case G’ = mix(:(G)), with ¢ the canonical
isomorphism from G to G'. If b € B and L, € A(G) and m, € Pr(G') are the
corresponding band and band projection, respectively; then the conditions x € L,
and (I —mp)(2(x)) = 0 are equivalent for all z € G.

Indeed, by the definition of a B-metric on G (see 4.4.5), the containment
x € Ly is fulfilled if and only if d(z,0) < b. However, Theorem 4.4.10 implies that
the equality mpe(z) = +(x) holds if and only if b* < [o(x) = 0]. We know in this
event that

[e(x) = 0] = [u(x) # O] = d(,0)".

We have thus established that the correspondence L' — 1= 1(L') (L' € B(G)) is
an isomorphism between the bases Z(G’) and #(G). Choose 0 < z € G'. If
x = mix(mer(xe)) then 0 < meou(xg) < o(xe) for some &. In view of the isomorphism
between the bases, there is 0 < 2z € G for which z € {m¢ o1(x¢)}tt. Putting
To:= T¢ N z, note that

0 < u(zg) <u(2) Ame ou(we) < me o1(xe) < .
Therefore, 1(G) minorizes G’. Assume that n|z| < y (n € w) for some z, y € G'.

Let y = mix(m¢e(ye)) and @ = mix(mee(ze)) for some families (z¢) and (y¢) in G
and a partition of unity (7¢) in Pr(G’).
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Put Zp:= {{ € = : m¢ 01(|z¢|) = 0}. Since +(G) is minorant, for all £ € =\ =
there is some ug € G, ug > 0, satisfying 2(ue) < me(2|z¢]). Then, for the same &
and for all n € w, obtain

1(nue) < e oa(n|ae]) = me(n|z|) < ey = me 0 1(ye) < o(ye)

or nug < Ye.

Since G is Archimedean, conclude that u¢ = 0, which implies that 29 = =
and so z = 0. Therefore, the group G’ is Archimedean and, by 4.4.10, [¥ is
Archimedean | = 1. In line with the Holder Theorem 4.4.11 (1), ¢ is isomorphic to
an additive subgroup of the reals . By Theorem 4.3.4, we may assume ¥ to be
a totally ordered subgroup of Z. >

4.4.13. Theorem. Let K be an Archimedean f-ring. Then K splits into the
direct sum of two bands Ky and K, complementary to each other such that if the
bases B(Ky) and B(K1) are isomorphic to the Boolean algebras By and By, then
the following hold:

(1) There is a subgroup .#; of the reals inside V(Po) such that the
lattice ordered group K{,:= J#,| with zero multiplication is the
universal completion of f-ring Ky;

(2) There is a subring ., of the reals inside V5) such that the f-ring
K := J#/| is the universal completion of K.

In this event the f-ring K & K/ is the universal completion of K.

<1 As we have seen in 4.4.12, the representation of the additive group of the
f-ring K in V(B) with B = #(K), is a subgroup of the additive group of the reals.
According to 4.4.9, K is a B-ring; while, by Theorem 4.3.3, [ # is aring] = 1. Put
bo:= [# is a zero ring] and by := [ ¥ is a subring of the reals]. By the transfer
principle and Theorem 4.4.11(3), by V by = 1. On the other hand, by A b; = 0, since
a ring cannot be simultaneously a zero ring and a subring of the reals. Let Ky and
K1 be the bands of K corresponding to by and bq; i.e., Ky and K7 are determined
from the conditions

re K, =d(z,0)<b, (1=0,1),

where d is the B-metric of the B-system K. Assign B,:= [0,b,] and observe that
the base #(K,) is isomorphic to B,, in which case b, is the unity of the algebra B,.
Put 7 :=n)(X) € VB where 7, : b+— bAb,, b € B. Since 7, is an epimorphism
of B onto B,; therefore, V(5o) |= “x¥(_#") is a subgroup of the additive group of the
reals” and V(BY) |= “7%(_¢) is a subring of the reals.” By Theorem 4.4.12, K':= K|
is the universal completion of the ordered group K. As far as b, = [7)(A") ~ #],
where K| := J,| ~ 5(b,)(K,), and so K’ ~ K @ K. Therefore, K’ is the universal
completion of K. >
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4.5. The Descent of a Field

Here we prove that rationally complete semiprime commutative rings are in
one-to-one correspondence with fields in Boolean valued universes. This implies in
particular the possibility of transferring the Horn properties of fields to these rings.
All preliminaries to ring theory we need are explicit, for instance, in [50, 150].

4.5.1. Throughout this section, we let K stand for a commutative ring with
unity 1, presuming that 0 # 1. In this event K is a semiprime ring if K is free of
nilpotent elements other than zero. Recall that = is nilpotent provided that ™ = 0
for some n € N. Recall also that a commutative ring K is an integral domain if
0 # 1 and 0 is the only zero divisor of K.

(1) Given a semiprime ring K, define L as follows
1:={(z,y) € K x K : xzy = 0}.

Then L is a disjointness relation on K and the least L-band is the singleton {0}.
The disjointness 1 is simple if and only if K is an integral domain.

< The relation L is symmetric since K is commutative. Considering x €
71 (K), note that 22 = 0, and so # = 0. Hence, the second defining property of
disjointness (cf. 4.1.12(2)) follows on recalling that K is semiprime. If z = xy # 0
then uz = (ux)y = 0 and zv = z(yv) = 0 for all v € 7 (x) and v € 7y (y).
Therefore,

zemi(mi(zr)Umi(y)) = [z]N[y].

Alternatively, the third defining property of disjointness is available too. So, L is
a disjointness on K. From 4.1.12(2) it follows that L is a simple disjointness only
if the equality zy = 0 implies either z =0 or y = 0. >

Evidently, the annihilator L of a nonempty L C K, defined as

L& =7 (L):={k € K : kL = {0}},

is an ideal of K. An ideal of this provenance is called an annihilator ideal. It is an
easy matter to show that a subset J of K is an annihilator ideal of K if and only
if J =Jt where Jt+:= (J1)1. From 4.1.12(3) we infer the following:

(2) The annihilator ideals of each semiprime ring K comprise the com-
plete Boolean algebra Z(K) with the following meet and join:

LAM:=LNM, LVM:=(LUM** (L, MecB(K)),

while the Boolean complement L* of an ideal L € %(K) is the annihilator L+ of L.
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4.5.2. Let B stand for the complete Boolean algebra Z(K) of the annihilator
ideals of a ring K. Equip K with a B-metric by putting

d(ky, ko) = {ky — ka}*t (k1 ko € K).

(1) A semiprime commutative ring K with B-metric d and disjointness
1 is a B-ring with disjointness.
< Show first that D satisfies the properties of a Boolean metric in 3.4.1. The
properties (1) and (2) are immediate from the definition of d. To show (3), take
ke {]{71 - ]{IQ}J‘ N {]{72 — ]{Ig}l and note that ]{7(]{71 - ]{72) =0 and k(kQ - l{?g) = 0; i.e.,
k(k1 — k3) = 0, which amounts to k € {k; — k3}*. Whence,

d(ky, ks) = {k1 — ks}tt € ({k1 — ko3 0 {koy — ka} D)t
= {ky — ko }t v {ky — k3} = d(ky, ko) V d(ko, ks3).

If d(ki, ko) = O then {k; — ko}t = K, and so (k; — k2)? = 0. Since K has no
nonzero nilpotents, infer that k; = k.

Show now that the ring operations of K are contractive. To this end, demon-
strate that

{ky — k130 {ky — Ky} C {(ky + ko) — (K] + kb))
{k1 = K 0 ke = k53 C {kiko — KRy}

The first inclusion is obvious. Further, note the evident equalities kiko — K k) =
kiko — kikh + kikl, — K1kY = Ky (ko — kb) + kS5(ky — k1) which imply the second
inclusion.

Obviously, the ring operations are disjointness-preserving; i.e., from z,y € a=*
it follows that zy,x +y € a®. The fact that the disjointness and B-metric d agree
is easy from the definitions, since d(z,0) = 21+ (cf. 4.1.13). >

(2) For all z,y € K, the equality holds: d(zy,0) = d(x,0) A d(y,0).

< Tt suffices to show the equality {zy}++ = {z}t+ A {y}*+ in which the
inclusion C is evident. Take u € {z}t+ A {y}++ = ({#}+ U {y}+)L. This means
that, for all a,b € K, from ax = 0 it follows that au = 0; and by = 0 implies that

bu = 0. Using this with b:= vz and a:= v?u, consider an arbitrary v € K and
deduce

v L ay — (vr)y =0 — (viu)y =0

—v*u? =0 — (vu)®* =0 — vu = 0.

Thus, v L u holds for all v € {zy}+, and so u € {zy}++. >
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4.5.3. An element e in K is an idempotent of K provided that e? = e. The
idempotents of K comprise the Boolean algebra B(K) with the Boolean operations
as follows

eNd=e-d, eVd=e+d—ec-d, et =1—¢ (e,dcP(K)).

A ring K is regular (in the sense of von Neumann), if each principal ideal of
K is generated by an idempotent or equivalently, each finitely generated ideal is a
summand of K. The regularity of K amounts to solvability of the equation a?z = a

for each a € K (the equation aa’a = a in the case of a noncommutative K).

If a semiprime commutative ring K is finitely complete with respect to the B-
metric d then each annihilator ideal of K is generated by an idempotent, implying
that K is regular. In this event the mapping ) : e — e- K is a Boolean isomorphism
of P(K) to B(K).

< Take an annihilator ideal b € #(K). Since the B-ring K is finitely complete,
there is an element e in K such that b A d(1,e) = 0 and b* A d(0,e) = 0; i.e.,
e := mix{bl,b*0}. This element is an idempotent, since from 4.5.2 (2) it follows
that d(e?,e) = d(e,0) Ad(1,e) < bA bt = 0. In particular, e L (1 —e). Hence,
the annihilator ideals d(e, 0) = {e}1+ and d(1,e) = {1 — e}~ are disjoint, yielding
d(e,0) = b and d(1,e) = b+. Now, using the equality d(ez,z) = d(1,e) A d(z,0)
(cf. 4.5.2(2)) and given x € K, infer

x€b—d(z,0) <b—d(ex,z) =0 ex = x.

Consequently, b = eK. The remaining details are all evident. >

4.5.4. A subset S of K is dense if S+ = {0}; i.e., the equality k- S = {0}
implies k£ = 0 for all k € K. A ring K is rationally complete if, to each dense ideal
J C K and each group homomorphism h : J — K satisfying h(kx) = kh(x) for all
k € K and x € J, there is an element r in K such that h(z) = rx for all z € J.

Theorem. FEach rationally complete ring K is a universally complete B-ring,
with B = #(K). If K is regular then the converse holds: Every universally complete
B-ring is rationally complete.

< Let (be¢) be a partition of unity in the Boolean algebra B of the annihilator
ideals of K. Assume also that (k¢) is a family in K. Denote by J the set of all sums
like Zf x¢, with z¢ € be and at most finitely many of x¢ are nonzero. Then J is a
dense ideal. Define the mapping h : J — K by the formula h(z):= ke for x € be.
Clearly, h obeys the needed conditions in the definition of rational completeness.
Therefore, we may find r € K satisfying h(z) = ra for all z € J. If x € be then
h(z) = ro = kex and z(r — k¢) = 0. Hence, bg C {r — k¢}+ = d(r, k¢), implying
that bg A d(r, ke) = 0 and r = mix(beke).
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Assume now that K is a regular ring. Take an ideal J C K and a ring ho-
momorphism h : J — K. Using the Kuratowski-Zorn Lemma, choose an inclusion
maximal disjoint family (e¢) in J N P(K). Since our B-ring K is universally com-
plete, there is an element k in K satisfying eck = ech(eg) = h(eg). Note that
eckx = xh(e¢) = ech(x); ie., es(h(x) — kx) = 0 for all £ and € J. Now, if
h(z) # kx then eg(h(z) — kx) # 0 for some nonzero idempotent ey € P(K). But
then we would have ey L eg for all £, which contradicts the maximality of (e¢). >

4.5.5. Notice the three corollaries to the just-established fact:
(1) Every rationally complete semiprime ring is regular.

(2) Each annihilator ideal of a rationally complete semiprime commu-
tative ring is a rationally complete ring.

Say that a ring K selfinjective if K is an injective K-module. Recall that
a K-module M is injective if, to whatever K-module N, a K-submodule Ny of
N, and a K-homomorphism hg : N9y — M, there is an extension of hy to a K-
homomorphism h : N — M. Baer’s Criterion asserts that a K-module M is
injective if and only if, to J C K and a K-homomorphism A : J — M, there is an
element m in M such that h(z) = mz for all z € J (see, for instance, [50] or [150]).

(3) A ring K is rationally complete if and only if K is selfinjective.

< Consider a homomorphism A : J — K, with J an ideal of a rationally
complete ring K. By 4.5.4, Ko:= J++ = eK for some idempotent e € K. Since
Ky is a rationally complete ring and eh : J — K is a homomorphism, there is
an element k in K such that eh(z) = kx for all x € J. It suffices to note that
eh(z) = h(ex) = h(x) for all (x € J) and complete proving —. The implication «
follows from Baer’s Criterion. >

4.5.6. Theorem. Let # € VB) satisfy [# is a field] = 1. Then X | is
a rationally complete semiprime commutative ring and there is an isomorphism }
of the Boolean algebra B to the Boolean algebra 9(.% |) of the annihilator ideals
of ¢ such that
b<[z=0]<zecyb") (zre€K, beB).

< Everything follows from 4.2.8, 4.5.3, and 4.5.4. It suffices to note that, by
4.2.8 (4), the projection j(b) corresponds in a one-to-one manner to the annihilator
ideal 5(b). >

4.5.7. We proceed with Boolean valued analysis “in the field.”

(1) Theorem. Let K be a rationally complete semiprime commutative
ring. Also, let B stand for the complete Boolean algebra 98(.# |) of the annihilator
ideals of K. Then there is a field # inside V) such that the rings K and % |
are isomorphic.



194 Chapter 4

<1 Appeal to Theorem 4.3.3. The ring K is a universally complete algebraic
B-system by 4.5.4. Consequently, the isomorphism 2 of 4.3.3(3) (in the sense of
algebraic B-systems) is a bijection. Since K is a commutative B-ring, from 4.3.3 (4)
it follows that [.# is a commutative ring] = 1. We are left with showing that every
nonzero member of J¢ is invertible; ie., [# = ¢] = 1, with ¢ standing for
(Vy)(3x)(y # 0 — xy = 1). By 4.3.3(4) it suffices to check that || = 1; i.e.,
K =B .

Since K is a regular ring (cf. 4.5.3 and 4.5.4), to each y € K there is some
x € K satisfying y2xz = y. The following implications are evident:

ve=y—ylyr—1)=0—ye {yz —1}*
—{y} C {yz -1} - {y}*" C {yz — 1}
— {y}LL C {yx — 1}L.

Recalling the definition of d, infer d(y,0) < d(yx,1)*. Using the definition of the
B-valued interpretation of atomic formulas in 4.1.8, conclude that, to each y € K,
there is some X € K satisfying |y # 0 — yx = 1|% = 1. Using the definitions of
4.1.8 again, arrive at |¢|% = 1, as desired. >

(2) Corollary. The Horn theories of rationally complete semiprime com-
mutative rings and fields coincide.

4.5.8. We now give the construction of the so-called complete ring of fractions
on using the above results on Boolean valued representation. We start with recalling
a few definitions.

A ring K is a classical ring of fractions of a ring K provided that there is a
ring monomorphism A : K — K such that A\(z) is invertible in K for each regular
x € K and, moreover,

K= {IAM2)A(y) "t :z,y € K; yis regular in K}.

Considering K up to isomorphism, we speak about the classical ring of fractions. If
K is an integral domain then K is a field called the field of fractions of K. Denote
the classical ring of fractions of K by Q. (K):= K. Note that Q. (K) = S~ h(K) if
we take the set of regular elements of K as the multiplicative set S in the definition
of 4.2.6.

Since K is an algebraic B-system; therefore, by 4.3.5 (2) K possesses a universal
completion (K’,1), where ¢ : K — K’ is a ring monomorphism. The ring Qp(K):=
K’ is also referred to as orthogonal completion of K.

The ring Q(K):= Qq (QB(K)), together with the monomorphism x:= Aoz, is
the complete ring of fractions of K.
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Theorem. Assume that K is a semiprime commutative ring and B stands
for the Boolean algebra 9(K) of the annihilator ideals of K. Denote by K the
Boolean valued representation of K viewed as an algebraic B-system. Then [ ¥ is
an integral domain] = 1. Moreover, there are elements .%, A € V(B) such that the
following hold:

(1) VB |= “Z is the field of fractions of the integral domain %, and
A X — Z is an embedding of & into the ring of fractions of
%77’.

(2) (&, Al 01) is the complete ring of fractions of K, where 1 : K —
K':= K| is the canonical embedding of K to K.

< The Boolean valued representation % := K~ of the algebraic B-system (B-
ring) K is a ring inside V(B), cf. 4.3.1, 4.3.3, and 4.5.2(1). In accord with 4.1.13,
the B-valued disjointness A on K is defined by the formula A(z,y):= (d(a:, 0) A
d(y,O))*. From 4.5.2(2) it follows now that A(z,y) = (d(:)sy,O))* = [zy = 0].
Hence, the Boolean valued representation 6 of A satisfies [0(z,y) < zy = 0].
Consequently,  relates to the ring multiplication of J# in much the same way as
A relates to the ring multiplication of K’. By 4.3.5(6), ¢ is a simple disjointness,
which means that [.# is an integral domain | =1 in view of 4.5.1 (1).

The existence of Z, A € VB satisfying (1) follows from the maximum principle
and fact that the ring of fractions of an integral domain is a field. Put K':= |,
and let ¢+ : K — K’ stand for the respective canonical monomorphism (cf. 4.3.3).
Then K’ is the orthogonal completion of K; ie., K’ = Qp(K). Moreover, from
4.2.8 (3) it follows that .#|= Q. (K’). Thus, Z#|= Q(K). >

4.5.9. The above theorem provides various corollaries on the structure of a
ring of fractions. A few of them follow.

(1) The complete ring of fractions of a semiprime commutative ring is
rationally complete (consequently, selfinjective and regular).

< The claim is immediate from 4.5.5(1,3), 4.5.6, and 4.5.8. >

(2) The Boolean algebra B:= %(K) of the annihilator ideals of a semi-
prime commutative ring K is isomorphic with the Boolean algebra of the annihilator
ideals of each of the rings K' and Q(K). The isomorphisms are carried out as
follows:

g : L1 (L) (Le B(K)), go:L—r (L) (LeBQK))).

< A consequence of 4.2.8 and 4.3.5(6). >

(3) The complete ring of fractions Q(K) of a semiprime commutative
ring K is an injective K-module.
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< By Baer’s Criterion (cf. 4.5.5) it suffices to prove that if J is an ideal of K
and h: J — Q(K) is a K-homomorphism then, for some ¢ € Q(K), the following
holds: h(x) = qx for all x € J. By Theorem 4.5.8, there is no loss of generality in
assuming that K ¢ K':= #|C Q(K) = #|. Given z € J and k € K, note that
x L k implies h(z) L k. Thus, z € b — h(z) € g, (b) for all b € B, and so h is
an extensional mapping. Assign ¢ := J| and n:= h']. Then ¢ is an ideal of 7,
and n: ¢ — Z is a #-homomorphism.

It suffices now to show that we may find g € .% so that n(z) = gz forallz € 7.
The last claim is immediate from the evident formula an(z) = n(az) = zn(a)
holding for all a,z € #. Indeed, if a # 0 then we may put ¢:=n(a)a™' € Z. >

A submodule M of a K-module M is massive or essential if to each 0 #FxreM
there is some k € K such that kx # 0 and kx € M. An injective hull of aring K is a
pair (K, 7) such that M is an injective K-module, 7 : M — M is a monomorphism,

and 7(M) is a massive submodule of M.

(4) The (Q(K), k) is an injective hull of a semiprime commutative ring
K viewed as a K-module.

< By (3) it suffices to check only that x(K) is a massive submodule of the
K-module Q(K). We may moreover assume that K C Q(K). Hence, we are left
with demonstrating that to each 0 # ¢ € Q(K) there is some k € K such that
kq # 0 and kq € K.

By the definition of Q(K), there are families (z¢) C K and (y¢) C K and a
partition of unity (b¢) C B satisfying ¢ = zy~!, z = mix(bez¢), and y = mix(beye).
Since g # 0; therefore, for some index { we have ex¢ # 0, where e is the idempotent
of K’ corresponding to the ideal § = b¢. It is also clear that ey # 0 because y
is a regular element. Let a be an arbitrary nonzero member of the ideal b, with
aze # 0. Put k:= aye = aeye. Then gk = a(ex)(yey™') = axg = aexzg €bC K. 1>

A fraction we call a homomorphism of K-modules J — K, where J is a dense
ideal of K. Equip the set of fractions with the following equivalence: Two fractions
are equivalent if they agree on the intersection of their domains. It is an easy matter
to make the resultant factor set into a ring (for details, see [150]). Denote the new
ring by Q'(K).

(5) The rings Q(K) and Q'(K) are isomorphic.

< We again consider K as a subring of Q(K). Using (4), to each fraction
h € Q'(K) we may assign the element o(h) such that h(z) = o(h)z for all x
in the domain of h. Clearly, h +— o(h) is a ring monomorphism. We are left
with demonstrating that h is a surjection. To this end, take ¢ € Q'(K) and put
J:={k e K :qk € K}. Then J is a dense ideal of K. If the fraction h, is defined
by the formula hy : x — gx then o(hy) = g, which completes the proof. >

A ring of fractions of K in the Utami sense is a pair (R,v), with R a ring
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and v : K — R a ring monomorphism provided that there is a monomorphism
7: R — Q(K) satisfying Kk = 7 o v.

(6) Let K’ stand for the universal completion of a semiprime commu-
tative ring K considered as an algebraic B-system. Then K’ is a ring of fractions
of K in the Utami sense.

< The claim is immediate from the definition of a ring of fractions on letting
vi=rand 7:= \. >

(7) There is a unique (up to isomorphism) rationally complete ring of
fractions Q(K) of a semiprime commutative ring K.

<1 This follows for instance from the fact that the injective hull is unique up
to isomorphism. >

4.5.10. COMMENTS.

(1) It is not a new idea to study regular commutative rings by consid-
ering the properties of appropriate fields. For instance, these rings were studied by
representing them as subproducts of fields or as the ring of global sections of a ring
bundle over a Boolean topological space [203, 212]. The approach of the current
section unifies this idea and is advantageous as regards technique and methodology.

(2) Theorem 4.5.8 shows that, from the standpoint of V(5) the com-
plete ring of fractions of a semiprime ring K is simply the field of fractions of the
integral domain we obtain by embedding K in V() with B the Boolean algebra
of annihilator ideals of K.

(3) A more explicit exposition is available of all preliminaries to ring
theory, see for instance [50, 61, 150]. The results of 4.5.6 and 4.5.7 belong to
E. I. Gordon [65]. Similar results were published somewhat later by K. Smith [222]
who factually established equivalence of the category of regular commutative rings
and the category of Boolean valued fields. Using this fact, K. Smith demonstrated
that a regular commutative ring has an algebraic closure.

(4) The above methods apply to more general classes of rings. For
instance, the relation of 4.5.1 is a disjointness also in the case of a noncommutative
ring without nonzero nilpotents. Consequently, the set of annihilator ideals of
such a ring K provides a complete Boolean algebra, and K itself ascends to V(&)
becoming a ring without zero divisors.

(5) Starting with the results of this section and using the same tech-
nique, we may come to analogous results about modules, cf. [66].
A module M over a ring K is separated if the equality J-x = {0} implies that
x = 0 for every x € M and every dense ideal J C K.
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Theorem. Let .# be a vector space over a field % inside VB). Let also
1: B — AB(K|) stand for the Boolean isomorphism of 4.5.3(2). Then .#| is a
unital separated injective module over J# satisfying

b<[z=0]<b)x=0 (ze.#]|, beB).

(6) If a K-module M is separated then the B-semimetric d acting by
the rule

d(z,y):= /\{b €EB:bx=>by} (z,ye M)

is a B-metric. Consequently, a separated K-module may be treated as an algebraic
B-system, which leads to the following result (cf. [66]).

Theorem. Assume that K is a rationally complete commutative ring. Assume
also that B = #(K) and ¥ is the Boolean valued representation of K. Let M be
a unital separated injective K-module. Then there is some .# € VB such that
[# is a vector space over % |. In this event, there are isomorphisms of algebraic
B-systems 1 : K — | and 1p; : M — .# | such that

i (ax) =1 (a)iy(z) (a€ K, x € M).



Chapter 5

Boolean Valued Analysis of
Banach Spaces

The Boolean valued inverse V() associated with a fixed Boolean algebra B
is one of the arenas of mathematical events. Indeed, by virtue of the transfer and
maximum principles, V(5) contains numbers and groups as well as the Lebesgue
and Riemann integrals, with the Radon-Nikodym theorem and the Jordan normal
form of a matrix available.

The elementary technique of ascending and descending which we become ac-
quainted with when considering algebraic systems shows each of the mathemati-
cal objects in V(B) to be a representation of an analogous classical object with
an additional structure induced by the algebra B. This relates in particular to
functional-analytical objects.

In this chapter we present the facts that are associated with Boolean valued
representation of the latter objects. Our main topic is Banach spaces in Boolean
valued universes. It turns out that these spaces are inseparable from ordered vector
spaces and, above all, K-spaces which were introduced by L. V. Kantorovich at the
beginning of the thirties.

The fundamental result of Boolean valued analysis in regard to this aspect is
Gordon’s Theorem 5.2.2 which we may read as follows: Every universally complete
K -space is an interpretation of the reals in an appropriate Boolean valued universe.
Moreover, each theorem about the reals within Zermelo—Fraenkel set theory has an
analog in the original K-space. Translation of theorems is carried out by appropriate
general operations of Boolean valued analysis.

Theorems 5.2.4, 5.4.2, and 5.5.11 also rank among the principal results of
the current chapter. The first of them claims that every Archimedean vector lattice
embeds in a suitable universe V(5)_ becoming a vector sublattice of the reals viewed
as a vector space over some dense subfield of the reals. The second declares that
every lattice normed space may be represented as a dense subspace of a Banach
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space viewed a vector space over some field, e.g., the rationals, in an appropriate
V(B) Finally, the third theorem means essentially that a Banach space X appears
in result of bounded descent from a Boolean valued model if and only if X includes
a complete Boolean algebra of norm one projections which possesses the cyclicity
property. In other words, X is a Dedekind complete lattice normed space and the
norm of X is a mixed norm. This fact serves as a starting point for the approach
to involutive algebras which we pursue in the next chapter.

5.1. Vector Lattices

In this section we give some preliminaries to the theory of vector lattices;
a more explicit exposition may be found elsewhere [1, 4, 103, 104, 158, 214, 253,
258|.

5.1.1. Let F be a totally ordered field. Consider an algebraic system E whose
signature contains the symbols +, 0, <, and A, with A ranging over F and denoting a
unary operation. Given A € F, call this operation A-scaling or (scalar) multiplication
by A. Assume that E obeys the conditions:

(1) (E,+,0,<) is an ordered commutative group;

(2) FE is a vector space over F;
(3) Each multiplication by a positive A in F is a positive endomorphism
of the ordered group (E, +,0, <).
Say in this event that E is an ordered vector space.

Therefore, an ordered vector space F may be defined as a pair (F, <), with
FE a vector space over F and < a wector order on E; i.e., an order relation on F
compatible with vector structure. Informally speaking, we may “sum inequalities
in F/ and multiply them by positive members of F.” Formally, a vector order on F
must be a cone in E? as well as an order on E.

Equipping a vector space E over F with a vector order amounts to defining some
positive cone ET of E, that is a subset of E satisfying the conditions: ET + ET C
Et; AET C ET (0 < XA €eF);and ET N(—E') = 0. The order < on E and the
positive cone E are connected as follows:

r<yey—z€E" (z,y€ER).

Clearly, all notions and results of the theory of ordered groups apply freely to
ordered vector spaces. For instance, when we say that an ordered vector space F
is Archimedean or speak about some ideal of F, we imply the underlying ordered
group of F.

5.1.2. A wector lattice is an ordered vector space whose underlying group is
lattice ordered. Hence, each finite set {x1,...,2z,} in a vector lattice E has the



Boolean Valued Analysis of Banach Spaces 201

join, i.e. the least upper bound x; V ...V x, := sup{x1,...,z,}, and the meet,
i.e. the greatest lower bound z1 A ... Az, := inf{z,...,z,}. In particular, each
member x of a vector lattice has the positive part x™ := x V 0, the negative part
™= (—z)T:= —x A0, and the absolute value or modulus |x|:=z V (—x).

Recall that we introduce the disjointness of E' by the formula

L:i={(z,y) € Ex E:|z| Al|y| = 0}.

A set K is a band of E (or component in the Russian literature) provided that K
coincides with the disjoint complement of a subset of E; i.e., K equals to

M*t:={zeE:(Vye M)(z Ly)}

where M is some nonempty subset of E. If K has the shape {u}1® then K is
a principle band and |u| is an order unity or order unit of K.

The inclusion ordered set Z(FE) of all bands of E is a complete Boolean algebra.
The Boolean operations of Z(F) take the shape:

LANK=LNK, LVK=(LUK)*, L*=L* (L Kc%E)).

The Boolean algebra Z(F) is the base of E.

Let K be a band of a vector lattice £ and 0 < z € E. Assume that the set
{u e K:0<u <z} has a supremum in E. This supremum sup{u € K : 0 <
u < z} is unique. Call it the projection of x to K and denote it by [K]z or Prg .
Given an arbitrary x € F, put [K|x:= [K]zT — [K]z~.

The projection of an element x € E to a band K exists if and only if we have
the decomposition = y + z with y € K and z € K1, in which case y = [K]z and
z = [K1]x. Assume that each element z € E has a projection to K. Then z +— [K]x
(x € E) is a linear idempotent operator and 0 < [K]z < z for all 0 < x € E. We
call [K] the band projection to K and say that K is a projection band. Say that
a vector lattice E possesses the projection property (principal projection property) if
every band (principal band) of E is a projection band. If a vector lattice E has the
projection property and each disjoint positive subset of E (i.e., a subset composed
of disjoint positive elements) has a supremum in E then F is a universally complete
vector lattice or an extended vector lattice in the Russian literature.

5.1.3. An element 1 € F is called an order unity or order unit of E provided
that {1} = E; i.e., if F has no nonzero elements disjoint from 1. In other words,
an order unit 1 of E is an order unit of the band E of E. Assume that some
0 < e € F satisfies e A (1 —e) = 0. We then say that e is a unit element relative
to 1. The set €(1) := €(E) of all unit elements is a Boolean algebra under the
induced order from E. The lattice operations of €(1) are inherited from E, while
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the Boolean complement has the form e* =1 — e for e € €(1). A disjoint positive
family in F is total or complete provided that E has no nonzero element disjoint
from every member of the family. Clearly, a total family pretends to play the role
of a “compound” order unit of E.

Henceforth, unless specifying F explicitly, we imply only vector lattices over
the reals R equipped with the natural total order. Considering the ideal I(u):=
U~ [—nu, nu] generated by an element 0 < u € E, we may introduce the following
seminorm:

|Z||w:=inf{A € R: |z] < Au} (€ I(u)).

If I(u) = E then call u a strong unity or strong order unit and E, a vector lattice of
bounded elements. The seminorm || - ||,, is a norm if and only if £ is Archimedean.

An element x > 0 of a lattice is discrete, if [0, 2] = [0, 1]z; i.e., in the case when
from 0 < y < z it follows that y = Az for some 0 < XA < 1. A vector lattice E is
discrete if to each 0 < y € F there is a discrete element x € E satisfying 0 < z < y.
If F has no nonzero discrete elements then E is continuous.

5.1.4. A Kantorovich space or, briefly, a K-space is a Dedekind complete vec-
tor lattice; i.e., a vector lattice whose every nonempty order bounded subset has a
supremum and an infimum. Sometimes, a K-space is also referred to as boundedly
order complete vector lattice. A vector lattice F is a K,-space if each countable
nonempty bounded subset of E has a supremum and an infimum in E. Every
K ,-space, as well as every K-space, is Archimedean.

Denote the set of all band projections of E by Br(F). Given m and p in Pr(FE),
put ™ < p if and only if 7z < px for all 0 <z € FE.

Theorem. Let E be an arbitrary K-space. Then the mapping K — [K],
sending a band K to the band projection [K], is an isomorphism between the
Boolean algebras #(F) and Pr(E).

If E has an order unit then the mappings m +— w1l from Pr(E) to €(E) and
e — {e}++ from €(E) to B(E) are also isomorphisms of the respective Boolean
algebras.

The band projection 7, to the principal band {u}++, with 0 < u € E, can be
obtained by a simpler rule than that in 5.1.2; namely,

T =sup{z A (nu) :n e N} (0<ze€E).

In particular, every K,-space has the principal projection property.

Let E be a K,-space with order unit 1. We call the projection of the unit to the
band {x}*+ the trace of x and denoted it by e,. Therefore, e, := sup{1 A (n|z|) :
n € N}. The trace e, serves both as an order unit of {z}*+ and a unit element
of E. Given a real )\, denote the trace of the positive part of A1 — x by ef; i.e.,
ey = €(x1—z)+- The function A — €%, with A € R, arising in this case is called the
spectral function or characteristic of x.
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5.1.5. We now turn to algebra endowed with compatible order.

(1) Assume that E is an algebra over a field F. Assume further that
FE is furnished with some order so that E becomes an ordered vector space whose
positive cone is closed under multiplication. In this event E' is an ordered algebra
or an ordered F-algebra. We may say that an ordered algebra E is an algebraic
system F whose signature contains the symbols 4,0, <, A, -, with )\ ranging over F
and standing for A-scaling, provided that

(a) FE is an ordered vector space;

(b) (E,4+,0,<, ) is an ordered ring.

Say that F is a lattice ordered algebra ( f-algebra) if the underlying ring of E is
a lattice ordered ring (an f-ring). An f-algebra is faithful if for whatever x and y
the equality x - y = 0 implies that = 1 y. Clearly, an f-algebra is faithful if and
only if it has no nonzero nilpotents. Also, an f-algebra is faithful if and only if it
has nonzero positive element whose square is zero (cf. 4.4.8).

(2) A complex vector lattice is the complezification E @ iFE of a real
vector lattice E¥. As usual, we let i stand for the imaginary unity in any appropriate
context here and in the sequel. Furthermore, it is a routine to require additionally
that every member z of £ ® iF has the absolute value or modulus

|z|:= sup{Re(e?2) : 0 < 0 < 7}.

The conditions for F to ensure existence for the absolute value of each element in
F ®iFE are easy to formulate. Any proviso is perfectly excessive for a K-space and
even for a K,-space. So, a complex K -space is simply the complexification of a real
K-space.

Speaking about the order properties of a complex vector lattice F ® iFE, we
always mean its real part . The definitions of sublattice, ideal, projection band,
etc. are all naturally abstracted to the case of a complex vector lattice by way of
due complexification.

5.1.6. The order of a vector lattice provides various types of convergence.

Let (A, <) be an upward-directed set; i.e., < o <7!= A2 Consider a net
(o) == (Ta)aca in E. Call (z,) an increasing (decreasing) net provided that
o < zg (x5 <o) for all a < 3, a, 5 € A.

A net (z,) converges in order or is order convergent or o-convergent to x € E
if there is a decreasing net (eq)aeca in E satisfying inf,ca e = 0 and |z — 24| < eq
(v € A). In this case z is the order limit or o-limit of (z,); in symbols, z = o-lim x,,

(0)
or ro, — .
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Given an order bounded net (z,) in a K-space for E, define the upper o-limit
and lower o-limit (or limit superior and limit interior) of (x,) by the formulas:

limsup z, := lim z,:= inf sup zg,
a€A a€A a€A B>a

liminf z, := lim x,:= sup inf zg.
€A acA Q€A B>

Clearly,
r = o-limz, < limsupz, =z = liminf x,.

The net (z4)aca converges with regulator or is relatively uniform convergent (r-
convergent) to x € X if there are an element 0 < u € F, called the regulator of
convergence, and a numerical net (Ay)aeca C R satisfying lim A, = 0 and |z —z,| <
Aot (o € A). In this event, call x the r-limit of (z,) and write x = r-limz, or

() . . . . .
ro, — x. Clearly, relative uniform convergence with regulator u is convergence in

norm in the normed space (I(u), || - ||.)-

The presence of order convergence in a K-space allows us to determined the
sum of an infinite family (x¢)ee=. Indeed, given 6:= {&1,...,&,} € Pan(E), put
Yo:= T¢,+. . .+x¢, . So, we arrive at the net (yg)pco, where ©:= Fg, (E) is naturally
ordered by inclusion. Assuming that there is some x satisfying x = o-limgco yg, we
call the family (z¢) summable in order, or order summable, or o-summable. The
element z is the o-sum of (z¢); in symbols, x = 0-3 .z x¢. Obviously, if z¢ > 0
(¢ € 2) then for the o-sum of the family (z¢) to exist it is necessary and sufficient
that the net (yg)oco be order bounded, in which case 0-) ez z¢ = suppeg yo. If
(x¢) is a disjoint family then

+ J—
0-) T¢=8Supxr; —Supx,.
EEZ; £eE ¢ £eE ¢

Every K-space F is order complete (o-complete) in the following sense: If (24)aca
is a net in F satisfying the condition

limsup |z, — 23| = inf sup |ro — 23| =0,
VEA o, 3>y

then there is an x € E such that x = o-lim z,,.

5.1.7. EXAMPLES.

(1) Assume given a family (F,)aca of vector lattices (f-algebras) over
the same ordered field F. Furnish the product E:= Il,ca F, with the coordinate-
wise operations and order. Then F becomes a vector lattice (f-algebra) over F.
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In this case E is a Dedekind complete, universally complete, or discrete vector
lattice if and only if all factors E, have the same property. The base #Z(FE) is
isomorphic with the product of the family of the Boolean algebras (#(Eq))acA-
An element e € E is an order unit if and only if e(«) is an order unit in E, for all
a € A.

In particular, the set R* (CA) of all real (complex) functions on a nonempty
set A is a universally complete discrete K-space (complex K-space).

(2) Every ideal of a vector lattice is a vector lattice. Moreover, every
ideal of a K-space is a K -space.

In particular, [,,(A), the space of p-summable families, is a K-space for 1 <
p < oo (cf. (1)). The same applies to the most important instance of an ideal in
a vector lattice E which is an order dense ideal or a foundation of F in the Russian
literature. The base of a vector lattice E is isomorphic with that of each order
dense ideal of E.

(3) Let N be an ideal of a vector lattice E. Then the factor space
E:=E /N is also a vector lattice provided that the order on E is determined by
the positive cone (E™), with ¢ : E — E standing for the factor mapping.

The factor lattice E/N is Archimedean if and only if N is closed under relative
uniform convergence. If E' is an f-algebra and N is a ring and order ideal then E/N
is an f-algebra. If F is a K,-space and N is sequentially order closed then E/N
is a K,-space and ¢ is sequentially order continuous. The base of E is isomorphic
to the complete Boolean algebra of A-bands Ra(E), where A:= {(z,y) € E X E :
[z| Alyl € N}

(4) Let (2, 7) be a measurable space; i.e.,  is a nonempty set and &7
is a o-algebra of its subsets. Denote by .# (2, o7) the set of all real (complex) mea-
surable functions on €2 and equip .Z (€2, .o/) with the pointwise operations and order
induced from R® (from C%). Choose some o-complete ideal .4 of the algebra o7
Let N comprise the functions f € .#(Q), <) such that {t € Q : f(t) # 0} € A"
Assign M(Q, o/, N) = # (2, /)/N. Then # (N2, o/) and M(Q, </, V) are real
(complex) K,-spaces and f-algebras at the same time.

Assume now that p : &/ — RU{+0o0} is a countably additive positive measure.
The vector lattice M (Q, o7, ) := M(Q, <7, n~1(0)) is a universally complete K-
space provided that p is a totally finite or o-finite measure. In general, the Dedekind
completeness property of M (), o7, i) relates to the direct sum property for p [82,
103]. However, we will confine exposition to the case of a o-finite measure u for the
sake of simplicity.

The space M (€2, .o/, 1) is continuous if and only if 1 has no atoms. Recall that
an atom of a measure pu is a set A € &7 such that 0 < u(A) and if A’ € &, A’ C A,
then u(A’) =0 or u(A’) = p(A).
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If M(Q, 47, ) is discrete then u is a purely atomic measure; i.e., each set of
nonzero measure contains an atom of u. The coset of the identically one function
is an order and ring unity in M (Q, o7, u).

The base of the K-space M (2, 7, ) is isomorphic to the Boolean algebra
o/ /11~1(0) of measurable sets modulo zero measure sets.

By (2), the L,(Q, <7, pu)-space, 1 < p < oo, presenting an order dense ideal of
M(Q, o, 1), is a K-space.

(5) Assume that H is a complex Hilbert space and A is a strongly closed
commutative algebra of bounded selfadjoint operators on H. Denote by B(A) the
set of all orthoprojections in H belonging to A. Then PB(A) is a complete Boolean
algebra.

We now let A, stand for the set of all densely defined selfadjoint operators a
in H such that the spectral function A — e of a takes values in P(A). Denote by
Ao the set of densely defined normal operators a in H such that if a = u|al is the
polar decomposition of a then |a| € A.

Furnish the sets Ao, and A, with the structure of an ordered vector space in
a natural way. Indeed, given a and b in A, define the sum a + b and the product
a-b as the unique selfadjoint extensions of the operators h — ah+bh and h — a-bh
with A € dom(a) N dom(b) and dom(c) standing for the domain of c. Moreover,
granted a € A, we say that a > 0 if and only if (ah,h) > 0 for all h € dom(a).
The operations and order on A, result from complexifying A.,. The sets A, and
Ao with the above operations and order are a universally complete K-space and
a universally complete complex K-space with base PB(A), respectively. In this case
A is the K-space of bounded elements of A..

(6) Take a topological space Q and denote by Bor(Q) := Bor(Q,R)
the set of all Borel functions from @) to R with addition, multiplication, and order
introduced pointwise. Then Bor(Q, R) is a K,-space.

By N we denote the set of such Borel functions f € Bor(Q) that {t € @ :
f(t) # 0} is a meager set (i.e., a set of the first category). Let B(Q) stand for
the factor space Bor(Q)/N with the operations and order induced from Bor(Q).
Then B(Q) is a K-space whose base is isomorphic to the Boolean algebra of Borel
subsets () modulo meager sets.

If @ is a Baire space (i.e., every nonempty open subset of ) is not meager),
then the base Z(B(Q)) is isomorphic to the Boolean algebra of all regular open
(or regular closed) subsets of Q). Each of the spaces Bor(Q) and B(Q) is a faithful
f-algebra. The identically one function serves as an order and ring unity in these
spaces. Replacing R with C, we arrive at the complex K-space B(Q).

(7) Let @ be a topological space again. Denote by C(Q) the space of
continuous real functions on Q). Then C(Q) is a sublattice and subalgebra of Bor(Q).
In particular, C(Q) is a faithful Archimedean f-algebra. Generally speaking, C(Q)
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is not a K-space. The Dedekind completeness property of C'(Q) amounts to the
extremal disconnectedness property of ) (see 1.2.5). In the case of a uniformizable
space @ the base of C(Q) is isomorphic to the algebra of regular open sets.

We now let LSC(Q) stand for the set of (the cosets of) lower semicontinuous
functions f : Q — R := RU{4o00) such that f~!(—oco) is nowhere dense whereas
the interior of the set f~1([—o00,0)) is dense in . As usual, two functions are
equivalent if they agree on the complement of a meager set. The sum f + g (the
product f-g) of f,g € LSC(Q) is defined as the lower semicontinuous regularization
of the pointwise sum ¢ — f(t) 4+ g(t) (t € Qo) (the pointwise product t — f(t) - g(t)
(t € Qo)) where Qg is some dense subset of @) on which f and g are both finite.
We this make LSC(Q) into a universally complete K-space and an f-algebra, with
the base of LSC(Q) isomorphic to the algebra of regular open sets. Hence, if @ is
Baire then B(Q) and LSC(Q) are isomorphic K-spaces; if () is uniformizable then
C(Q) is an (order) dense sublattice of LSC(Q).

5.1.8. A special role in the theory of vector lattices is played by the spaces
of continuous functions assuming possibly infinite values on a nowhere dense set
depending on a function. Before introducing these spaces, we need some prelimi-
naries.

Given a function f: Q — R and A € R, put

{f<At={te@:ft) <A}, {f<A={teQ:f(t)<A}.

(1) Assume that Q is a topological space, A is a dense set in R, and
A — Ux (A € A) is an increasing mapping from A to the inclusion ordered set
P(Q). Then the following are equivalent:

(a) There is a unique continuous function f : Q — R satisfying
{f<AcUxc{f <A} (AeAl),
(b) If \, u € A, and \ < p then
cl(Uy) C int(U,).
< The implication (a) — (b) is evident.
Prove (b) — (a). To this end, given t € Q, put f(t):= inf{\ € A : t € Uy}

For the so-defined f : Q — R, we easily see that {f < A\} C Uy C {f < A}. Tt is
also clear that

{(f<M=Uip<inper} {f <A =(WU,:A<vAveA}

Note that by now we have used only the fact that A — U) is an increasing mapping.
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Consider the mappings
A= Vii=int(Uy), A— Wy:=cl(Uy) (A€A).

These are also increasing mappings. So, the above implies that there are functions
g and h : () — R such that

{g< AW {g<A}, {h<A}CcWycC{h<A} (A€A).

From the definition of W) it follows that U, C W) for u < A. Since A is dense in
R, to all t € @ and v > f(t) there are A\, u € A such that f({) < p < A < v and
sot € U, C Wy and h(t) < A < v. Letting v tend to f(t), obtain h(t) < f(¢).
The same inequality is immediate for f(t) = +o00. By analogy, V,, C U for pn < .
Hence, f(t) < g(t) for all t € Q.

Writing (b) as W, C Vi (1 < A), and arguing as above, conclude that g(t) <
h(t) for all t € Q). Therefore, f = g = h.

The fact that f is continuous follows from the equalities

{F<XN={g<N={UVi:n<ipen}
{F<N =< ={Wa:p>A peA},

since V, is open whereas W, is closed for all p € A. >

(2) Let @ be an extremally disconnected compact space; i.e., @Q is
a compact topological space wherein the closure of every open set is open. As-
sume that () is a dense open subset of () and f : Qo — R is a continuous function.
Then there is a unique continuous function f : Qo — R such that f(t) = f(t)

(t € Qo).

< Indeed, if U, := cl({f < p}) then the mapping p — U, with p1 € R, increases
and meets the condition (b) of (1). Hence, there is a unique function f : Q — R
satisfying {f < u} C U, C {f < p} (u € R). Obviously, in this case f | Qo = f,
i.e. the restriction of f to Qg coincides with f. >

(3) Denote by Co(Q) the set of all continuous functions z : @ —

R assuming the values +oo possibly on a nowhere dense set. Order Cu.(Q) by
assigning < y whenever z(t) < y(t) for all ¢ € Q. Then, take z,y € C(Q)
and put Qo := {|z|] < 400} N{|y| < +oo}. In this case Qo is open and dense
in Q. According to (2), there is a unique continuous function z : Q — R such that
z(t) = z(t) + y(t) for t € Qp. It is this function z that we declare the sum of x
and y.

In an analogous way we define the product of a pair of elements. Identifying the
number A with the identically A function on @), we obtain the product of z € Co (Q)
and A € R.
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Clearly, the space Co(Q) with the operations and order introduced above is
a vector lattice and a faithful f-algebra. The identically one function is a ring and
order unity.

We shall prove in the sequel that Co(Q) is a universally complete K-space.
The base of C(Q) is isomorphic with the Boolean algebra of all clopen subsets of
the compact set Q.

5.1.9. Let E and F' be vector lattices.

(1) A linear operator U : E — F is positive if U(EL) C Fy; U is
regular if it is representable as a difference of two positive operators; and, finally,
U is order bounded or o-bounded if U sends every order bounded subset of E into
an order bounded subset of F'.

If F'is a K-space then an operator is regular if and only if it is order bounded.
The set of all regular (positive) operators from E into F' is denoted by L™ (FE, F)
(L™ (B, F)y).

Riesz—Kantorovich Theorem. Assume that F is a vector lattice
and F is a K-space. Then the space L™ (FE, F) of regular operators with positive
cone L™~ (E, F); is a K-space.

(2) Recall that an operator U : E — F is order continuous (or o-
continuous) if, for every net (z,)aca in E, the equality o-lim,ea zo = 0 yields
o-limyeca Uz, = 0. Sequential o-continuity is understood likewise. The set of all
order continuous regular operators equipped with the operations and order induced
from L~(E, F) is denoted by L (E,F). If U € L (E, F) then the band 4 (U)+,
where A (U):={xz € E : U(|z|) = 0}, is the carrier or band of essential positivity
of U. If F =R then we write E;’ rather than L, (E,R).

The space L) (E, F) is a band in L™(E, F) and so L, (E, F) is a K-space. If
f € E; and Ey is the carrier of f then the Boolean algebras %(f):= Z({f}++) and
HB(Ey) are isomorphic. A functional f is a unity in E} if and only if A4 (f)t = E.

(3) Consider a vector lattice E and a vector sublattice D C E. A linear
operator U from D into E is said to be a stabilizer if Uz € {x}*+ for every x € D.
A stabilizer may fail to be regular. A regular stabilizer is called an orthomorphism.
Denote by Orth(E) the subspace of L™ (FE) comprising the orthomorphisms
with domain E. We also let Z(F) stand for the order ideal generated by the
identity operator Iy in L™ (FE). The space Z'(F) is often called the center of E.
We now define the orthomorphism algebra Orth™ (FE) of E as follows. First we
denote by 9t the collection of all pairs (D, ), where D is an order dense ideal in E
and 7 is an orthomorphism from D into E. Elements (D, ) and (D', 7’) in 91 are
declared equivalent if the orthomorphisms 7 and 7" agree on the intersection DND’.
The factor set of 9t by the equivalence relation is exactly Orth™(FE). Identify every
orthomorphism 7 € Orth(E) with the corresponding coset in Orth®(FE). Then
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Z(E) C Orth(E) C Orth™(FE). The set Orth® (FE) can be naturally furnished with
the structure of an ordered algebra justifying the term “orthomorphism algebra.”

(4) Theorem. If E is an Archimedean vector lattice then Orth™ (E)
is a faithful f-algebra with unity Ip. Moreover, Orth(FE) is an f-subalgebra in
Orth™(F) and Z(F) is an f-subalgebra of bounded elements in Orth(FE).

(5) Theorem. Every Archimedean f-algebra E with unity 1 is alge-
braically and latticially isomorphic to the f-algebra of orthomorphisms. Moreover,
the ideal 1(1) is mapped onto Z(E).

If F is an Archimedean vector lattice then the base of each of the f-algebras
Orth®(E), Orth(E), and Z(F) is isomorphic to the base of E. If F is a K-space
then Orth®(FE) is a universally complete K-space and Orth(E) is an order dense
ideal of it.

5.1.10. COMMENTS.

(1) The rise of the theory of ordered vector spaces is commonly attrib-
uted to the contribution by G. Birkhoff, L. V. Kantorovich, M. G. Krein, H. Nakano,
F. Riesz, H. Freudenthal, et al. in the 1930s. At present, the theory of ordered
vector spaces and its applications occupy a vast field of mathematics, serving as
one of the main sections of contemporary functional analysis. The theory is well
expounded in many monographs, cf. [1, 3, 4, 91, 103, 104, 114, 149, 154, 158, 214,
216, 253, 258]. Also, notice the surveys [22, 23].

(2) The contents of this subsection are the preliminaries to vector lat-
tice theory whose exposition is given in each of the following sources [4, 103, 158,
214, 253]. Another title for a vector lattice is a Riesz space, see [158, 258].

(3) It was L. V. Kantorovich who initiated research into Dedekind com-
plete vector lattices, alternatively, K-spaces. The notion of K-space appeared in
Kantorovich’s first article on this topic [96]. Therein he treated the members of
a K-space as generalized numbers and propounded the heuristic transfer principle.
He wrote: “In this note, I define a new type of space that I call a semiordered
linear space. The introduction of such a space allows us to study linear operations
of one abstract class (those with values in these spaces) in the same way as linear
functionals.”

(4) The heuristic transfer principle by L. V. Kantorovich was corrobo-
rated many times in the works of L. V. Kantorovich and his followers, cf. [97-102,
104]. Attempts at formalizing the heuristic ideas by L. V. Kantorovich have started
at the initial stages of K-space theory, resulting in the so-called theorems of identity
preservation (sometimes a less exact term “conservation” is also employed). They
assert that if a proposition with finitely many function variables is proven for the
reals then a similar fact holds for the members of an arbitrary K-space (see [104,
253)).
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Unfortunately, no satisfactory explanation was suggested for the internal mech-
anism controlling the phenomenon of identity preservation. Insufficiently clear re-
mained the limits on the heuristic transfer principle. The same applies to the
general reasons for similarity and parallelism between the reals and their analogs
in K-space. The omnipotence and omnipresence of Kantorovich’s transfer principle
found its full explanation within Boolean valued analysis (cf. 5.2.15(1)).

5.2. Representation of Vector Lattices

In this section we prove that Archimedean vector lattices are represented as
subgroups of the additive group of the reals in an appropriate Boolean valued uni-
verse. This enables us to deduce the basic structural properties of vector lattices:
the functional calculus, spectral decomposition of elements, representation by func-
tion spaces, etc.

5.2.1. Denote by R the reals viewed as a totally ordered field and let R" be
the standard name of R; i.e., the value at R of the canonical embedding of the von
Neumann universe into V(&) (see 2.2.7).

Since R is an algebraic system of signature o := (4, -,0, 1, <); therefore, by
virtue of Corollary 4.3.5 (1), R” is an algebraic system of signature o” inside V(5),
Moreover, given a formula ¢(ug,...,u,—1) of signature o and xg,...,x,—1 € R,
note that o(zo, ..., 2z,_1) holds if and only if ¢(z{,...,z} ;) holds inside V(5.

Choosing as ¢ the axioms of an Archimedean totally ordered field, we note in
particular that V(B) |= “R”* is an Archimedean totally ordered field.”

However, we cannot claim that R” stands for the reals inside V() (cf. [72]).
The reason behind this is that the completeness postulate for the reals is not ex-
pressed by a bounded formula. In fact, one of the equivalent formulations of the
completeness postulate reads:

(VA)(ACRANA# D NT<(A) # 2@ — (Fz € R)(z =sup(4)));

i.e., each upper bounded nonempty set of reals has a least upper bound. This
formula uses generalization over the powerset of R.

Recall (cf. 3.1.1) that By(R):= R"| consists of all mixings mix;cr(b¢t"), where
(b¢)tcr is a partition of unity in B. Theorem 4.4.10 shows that By(R) is a universally
complete faithful f-ring.

The f-ring By(R) may be identified with the f-ring of all continuous functions x
from the Stone space @ of the Boolean algebra B to the set R:= R U {400} with
the discrete topology each of which takes the values 400 on a nowhere dense set.
Obviously, By(R) is indeed an f-algebra, since we may assume R C By(R) on
identifying A in R with the identically A function on Q.
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5.2.2. By the transfer and maximum principles, there is an element Z € V(B)
such that V(B) |= “% is an ordered field of the reals.” It is obvious that inside
V(B) the field Z is unique up to isomorphism; i.e., if %’ is another field of the reals
inside V(&) then V(B) = “% and %' are isomorphic.”

As was pointed out above, R” is an Archimedean ordered field inside V(&) and
so we may assume that V(B) = “R* € % and Z is the (metric) completion of R.”
Regarding the unity 1 of R, notice that V(5) |= “1:= 1" is an order unit of 2.”

Consider the descent Z| of the algebraic system #Z:= (|Z|,+, -,0,1,<). By
implication, we equip the descent of the underlying set of % with the descended
operations and order of %. In more detail, addition, multiplication, and order
on #Z| appear in accord with the following rules (cf. 4.2.3):

r+y=zer+y=2z]=1,
xy =z« Jry=z] =1,
r<y«<zr<y]l=1,
A=y [Ne=y]=1
(r,y,z€ Z, A € R).

Gordon Theorem. Let # be the reals in V\B). Assume further that % |
stands for the descent |%|| of the underlying set of # equipped with the descended
operations and order. Then the algebraic system % is a universally complete K-
space.

Moreover, there is a (canonical) isomorphism x from the Boolean algebra B
onto the Boolean algebra of band projections Pt(Z]) or onto the Boolean algebra
of the unit elements €(Z#|) such that the following hold:

for all z,y € #| and b € B.

< This is already proven in 4.4.10.

Indeed, by 4.4.10(2,4), #| is a universally complete and Dedekind complete
f-ring with unity 1:= 1".

The mapping A — A" -1 is an isomorphism of R to #|. Putting Az := \x
(x € Z|, A € R), obtain a sought vector structure on % |. Therefore, Z | is
a universally complete K-space. >

5.2.3. With the notation of 5.2.2, we elaborate some general propositions
about vector lattices in terms of the K-space Z|.
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(1) Assume that (b¢)ecz is a partition of unity in B and (x¢)eez IS
a family in Z|. Then

rﬁréi;((ngg) = O—Z X (be)e.
- ¢eE

< Indeed, if = mix(bez¢) then the definition of mixing, together with The-
orem 5.2.2, implies that x(be)x = x(b¢)xe for all £&. Summing these formulas with
respect to &, complete the proof. >

(2) For a set A C #| and arbitrary a € #| and b € B the following
equivalence holds:

x(b)a = sup(x(b)(A)) < b < [a = sup(AT)].

< Indeed, by 5.2.2, the equality x(b)a = sup{x(b)z : x € A} holds if and only
if b < [x < a] for all z € A and for every y € #| the formula (Vz € A)(b < [z < y])
implies b < [a < y]. The last statement is just another expression of the estimate
b < [sup(Al) = d]. &>
(3) Consider a net s : A — Z|, with A a directed set. The modified
ascent sT : A* — Z is a net inside V(B). Moreover,

x(b)z = olim(x(b) 0 ) < b < [ = lim(s1)]

for allx € #| and b € B.

< The equality x(b)z = o-lim(x(b) o s) amounts to the existence of a net
r: A — Z] such that r(a) < r(B) for a« < 8, inf{r(a) : « € A} = 0 and
Ix(D)x — x(b)s(a)| < x(b)r(a) for all a € A.

In view of 5.2.3(2) and the equality (A)T = r1(A"), the last three formulas
imply the inequalities:

b<[(Vae A")(jz = sl(a)] < r(a))],
b < [inf(r1(A") = 0)],
b<[(Va,feA")(a< B —rl(a) <rl(B)].

These may be rewritten briefly as b < [z = lim(s])], as claimed. >
The following proposition is proven along the same lines.

(4) Assume given s and A in VB) such that [s : A — % is a net] = 1.
Then the descent s|: A|— | is a net. Moreover,

x(b)z = o-lim(x(b) o (s])) < b < [z = lim(s)]

forallx € #| and b € B.
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(5) For every element x € #| the following equalities hold:

e = x([z #00), eX=x([x <Al) (A€R).

<1 Note that a real t is other than zero if and only if the least upper bound of
the set {1 A (n|t]) : n € w}is 1. Given z € Z/|, by the transfer principle, we thus
have [z # 0] = [sup{1" A (n|z]) : n € W} =1].

If A:={1A(n|z]) : » € w} then [sup(AT) = sup{1"A(n|z|) : n € w"}] = 1 and
e, = sup(A). Therefore, b:= [x # 0] = [e, = 1] and, analogously, b* = [e, = 0].
Using the properties of x, deduce e, = x(b).

Now, choose an arbitrary number A € R and note that A* = A"1, and so
el = e(\r—g)+- Whence,

X )=\ —2) VO£ =[N\ —2>0]=[z < \']. >

5.2.4. Theorem. Assume that X is an Archimedean vector lattice with base
B:= %(X) and let # stand as before for the reals in V(B). Then there is a linear
and lattice isomorphism 1 from X into the universally complete K-space % | such
that the following conditions are met:

(1) The isomorphism @ preserves suprema and infima;

(2) The order ideal J(1(X)) generated by +(X) is an order dense ideal
of #|;

(3) inf{e(z) : xz € X, 1(x) >y} =y =sup{e(z) : x € X, o(z) <y} for
all y € J(u(X));

(4) Ifz € X and b € B then b < [1(x) = 0] whenever x € b™.

<1 By Theorem 4.4.12 there are a subgroup 2 of the additive group of the
reals Z € V(B) and a group and lattice isomorphism ¢:= 1x from X to 2 .

Let e be a nonzero positive element of 2". Replacing, if need be, 2" with the
group e~ 1.2 isomorphic to 2, assume that e =1 € 2.

Note that X" is a vector space over R". In these circumstances the factor
mapping ¢:= px : X" — 2 is R*-linear. In particular, [p((Ax)") = A e(z")] =1
for all A € R and x € X. Therefore, [s(Ax) = A\(x)] = 1, or 1(Az) = l(x)
(cf. 5.2.2).

Considering 1 = mix(bee(eg)), (e¢) C X and A € R, we may write

be <A = A" e AN - ree = 1(Neg)] A [u(Neg) € Z] < [N € 27].

Therefore, \* € Z" and so [R* ¢ & C Z] = 1.

Moreover, V(B) |= «27 is a vector sublattice of % viewed as a vector lat-
tice over R*.” In this case, however, 2| is a vector sublattice of the universally
complete K-space #Z|, while » may be considered as an embedding of X in Z].
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The task we are left with now is to check that the claims of (1)—(4) hold.

(1) Take A C X and a € X so that a = sup(A). Put z = sup(2(A)) where the
supremum is calculated in #Z|. From the obvious equality [2" minorizes Z] =1 it
is easy that Z"| minorizes #Z|. In this case, however, 1(X) also minorizes Z| (see
4.4.12). If o(a) > 2z then o(z) < 1(a) — z or z < 1(a — x) for some 0 < x € X, which
implies that @ — x is an upper bound of A and the equality a = sup(A) implies
a—x > aorx <0. This contradiction yields z = 1(a).

(2) Since »(X) minorizes Z |; therefore, Z| = 1(X)*+. Hence, the equality
R\| = J(1(X))t holds, where J(2(X)) is the order ideal generated by #(X).

(3) The formula [R* € 2" C %] = 1 allows us to conclude that V(5) | «2°
is a dense subgroup in Z.” Hence, arguing inside V&) note that

inf{z' € X:2' >z} =x=sup{z’ € X :2' <=z}
for every x € #|. Applying 5.2.3 (2), immediately obtain
inf{o' € Z'|:2' > a2} =z =sup{a’ € 27|: 2’ <=z}

To complete the proof, recall that +(X) minorizes 2'|.
(4) This is proven in 4.4.12. >

5.2.5. We now list a few corollaries to the above representation theorem.
(1) Let X be an Archimedean vector lattice with base (X ) isomorphic
to a Boolean algebra B. Then there is an element 2~ € V(B) obeying the conditions:
(a) V(B) = “2 is a vector sublattice of the reals # viewed as a vector
space over R"”;

(b) X':= 2| is a universally complete vector lattice with the projec-

tion property which is an r-dense sublattice of the K-space %Z|;
(¢) There is a linear and lattice isomorphism 1 : X — X' preserving
suprema and infima. Moreover, for each x € X' there are a par-
tition of unity (m¢)ecz in Pr(X') and a family (x¢)ecz in X such

that
r = O—Z e 0 1(x¢).
£eE

<1 All claims are in fact immediate from 5.2.4. Prove for instance that X’ is
r-dense in % |.

If x € #] then V(B) = “z is a real and 2 may be approximated with any
accuracy by the elements of 2°.” In other words, the following holds:

[VeeRM)(e>0— (FINe Z)(N—z|<¢))] =1.

Writing out Boolean truth values for the quantifiers, observe that to every ¢ > 0
there is some A € X’ satisfying |\ — 2| < el. The proof is complete. >
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(2) If X is a K-space then 2" = % and 1(X) is an order dense ideal of
Z|. The image of X under the isomorphism 1 is the whole of #Z| if and only if X
is a universally complete K -space.

< The proof results from 5.2.2 and 5.2.4 (2, 3). >

(38) Universally complete K-spaces are order isomorphic if and only if
they have isomorphic bases.

< Indeed, if X and Y are universally complete K-spaces, while A is an order
isomorphism between X and Y; then the mapping K — h(K) (K € #A(X)) is
an isomorphism between the respective bases.

Conversely, if (X) and Z(Y') are isomorphic to a Boolean algebra B then,
by (2), each of the spaces X and Y is order isomorphic to the universally complete
K-space Z|. >

A completion of a K-space X is a pair (Y1), with Y another K-space and 2
an isomorphism of X onto an order dense ideal of Y. Furnish the class Ext(X)
of all completions of a K-space X with some order as follows: Given (Y,:) and
(Z,7) € Ext(X), put (Y,2) < (Z,7) provided that there is an isomorphism h of YV
onto some order closed ideal of Z such that h o2 = 5. A maximal element of the
preordered class Ext(X) is a universal completion of X.

The following result ensues from (1) and (2).

(4) Each K-space has a universal completion which is unique up to
order isomorphism and presents a universally complete K -space.

This proposition allows us to use the same symbol mX for every universal
completion of X and speak about the universal completion of X (cf. 1.1.6(7)).
Note that the Russian literature uses the term “extension” for “completion” and
“maximal extension” for “universal completion.”

(5) Assume that X is a universally complete K -space with order unit 1.
There is a unique multiplication in X making X into a faithful f-ring with 1 the
ring unity.

< Identify A € R with X\ - 1. By virtue of (2), X is isomorphic to #| with 1
becoming 1:= 1" € #|, since [ 1" is the unity of Z ] = 1. The descent of multipli-
cation in % brings about with the sought multiplicative structure. If x : X2 — X
is another multiplication in X satisfying the above conditions then it is extensional
and its ascent (x)7 is some multiplication in % whose unity is 1. We clearly see
that x = - in this event, since the multiplicative structure of the field & is unique
when we have fixed a unity. >

(6) To each Archimedean vector lattice X there are a K-space oX,
unique up to linear and lattice isomorphism, and a linear isomorphism 1 : X — 0oX
preserving suprema and infima such that

sup{e(z) :x € X,u(z) <y} =y =inf{e(z) : x € X,1(z) > y}
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for all y € 0X.

< Let # and J(2(X)) be the same as in 5.2.4. Then the pair (J(2(X)), ) meets
all requirements.

If (Y, ) is another pair with the same properties then the bases Z(Y) and
PB(Z)) are isomorphic and so the K-spaces mY and Z| are isomorphic by virtue
of (2). We may thus assume that +(X) C Y C #| in which case Y is an order dense
ideal of Z|. Then J(:(X)) C Y. On the other hand, to every y € Y there must
exist 2’ and 2’ in X satisfying (') <y <(z”);ie,Y C J(1(X)). >

Assume that F' is a K-space and A C F. Denote by dA the set that consists
of ¢ € I presentable as 0-) .z meag, with (a¢)eez C A and (7¢)¢e= a partition of
unity in Pr(F'). Assume further that r A stands for the set comprising = € F' of the
form r-lim,, o, a,, where (a,,) is an arbitrary r-convergent sequence in A.

(7) 0X =rdX for every Archimedean vector lattice X.

5.2.6. Theorem. Let X be an arbitrary K,-space with order unit 1. The
spectral function A — e (A € R) of x € X has the following properties:
(1) ef <ef, for A < p;

(2) ef:= Ve, =1lande? = A e =0;
pneR pneR

(3) \</A ¢ =ex (AeR);

(4) 2 <y~ (VIXeR) (f <€3);

(5) e =V{er el pveR p+v =2

(6) e =V{e el : 0<pveR w =27} (x>0, y>0);

(7) ey =V{1—-e? , tpeRu< A} =(1-e"))" eutarn);

(8) z =inf(A) & (VA eR)(e = V{e§ :a e A});

VvV T .
(9) eV =¢€5-e3;
(10) e§* =cef +c¢* for A >0, e§¥ =cef for A <0 (c € €(X)).

Moreover, the numbers p and v in (2), (3), and (5)—(7) may range over some dense
subfield P of R.

< Suppose first that X is a K-space. By Theorem 5.2.4, assume without loss of
generality that X = Z|. In this case, the desired claims ensue easily from 5.2.3 (5)
and the appropriate properties of the reals.

By way of example, prove (6) and (8).

(6) Assume that > 0 and y > 0 with the product = - y. Evidently, = and y
are nonnegative reals inside V(®). By 5.2.3(5), e3¥ = x([z-y < \"]), €5 = x([z <
M), and €4 = x([y < A*]). Working inside V() note that

VeeZ)\VyeR)(z>0Ay>0— (z-y <A
S @0<pveP) (@< p) Ay <v)A=p))),
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and so
[e-y<X]= '\ {lz<uInly<vI}
o<p,veP
A=pv

whence the desired result follows.

(8) Now, given A C X assume that z = inf(A). Then e = x([z < \"]) =
X([inf(AT) < A*]) (see 5.2.3(1,5)). However, AT is a certain nonempty subset of
the reals inside V(5). Hence,

VB Einf(A]) < A« (Fa € A)(a < \").

Calculating Boolean truth values, find

[z <X =\ o< ],

acA

and so

ey = \/{X([[a <A])):a€ A} = \/{e‘}\ ta € A}

Conversely, assume that e3 is the supremum of the set {e$ : a € A} for A € R.
Then

[x < XM ]=[Fa € Al)(a < A\")] = [inf(AT) < A"]

for every A\ € R and so
[VAe R (x < A~ inf(AT) < A)] =1.

Whence [z = sup(AT)] = 1. Applying 5.2.3(2), note that x = inf(A). The last
claim of the theorem results from the fact that if P is a dense subfield of R then
V(B) = “P7 is dense in Z.”

In the case when X is a K,-space, we may assume that X C Z|. If we put
the rationals Q in place of P then each of the suprema and infima above ranges
over a countable set. Consequently, a supremum taken in #| belongs in fact to X,
serving so as the supremum in X. >

5.2.7. Here we establish the following three useful properties of order conver-
gence.

(1) Assume again that X is a K-space with order unit 1. Consider
an order bounded net (x4)aeca Of positive elements in X. Then (x,) vanishes in
order, i.e., converges in order to zero, if and only if for every 0 < € € R the net of

unit elements (eX>) converges in order to 1.
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< Indeed, by Theorem 5.2.4, each z, may be viewed as a positive element of the
K-space Z|. The mapping s : a — s(«):= z, has the modified ascent § := s] which
is a set in %, i.e., a numerical net inside V(5). According to 5.2.3 (3), o-lim(z,) = 0
if and only if [lim(é) = 0] = 1, which can be rewritten in an equivalent form as

VB E(VeeR)(e>0— (FacAN)VBEA)(B>a—8(B) =xs <e)).
Writing out the Boolean truth values of quantifiers, find another equivalent record:
(Ve > 0)(3(ba))(VB € A)(a < 3 — ba < [0(8") = x5 <e"]),

where (b,) is a partition of unity in B.
Finally, applying 5.2.3 (5), infer

(Ve > 0)(3(ba)aea) (VB € A)(a < B — x(ba) <€)

(Ve > 0)(3 (ba)aca)(x(ba) < N\fe2? : 8> a}).

Since V(b,) = 1, the equality o-limz, = 0 amounts to the following: Granted
e > 0, we have

o-lim(eZ~) = liminf(e \/ /\{es f>al=1. >
acA

(2) An order bounded net (z,)aca in a K-space X with order unit
1 converges in order to an element x € X if and only if to every € > 0 there is
a partition of unity (7a)aea in Pr(X) such that

Tolrt — 28] <el (a,B €A, B> a).

< To prove, appeal again to 5.2.4. Take s and ¢ the same as in (1). Reasoning

as above, find out that z, — z is equivalent to the following: To each £ > 0 there
is a partition of unity (by)aca in B satisfying

bo < [lzp —z[ <] (a,f€A, f2a)
If 7o = x(ba) (see 5.2.2) then the last formula means
Talzg—x| <el (o,B€A, B>a) >

(3) An order bounded net (x,) in the K-space X with order unit 1
converges in order to an element x € X if and only if to every € > 0 there is
an increasing net of projections (p,) such that o-lim(p,) = Ix and

palt—wgl <€l (a,8€A, B> a).
< Indeed, this is so on putting p,:= /{73 : f > a} in (2). >
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5.2.8. We now turn our attention to results on function representation of vec-
tor lattices.

(1) Let B be a complete Boolean algebra. A resolution of the identity
in B or simply a resolution of identity in B is a mapping e : R — B having the
properties 5.2.6 (1-3) of a spectral function.

Denote by R(B) the set of all resolutions of identity in B. Furnish R(B) with
addition, scalar multiplication, and order by the following rules (cf. 5.2.6 (4-6)):

(e1 + e2)(N) = \fer(w) - ex(v) s v € R, pit v = A);
(ac)(A):=e(Aa) (a > 0);

(—e)(N):i= \/ 1—e(—p) =1- N\ e(-p);

n<A n<A

1, if A >0,
0-e)(N):=0(\):=
©0-am=o:={ 1170

e1 < ey (VAER)e1(N) > ea(N).

(2) The set R(B) with the above operations and order is a universally
complete K -space isomorphic to %] .

< In line with 5.2.2, there is no loss of generality in assuming B to be the base
of unit elements of the K-space Z|.

Put in correspondence to an element x € Z# | its spectral function A\ — e3
(A € R). We have thus obtained an injective lattice homomorphism from % |
to R(B), as is seen from Theorem 5.2.6. We are left with justifying that this
homomorphism is surjective.

Take an arbitrary resolution of identity e : R — B. Let ¥ be a set of all
partitions of the real axis; i.e., 0 € X if 0 : Z — R is a strictly increasing function,
lim,, o 0(n) = 0o and lim,, ., 0(—n) = —oo (as usual, Z stands for the integers).
In the universally complete K-space Z| there is a sum z,:= ) ., 0(n + 1)by,,
where b, := e(o(n+ 1)) —e(o(n)). Put A:={z, : 0 € ¥} and x = inf(A). The
infimum does exist since x, > ), 7(n)by, for a fixed partition 7 € X.

Note also that z, = mix(b,,0(n + 1)") and

[0 < X' =\/{bno : o(n+1) <A} = \/{e(o(n+1)) : o(n+1) < A},
Since [x = inf(AT)] = 1, the following calculations hold:

[x <A =[Fa € Al)a < \"]

Z\/[[(I<)\A]]:\/ \/ bno

acA ceX o(n+1)<A
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=\ eom) =\ eln) =en.

o€¥ o(nt+1)< B

Therefore, e is the spectral function of z. >

(3) Theorem. Assume that ) denotes the Stone space of a complete
Boolean algebra B, and let % stand for the reals inside VB). The vector lattice
Cw(Q) is a universally complete K-space linearly and latticially isomorphic to Z%|.
Such an isomorphism may be carried out by sending z : Q — R to x € %] according
to the rule
Z(q):=inf{\ e R: [z < \"] € ¢}.

< As was shown in (1), the K-space #| is isomorphic to the space of all B-
valued spectral functions, with the function A — [z < A*] (A € R) corresponding to
x € Z|. Assume that a clopen subset U of the Stone space ) corresponds to [z <
A'] € B. Then, by virtue of 5.1.8 (2), to every element = € #| there corresponds
a unique continuous function Z : Q — R such that {Z < A\} C Uy C {2 < \}.

In this case, however, Z(q) = inf{\ € R: g € Uy} = inf{\ e R: [x < A\"] € ¢}.
The formulas A{[z < A"]} =0 and \/{[xr < A\"]} =1 (cf. 5.2.6(2)) imply that the
interior of the closed set (J{U : A € R} is empty while the open set [ J{Ux : A € R}
is dense in ). Therefore, the function  may assume the values oo only on
a nowhere dense set and so T € Coo (Q).

We omit the elementary demonstration of the fact that x — ¥ is a linear and
lattice isomorphism. >

5.2.9. We now list a few corollaries to the above theorem.

(1) Let X be an arbitrary K-space. Assume further that {e¢}ecz is
a total disjoint positive family in X. Denote by () the Stone space of the Boolean
algebra of bands of %(X). Then there is a unique linear and lattice isomorphism
of X on an order dense ideal of the K-space C(Q) such that e¢ transforms into
the characteristic function of a clopen subset ()¢ of (). This isomorphism sends
x € X to the function 7 : Q — R acting by the rule

#(q)=mf {AeR: {S} €q} (a€ Q)
1

where (€3) is the (value at A of the) characteristic of the band projection of x to
{e¢}++ with respect to the order unit eg.

(2) A space X is a universally complete K-space (K-space of bounded
elements) if and only if the image of X under the above isomorphism is all C,(Q)
(the subspace C(Q) of all continuous functions on Q).

(3) Each Archimedean vector lattice (f-algebra) X is linearly and lat-
ticially isomorphic to a vector sublattice (and a subalgebra) of the space Cw(Q),
where @) is the Stone space of the base #(X) of X.
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By C(Q, SZ) we denote the subset of Coo(Q) that comprises the functions
each of which assumes integer values on a clopen set S C (). It is obvious that
Co(Q, SZ) is a universally complete f-ring.

(4) An order complete lattice ordered group G is isomorphic to an order
dense ideal of the universally complete lattice ordered group C(Q, SZ), with Q
the Stone space of the base #(G) of G.

< If 4 is the Boolean valued representation of G then ¢ is isomorphic to
Z or is an infinite cyclic group. Therefore, there is a member b of B such that
b=[¥ ~7Z"] and b* = [¥ ~ Z].

In the same way as in 4.4.13 we establish that G splits into the direct sum
of([tvv(])) summands: one is representable as Z in V%D and the other, as Z" in
Vv {o.b]),

It suffices to apply (1) to observe that Z" |~ By(Z) ~ Cu (S, SZ) where S is
the clopen set in () corresponding to b € B. >

In an analogous way we may deduce the following proposition.

(5) Each f-ring is order isomorphic to the product of two f-rings K
and K5 such that K is an order dense ideal and the subring of universally complete
f-ring Co(Q1,517Z), while K5 is an order dense ideal of the universally complete
group Cu(Q2, S27Z) with zero multiplication, where @), is the Stone space of the
algebra #(K,) and S, € #(Q,) (1 =1,2).

5.2.10. We will construct an integral of Stiltjes type with respect to a spectral
measure.

Assume that () is a nonempty set and X is a o-algebra of subsets of {2. Consider
the Boolean algebra B of unit elements of some K,-space X.

A spectral measure is a o-continuous Boolean homomorphism p from ¥ to B.
Here o-continuity means that

u(? ) = f_} (en)

for every sequence (e, )ne, of elements of X.

Take a measurable function f : {2 — R. Given a countable partition of the real
axis A= (A\p)rez, —00... A1 < Ao < A1 < ... —, put e,:= f 1 ([An, A\ny1)) and
arrange the integral sums

Q(fv A) = Z Anﬂ(en)v E(fv A) = Z )‘n-i-lll’(en)v

with all sums calculated in X.
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Granted whatever t,, € e, (n € Z), we obviously have
) < Z ftn)plen) <a(f,A).

Refining a partition A, we make o(f,A) increase and & (f, A) decrease. Assume
that there is an element x in X satisfying supo(f, A) = x = inf5(f, A), where the
supremum and infimum range over all possible partitions A := (\;);cz of the real
axis as 0(A) := sup,cz{An — An—1} — 0. In this event, call i a spectral measure,
say that f is an integrable function with respect to u, and write

1= L= [ faui= [ 1@dn(e)=

Since 0 < o(f,A) — a(f,A) < >07 _ duler) = 61, where 6 := 6(A); for
the integral I,,(f) to exist it is necessary and sufficient that there exist 7(f, A) and
a(f,A) for at least one partition of A. In particular, a bounded measurable function
is integrable.

(1) Let X = Z| and u be a spectral measure with values in B:= €(X).
Then I,(f) is a unique element of X satisfying

[.(f) <XNT=n{f <A}) (AeR)

for every measurable function f.

< Take A € R and assume that b < [\ < I,(f)]. Given a partition A,
by Theorem 5.2.2 bA < b, (f) < bo(f,A). If A:= (N)ez is such that \g = A
and ¢, == {u € Q : A\, < f(u) < Apt1}, then Ab A p(cn) < Apy1b A p(ey,) for
n < —1 and so either b A p(c,) = 0 or Ap11 < A. Hence, putting c:= \/nfo_1 Cns
note that b A pu(c) = 0 or b < p(e)* = pu(2 —c) = u({f > A}). Therefore,
[1.(f) > A] = p({f > A}), which amounts to the desired equality.

Assume that [z < A\"] = pu({f < A}) for some = € X. Using the above stated
property of I,,(f), find that

[VAeR)(IL(f) <A x <A
= NIL(f) <XN] & [z <X]=1.
AER

Using the denseness of R" in %, conclude that x = I,,(f). >

(2) In the hypotheses of (1), the mapping A — p({f < A\}), with A € R,
is the spectral function of I,,(f).
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5.2.11. Theorem. Assume given a universally complete K,-space X and
a spectral measure 1 : ¥ — B := €(X). The spectral integral I,(-) is a sequen-
tially order continuous (linear, multiplicative, and lattice) homomorphism from the
f-algebra of measurable functions . (),%) to X.

<1 Without loss of generality, assume that X C Z|.
The sums &(f,A) and o(f < A) do exist, since the summands are pairwise
disjoint and X is universally complete. As mentioned above, this implies existence

of 1,,(f).

It is evident that I, is a positive linear operator. Demonstrate that I, is
sequentially order continuous.

Take a decreasing sequence ( fy,)ne, of measurable functions satisfying the con-
dition lim,, o fn(t) = 0 for all t € Q. Put z,, := I,(f,) (n € w) and choose
0 < e € R. Denote ¢,:={t € Q: f,(t) < e} to obtain Q = J_,¢,. By 5.2.3(5)
and 5.2.10 (2),

o- lim ef” = lim p(cy) = \/ p(en) = p(2) = 1.
ncw

Recalling the order convergence test 5.2.7 (1), infer that o-lim,,_,o x, = 0. More-
over, given measurable functions f,g : & — R and using 5.2.6 (9) and 5.2.10 (2),
note that

{7 = u({f Vg <A =u({f <A} {g <A}
= u({f < AH Ap{g <A} _eA(f)/\e (9) zei(f)VI(g)‘

Therefore, I(f Vv g) = I(f) V I(g), which means that I:= I, is a lattice homomor-
phism.
By analogy, given f >0, g > 0, and A € Q, apply 5.2.6 (6) and 5.2.8 (3) to find

= u({fg < A} =\l <) An{g<vh): A=vx,
0< n, V€ @} = \/{ei(f) .ei(g) 0 < %,V € Q’ Uit — )\} _ ei(f)](g)

Hence, I(f)-1(g) = I(fg). In the case of arbitrary f and g, the last equality follows
from the properties of the spectral integral. Indeed,

L(f9)=L(fTg")+ L(f"97)—L.(fTg") = L.(fg")
= L,(f)" Lu(g)" + L.(f ) w(9) T L(f) " 1u(9)T — 1.(f)T1u(g)
(f) Iﬂ(g)a

which completes the proof. >
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5.2.12. Letegy,...,e,_1 : R — B be an arbitrary finite set of spectral functions
with values in a o-algebra B. Then there is a unique B-valued spectral measure [
defined on the Borel o-algebra %(R™) of the space R™ such that

u(ﬁFwN0=A@W)

=0 =0
for all \g, ..., A\pn_1 € R.

< Without loss of generality, assume that B = Clop(Q), with @) the Stone space
of B. By 5.2.8(3), there are continuous functions ; : Q — R (1:=0,...,n — 1)
satisfying e;(\) = {x; < A} foral A\e Rand [ =0,...,n — 1.

Assign f(t):= (xo(t),...,xn—1(t)) € R™ if all ;(¢) are finite and f(t) = oo if
x(t) = o0 for all least one index I.

We have thus defined a continuous mapping f : @ — R"U{oo} (recall that the
complements to all balls centered at zero make a base for the neighborhood filter
of the point at infinity oo).

It is obvious that f is measurable with respect to the Borel algebras Clop(Q)
and Z(R™). Denote by Clop, (Q) the o-algebra of the subsets of @) which is gener-
ated by Clop(Q) and let A stand for the o-ideal of Clop,(Q) consisting of meager
sets. In this event there is an isomorphism h of the factor algebra Clop, (Q)/A onto
the o-algebra B:= Clop(®). Denote by [A]a the coset of A in Clop,(Q). We now
define a mapping p : Z(R™) — B by the formula

p(A)=h([fTH(A)]a) (A€ BR)).

Clearly, p is a spectral measure.

If A = ]} (=00, X) then f~H(A) = N5y {z < M} = AiSy e(N), and so
,u(A) = 60()\0) VAYPIRWAY en_1<)\n_1).

If 1/ is another spectral measure with the same properties as p then the set
B .= {A CR": pulA) = p/(A)} is a o-algebra containing all sets of the type
(—00,A\g) X ... X (=00, A\p_1). Therefore, Z(R") C & and p = pu'. >

We now take some elements xg,...,x,_1 of a K,-space X with unit 1. Let
e’ : R — B:= €(1) stand for the spectral function of x;. By 5.2.12, there is
a spectral measure p : B(R™) — B satisfying

1 (ﬁ(—oo,)@) = /_\ et (Ar).
=0 =0

Denote the integral of a measurable function f : R™ — R with respect to u by

I(f,v):=1I(f,x0,...,Zn_1), where v:= (xg,...,Tp_1)-
Recall that Z(R™,R), which is the space of all Borel functions from R” to R,
is a K,-space and a universally complete f-algebra.
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5.2.13. Theorem. For every ordered tuple v:= (xq,...,x,_1) of elements of
a universally complete K,-space X, the mapping f — I(f,v) (f € Z(R" R)) is
a homomorphism of the f-algebra (R™,R) to X meeting the following conditions:
(1) I(d\,t) = x; for | < n where d)\; : R™ — R is the [th coordinate
()\0, “uey )\n—l) — )\l,'
(2) If a sequence (fi) C B(R™,R) is such that lim,,_,~ fi(t) = f(t) for
all t € R™ then o-lim, o I(fi,t) = I(f,¢).
< By Theorem 5.2.11, it suffices to prove (1). For simplicity, we confine expo-
sition to the case of n = 1.
So, take x € X, and let p stand for the spectral measure associated with the
spectral function (e)ecr of . Demonstrate that

x = /)\du()\):: /Adei.

R R

To this end, take an arbitrary € > 0. Choose a partition A:= (\;) of the real
axis so that A\j;1 — A < e for alll € Z. Put

0= Zénﬂ’([)‘n—la )\n)) = Zén(ein - exx\n—l)’

where &, € [An_1, \n).
By 5.2.3(5),

bpi=ey —ex =ex ANlex ) =[ _1 <z <A
Note that b, = [¢, = o] (cf. 5.2.2). On the other hand,

by =M1 Sz <A AN — Ay <€

ANA L <& <N <[le - &l <e].
Hence, [ |z — 0| <e"] =1, or |z — 0| < €1. This implies that x is the r-limit of the
integral sums in question. >
5.2.14. Freudenthal Spectral Theorem. Suppose that F is a K,-space
with unity 1. Each member x of E may be written down as follows
oo
x = / Adey,
—0

with the integral understood to be the relative uniform limit with regulator 1 of
the integral sums x(8):= 3, o, Tn(ef,,, —€f ), where t, < 7p, <tpy1, 8:= (tn),cz;
R = U,czltn, tny1], and 6(B):= sup,,cz(tnr1 — tn) — 0.
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5.2.15. COMMENTS.

(1) The Gordon Theorem of 5.2.2 was first established in [62] and re-
discovered by T. Jech in [85] where a universally complete K-space was defined
by another collection of axioms under the alias of a complete Stone algebra. The
Gordon Theorem, establishing the Boolean valued status of the concept of K-space,
may be paraphrased as follows: a universally complete K -space is an interpretation
of the reals in a suitable Boolean valued universe. Moreover, each theorem of ZFC
about the reals has an analog in every corresponding K-space. This makes precise
the Kantorovich motto: “The members of every K-space are generalized reals.”
Theorem 5.2.5(1) was proven in [124], cf. [87]. Consult [63, 64, 135, 148] about
further Boolean valued analysis of vector lattices.

(2) The results of Section 5.2, with rare exceptions, are well known in
vector lattice theory. However, our proofs are far from the tradition: All principal
facts are derived by interpreting the simplest properties of the reals inside V(5)
with an appropriate B. It was L. V. Kantorovich who proved in [104] the assertion
of 5.2.8 which reads that, for a given complete Boolean algebra B, the set of all
resolutions of identity PR(B) is (the underlying set of) a universally complete K-
space with base isomorphic to B. The result of 5.2.9 (1) about representation of
an arbitrary K-space as an order dense ideal of Co(Q) was first established by
T. Ogasawara and B. Z. Vulikh independently of one another (cf. [104, 253]).
Propositions 5.2.9 (3-5) ensue from Theorem 4.4.13 on representation of a K-space.
In connection with 5.2.7 and 5.2.5 (3-6) we reverently mention other classical results
by L. V. Kantorovich, B. Z. Vulikh, and A. G. Pinsker (cf. [104]) whose enormous
discoveries fall beyond the scope of our exposition.

(3) The claim of existence of the isomorphism A in the proof of 5.2.12
is a consequence of the following fact (cf. [220, Theorem 29.1]):

Loomis—Sikorski Theorem. Let () be the Stone space of a Boolean o-
algebra B. Denote by Clop,(Q) the o-algebra of subsets of () which is generated
by the set Clop(Q) of all clopen subsets of ). Let A stand for the o-ideal of
Clop, (Q) comprising all meager sets. Then B is isomorphic with the factor algebra
Clop, (Q)/A. If g is an isomorphism of B onto Clop(Q) then the mapping

1:b— [19(b)]a (b€ B),

with [A]a the coset containing A € Clop,(Q) in the factor algebra by A, is an
isomorphism of B onto Clop,(Q)/A.

In accord with this fact, we may put h:= (=1 in the proof of 5.2.12.

(4) Borel functions ranging in an arbitrary K,-space with unity seem to
be first studied by V. I. Sobolev [223]. The same article claimed that each spectral
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function with range a o-algebra defines a spectral measure on the Borel o-algebra of
the real axis. However, this measure is generally impossible to obtain by using the
Carathéodory extension. D. A. Vladimirov shown that a complete Boolean alge-
bra B, satisfying the countable chain condition, admits the Carathéodory extension
if and only if B is regular. This implies that the extension method of 5.2.12 differs
essentially from the Carathéodory extension.

(5) In the case of n = 1, J. D. M. Wright established 5.2.12 in [255]
as a corollary to the Riesz Theorem he abstracted for the operators with range in
a K ,-space.

(6) The question of whether R* and £ coincide inside V() was com-
pletely settled by A. E. Gutman in [72]: This property amounts to the o-distributivi-
ty of B (cf. 1.2.7). The same article provides an example of an atomless Boolean
algebra B with the desired property.

5.3. Lattice Normed Spaces

A function space X often admits a natural abstraction of a norm. Namely, we
may assume that to each vector of X there corresponds some member of another
vector lattice called the norm lattice of X. The availability of a lattice norm on X is
sometimes decisive in studying various structural properties of X. Furthermore, a
norm taking values in a vector lattice makes it possible to distinguish an interesting
class of the so-called dominated operators. The current section recall preliminaries.

5.3.1. Consider a vector space X and a real vector lattice £. We will assume
each vector lattice Archimedean without further stipulations. A mapping p: X —
E, is called an (E-valued) vector norm if p satisfies the following axioms:

(1) p(z) =02 =0 (z € X),
(2) p(Az) = [Alp(z) (A €R, z € X),
(3) p(z+y) <p()+ply) (z,y € X).

A vector norm p is said to be a decomposable or Kantorovich norm if
(4) for arbitrary e1,eq € E4 and x € X, the equality p(z) = e1 + e
implies the existence of z1,x2 € X such that x = z1 + 2o and
p(z) = ey for k:=1,2.

The 3-tuple (X, p, E) (simpler, X or (X, p) with the implied parameters omit-
ted) is called a lattice normed space if p is an E-valued norm on X. If p is a de-
composable norm then the space (X, p) itself is called decomposable.

5.3.2. Take a net (z4)aeca in X. We say that (z,) converges in order to an
element z € X and write ¢ = o-limz, provided that there exists a decreasing
net (e,)yer in E such that inf,cre, = 0 and, to every v € I', there exists an
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index a(y) € A such that p(x — 2,) < ey for all @« > «(y). Let e € E; be an
element satisfying the following condition: for an arbitrary € > 0, there exists
an index a(e) € A such that p(z — z,) < ce for all @ > a(e). Then we say
that (z,) converges to x relatively uniformly or r-converges to x with regulator e
and write x = r-limz,. A net (z,) is o-fundamental (r-fundamental) if the net
(Ta — 28)(a,8)eAxAa converges in order (r-converges) to zero. A lattice normed
space X is o-complete (r-complete) if every o-fundamental (r-fundamental) net in
it o-converges (r-converges) to some element of X.

Take a net (z¢)ecz and relate to it the net (yo)aca, where A:= P5,(Z) is the
collection of all finite subsets of = and yq := > ¢, ¢. If 2:= o-limy, exists then
we say that (2¢) is o-summable with sum z and write z = 0-3 = @e.

5.3.3. Say that elements x,y € X are disjoint and write x L y whenever p(z)A
p(y) = 0. Obviously, the relation L satisfies all axioms of disjointness (cf. 4.1.12(2)).
The complete Boolean algebra #(X):= &;(X) is called the base of X. It is easy to
see that a band K € Z(X) is asubspace of X. In fact, K = h(L):={z € X : p(z) €
L} for some band L in E. The mapping L — h(L) is a Boolean homomorphism
from Z(FE) onto #(X). We call a norm p (or the whole space X) d-decomposable
provided that, to x € X and disjoint e;,es € F, there exist 1,29 € X such that
x = x1+x2 and p(xg) = ey for k:= 1,2. Recall that, speaking of a Boolean algebra
of projections in a vector space X, we always mean a set of commuting idempotent
linear operators with the following Boolean operations:

TVp=mw+p—mwop, wAp=mop, w =Ix—m.

By implication, the zero and identity operators in X serve as the zero and unity of
every Boolean algebra of projections.

5.3.4. Theorem. Let Ey:= p(X)*~ be a lattice with the projection property
and let X be a d-decomposable space. Then there exist a complete Boolean algebra
% of projections in X and an isomorphism h from B(Ey) onto A such that

mop=poh(r) (me Pr(Ep)).

< The mapping L +— h(L) (L € $(Eyp)) is an isomorphism between the Boolean
algebras Z(Fy) and B(X) since X is d-decomposable and we may project to every
band of Ey. Moreover, given K € %(X), the band K is the algebraic complement
of K;ie., KNKL ={0} and K + K+ = X. Consequently, there exists a unique
projection mx : X — X onto the band K along K.

Put #:= {nxg : K € #(X)}. Then £ is a complete Boolean algebra iso-
morphic to ZA(X). We associate with p € Pr(Ey) the projection 7 € A, where
K := h(pEy), and the so-obtained mapping p — mx is denoted by the same letter
h. Then h is an isomorphism of Pr(FEy) onto A.
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Take m € Pr(Ey) and x € X. Using the definition of h, find that h(m)x €
h(mEy) or p(h(m)x) € mEy; therefore, 7*p(h(m)x) = 0. Thus, mph(m) = ph(r).
Further, note that p(x + y) = p(z) + p(y) for disjoint z,y € X. Indeed, the
inequality p(z) < p(z +y) + p(y) yields p(z) < p(z +y), since p(z) L p(y). In a
similar way, p(y) < p(z +y). But then p(z) +p(y) = p(z) vV p(y) < p(z +y). Given
r € X, deduce

p(z) = p(h(m)z + h(7™)z) = p(h(7)z) + p(h(7™)z).
Making use of the above proven equality mph(7*) = 0, obtain
mp(x) = mp(h(m)z) (z € X);

i.e., mp = mph(w). Finally, mp = mph(mw) = ph(r) for all m € Pr(Ep). >

5.3.5. A Banach—Kantorovich space we call a decomposable o-complete lattice
normed space. Assume that (Y, q, F) is a Banach-Kantorovich space and F =
q(Y)*++. Tt is easy to show that F is a K-space and ¢(Y) = F, (cf. [128]). By 5.3.4,
the Boolean algebras Pr(F') and Pr(Y) may be identified so that 7q = g for all
m € Pr(F).

A set M C X is called bounded in norm or norm bounded if there exists
e € E, such that p(z) < e for all x € M. A space X is said to be d-complete if
every bounded set of pairwise disjoint elements in X is o-summable.

To every bounded family (z¢)¢c= of Y and a partition of unity (m¢)ecz inPr(Y)
there is a unique x:= 0—2565 mexe satisfying mex = mexe for all § € =L
< If e = sup p(z¢) then, given o, 8 € P, (E), find that

q(ya—yﬁ)=Q< > 7?5935) §< > 7?5)6,

EEaNS EEaNS

where y, = dea mexe and a A [ is the symmetric difference between o and g.
Hence, (y4) is an o-fundamental net. Consequently, it has a limit x = o-lim,, y,. >

This proposition implies that Y is d-complete. Moreover, it follows from the
definitions that Y is r-complete as well.

5.3.6. Let (Y, ¢, F) be a Banach-Kantorovich space and F' = ¢(Y)1+. Say that
Y is universally complete if mF = F’; i.e., if the norm space F' of Y is universally
complete. This means that Y is a decomposable o-complete space in which every
disjoint family is o-summable. A space Y is a universal completion of a lattice
normed space (X, p, E') provided that
(1) F =mkE (in particular, Y is universally complete);
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(2) there is a linear isometry 2 : X — Y/
(3) if Z is a decomposable o-complete subspace of Y and +(X) C Z
then Z =Y.
We show in the sequel that each lattice normed space possesses a universal
completion. Recall again that universal completion is often termed “maximal ex-
tension” in the Russian literature.

5.3.7. EXAMPLES.

(1) Put X:= F and p(z):= |z| for all z € X. Then p is a decomposable
norm.

(2) Assume that @ is a topological space and Y is a normed space. Let
X :=Cy(Q,Y) be the space of bounded continuous vector valued functions from @
into Y. Put E:= Cy(Q,R). Given f € X, define the vector norm p(f) as follows:

p(f)t = fOI (tcQ).

Then p is decomposable and X is r-complete if and only if Y is a Banach space.

(3) Let (2, %, u) be a o-finite measure space. Assume further that Y
is a normed space and E is an order dense ideal in M (€2, X, ). Denote by M (u,Y")
the space of cosets of p-measurable vector valued functions acting from €2 to Y.
As usual, vector functions are equivalent if they agree at almost all points of €.
If z € M(u,Y) is the coset of a measurable function zy : 2 — Y then denote by
p(2):=| z| the equivalence class of the measurable scalar function t — ||zo(¢)|| with
t € Q). By definition, assign

EY)={2ze M(u,Y):p(z) € E}.

Then (E(Y), p, F) is a lattice normed space with decomposable norm. If Y is a Ba-
nach space then E(Y) is a Banach-Kantorovich space and M (u,Y) is a universal
completion of E(Y).

(4) Take the same E and Y as above and consider a norming subspace
Z C Y’ ie., a subspace such that

Iyl =sup{{y,y") : ¥ € Z, ||y|| <1} (yeY).

Here Y’ stands for the dual of Y, and (-, ) is the canonical duality bracket Y < Y.
A vector function z :  — Y is said to be Z-measurable if the function ¢t — (z(t),y’),
with ¢ € Q, is measurable for every y' € Z. Denote by (z,y’) the coset of the last
function. Let .#Z be the set of all Z-measurable vector functions z for which the
set {(z,9") : v € Z, ||y'|| < 1} is bounded in M (2, %, ). Denote by .4 the set
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of all z € .# such that the measurable function ¢t — (z(t),y’) equals zero almost
everywhere for each y' € Z; i.e., (2/,y) = 0. Given z € 4 /N, put

p(2) = |z|=sup{(u, ) : v/ € Z, |ly'|| < 1},

where uy, is an arbitrary representative of the coset z and the supremum is calculated
in the K-space M(Q, %, 1). Now, define the space

EY,Z):={zeH/N :p(z) € E}

with the decomposable F-valued norm p. If Y is a Banach space then F,(Y, 7) is
a Banach—Kantorovich space.

(5) Suppose that E is an order dense ideal in the universally complete
K-space Cx(Q), where @ is an extremally disconnected compact space.

Recall that a set is comeager if its complement is meager. Vector valued
functions u and v with comeager domain are equivalent if u(t) = wv(t) for all
t € dom(u) N dom(v).

Let Co (@, Y') comprise the cosets of continuous vector valued functions u from
comeager subsets of dom(u) C @ to a normed space Y. To z € C(Q,Y), there
exists a unique function z, € Cy(Q) such that ||u(t)| = z.(¢) for all ¢ € dom(u)
whatever a representative u of the coset z might be. Put p(z):=| z|:= z, and

E(Y):={2€ Cx(Q) : p(z) € E}.

(6) Let Z be the same as in (4). Denote by . the set of all o(Y, Z)-
continuous vector functions u : Qo:= dom(u) — Y such that dom(u) is a comeager
set in @ and the set {(u,y’) : y' € Z, [|y'|| < 1} is bounded in the K-space Co(Q).
Here (u,y’) is the unique continuous extension of the function

t— (u(t),y’) (t€ Qo)
to the whole Q). Consider the factor set .# /~, where u ~ v means that u(t) = v(t)
for t € dom(u) Ndom(v). Given z € 4 /~, put
p(2):=sup{(u,y") : v/ € Z, ||y/|| < 1},
E Y, Z):={z€ # ]~ :p(z) € E}.

We can naturally equip the sets C (Q,Y) and .# /~ with the structure of a module
over the ring Co (Q). Moreover, E(Y') and E;(Y, Z) are lattice normed spaces with
decomposable norm. If Y is a Banach space then E(Y') and E4(Y, Z) are Banach-
Kantorovich spaces. Furthermore, Co (Q,Y) is a universal completion of E(Y').

Take a normed space X and let s stand for the canonical embedding of X into
X". Put Y:= X’ and Z:= »(X). In this event we use the notations

E5<X/) = E5<Ya Z)v <m7 u) = <u7 %('T»a

where u is an arbitrary member of Eg(X").
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5.3.8. Let (X,p, F) and (Y, g, F') be lattice normed spaces. A linear operator
T:X — Y is called dominated if there exists a positive operator S : E — F' (called
a dominant of T') such that

q(Tz) < S(p(x) (v e X).

If F' is a Kantorovich space and the norm p is decomposable then there exists
a least element |T| in the set of all dominants with respect to the order on the
space L~ (E, F) of regular operators. The mapping T —| T| (T € M(X,Y)) is
a vector norm on the space M (X,Y) of all dominated operators from X into Y.
This is the so-called dominant norm. If Y is a Banach—Kantorovich space and the
norm in X is decomposable then M (X,Y) is a Banach—-Kantorovich space under
the dominant norm (cf. [128, 140]).

5.3.9. Distinguish the following two instances.

(1) Take F:=R and Y:= F. Then X is a normed space and the fact
that T': X — F is a dominated operator means that the set

{Tx:ze X, ||z|| <1}

is bounded in F'. The least upper bound of this set is called the abstract norm
of T and is denoted by |T| (the notation agrees with what was introduced above
provided that the spaces F' and L™ (R, F') are identified). In this situation we say
that T' is an operator with abstract norm.

(2) Let E and F be order dense ideals in the same K-space. An oper-
ator T' € M(X,Y) is bounded if |T| € Orth(E, F'). Denote the space of all bounded
operators by %, (X,Y). Clearly, T belongs to 23,(X,Y) if and only if there exists
¢ € mE = mF such that ¢- E C F and ¢(Tx) < cp(x) for all z € X, where we
bear in mind the multiplicative structure on mFE that is uniquely determined by
the choice of a unity (cf. 5.2.5(5)).

5.3.10. Assume that X is a normed space and E is an order dense ideal of
the K-space Co(Q). To each operator with abstract norm T : X — E there is a
unique up € E4(X') satisfying

Tz = (x,ur) (ze€X).

The mapping T' — wur is a linear isometry between the Banach—Kantorovich spaces
Lo(X, E) and E4(X').

< If e:= |T| then, for every z € X, the function Tx € C(Q) takes a finite
value at each point of Qo := {t € Q : e(t) < +oo} since |Tz| < e||z|. The
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last estimate also implies that, for ¢ € Qq, the functional v(f) : = — (Tx)(t),
with z € X, is bounded and ||v(f)]| < e(t). This gives rise to the mapping v :
Qo — X' continuous in the weak topology (X', X). Let ur denote the coset of v.
Then Tx = (z,ur) for all x € X. In particular, the following supremum exists:
sup {(Kz,ur)| : ||z|| < 1} = e. Hence, ur € Ey(X') and |ur| = |T']. We thus see
that T' +— wup is an isometry from L,(X, E) to Es(X’). Clearly, this mapping is
linear and surjective. >

5.3.11. Take two normed spaces X and Y. Consider T € La(X®Y, E), where
X®Y is the projective tensor product of X and Y. It is an easy matter to show
that the bilinear operator b:=T® : X x Y — F has the abstract norm

|b]:= sup{[b(z, y)| : lz]| <1, [lyl <1},

with |b| = |T'|. Denote by %,(X xY, E) the set of all bilinear operators b : X xY —
E with abstract norm. We further let Z(X xY') denote the set of all bilinear forms
on X x Y. Since the isometric isomorphy (X®Y)' ~ %(X x Y) is available, from
5.3.10 we derive the following proposition.

Tob e B, (X x Y, E) there is a unique up € Es(#(X x Y)) such that
b(z,y) = (x@y,up) (veX, yeY)
The mapping b— uy, is a linear isometry between B,(X xY, FE) and E5(ZA(X xY)).

5.3.12. Let G be an order dense ideal of C(Q). In line with 5.3.7 (5), put
Gs(Z(X,Y") = Gs(Z(X,Y"),X ® Y). Consequently, the space G4(Z(X,Y"))
consists of the (cosets of) operator functions K : dom(K) — Z(X,Y”) such that
dom(K) is a comeager set in @, the function t — (y, K(t)z), with ¢t € dom(K), is
continuous for all x € X and y € Y, and there exists

K= sup {|(y, K)]| = Jl2l| <1, llyll < 1} € G.

If K € Gy(Z(X,Y’")) and u € E(X) then the vector function t — K(t)u(t) (t €
Qo := dom(K) N dom(u)) is continuous in the weak topology o(Y’,Y). Indeed,
granted arbitrary t,tg € QQp, observe the estimate

[{y, K (t) u(t) = K(to) u(to))| < [(y, (K(t) = K(to)) u(to))|
HIE[@Oyll - lJult) = ulto)]-

We may assume that dom(K) = {|K| < +oo} and so | K| is bounded in a neigh-
borhood about ty. Considering the strong continuity of u and the weak continuity
of K, infer the desired. We denote the coset of a weakly continuous vector function
t — K(t)u(t) by Ku and the continuation of t — (y, K(t) u(t)) to the whole of @
by (y, Ku).
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5.3.13. Theorem. To a bounded operator T' € Ly(FE(X),Es(Y")) there is a
unique K1 € G4(Z(X,Y")), with G:= Orth(FE), satisfying

Tu=Kru (ue E(X)).

The mapping T +— Ky is a linear isometry between the spaces Ly(E(X), Es(Y"))
and G4(Z(X,Y")).

< By 5.3.12, it suffices to prove the first claim of the theorem.

Givenz € X,y €Y, and e € E, put S, 4(e):= (y,T(z ® ¢)). Clearly, S, , €
Orth(E). If b(x, y):= Sy then b: X xY — G is a bilinear operator with abstract
norm and |b] = |T|. By 5.3.11 there is a unique Ky € G4(#(X,Y)) such that
| K7| = |T'| and

(y, T(x®e)) = (z @y, Kp)e.

With the isometric isomorphy Z(X,Y) ~ Z(X,Y’) available, we may assume that
Kr € Go(Z(X,Y’)) and so

(y, T(x®e)) = (y, Krx)e = (y, Krx Q e).

It suffices to note that X ® E is order dense in E(X), and T is an order continuous
operator (see all details in [125, 128]). >

5.3.14. COMMENTS.

(1) It was L. V. Kantorovich who defined a lattice normed vector space
as far back as in 1935 (see [96] wherein the bizarre decomposition axiom 5.3.1 (4)
appeared for the first time). Curiously, this axiom was treated as inessential and
thus omitted in the subsequent publications of other researchers. A. G. Kusraev
explained its principal importance in connection with the Boolean valued represen-
tation of lattice normed spaces [123] (cf. Section 5.4 to follow).

(2) It was D. Kurepa who had considered the so-called espaces pseu-
dodistancies; i.e., the spaces whose metrics take values in an ordered vector space.
First applications of vector valued norms and metrics relate to the method of suc-
cessive approximations in numerical analysis, cf. [99, 104, 110, 215].

(3) The dominated operators of 5.3.8 were also introduced in the arti-
cle [96] by L. V. Kantorovich, cf. [100]. Their definition had twofold motivation:
the theoretical reasons were related to the course of the general development of op-
erator theory on ordered vector spaces, cf. [97, 98, 100, 104]); the applied reasons
were tied with what was then called “approximate methods of analysis,” cf. [99,
101, 104].
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(4) An elaborate theory of dominated operators was propounded in
the last decade, cf. [123, 125, 128, 138]. It was A. G. Kusraev who revealed the
connection of Theorem 5.3.4 between the decomposition property and existence of
a Boolean algebra of projections in a lattice normed space, cf. [122, 123]. The
proposition of 5.3.11 belongs to G. N. Shotaev [219]. It implies Theorem 5.3.13
which was demonstrated in [125].

(5) The details of what we sketched in 5.3.7 about measurable and
continuous functions with range in a Banach space and particularly the space of
bounded linear operators may be found in [36, 37, 42, 128, 152]. Further examples
of lattice normed spaces relate to the theory of continuous and measurable Banach
fiber bundles (see [71, 128]).

5.4. The Descent of a Banach Space

A Banach—Kantorovich space becomes a Banach space after embedding in an
appropriate Boolean valued universe V(B). The resultant interrelations make the
topic of the current section. Recall that ¢ stands for the field of complex numbers
inside V(B),

5.4.1. Theorem. Let (2, p) be a Banach space inside V(B), Put X := 27|
and p:= p|. Then
(1) (X,p,Z]) is a universally complete Banach—Kantorovich space;
(2) X admits the structure of a faithful unital module over the ring
A:= €| so that
(a) \M)z=Xx (AeC, z€X),
(b) p(ax) =|alp(x) (a€ €|, z € X),
(c)b<[z=0]«< x(b)r=0 (beB, z€X),
where X is some isomorphism from B to €(Z%|).
< Denote the additions of 2, €, and # by the same symbol ®&. Let ®
stand, first, for the scalar multiplication of the complex vector space 2~ which is an

external composition law acting from € x 2" to 2" and, second, for the conventional
multiplication in Z and €. Put +:= @] and -:= ®|. This means that

rty=z<[zoy=z]=1 (v,y,z€ X);
a-r=y—Jacxr=y]=1 (a€A; z,y€ X).
The simplest properties of descent imply that (X, +) is an Abelian group (cf. 4.2.7).
For instance, check that + is commutative as follows: Arguing inside V(B), note

[®og=@] =1, where 3: Z x Z — Z x Z is the transposition of coordinates.
But then 2:= 3| is the transposition of coordinates in X x X and

tor=(@l)o(yl) =(@ogl=dl=+.
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Given b € B and = € X, define x(b)x:= mix{ bz, b*0 }, with 0 the neutral element
of the group (X,+). In other words, x(b)x is a unique element of X satisfying
[x(b)r =x] > band [x(b)xr = 0] > b*. We have thus defined a mapping x(b) :
X — X so that x(b) is an additive idempotent. Put B:= { x(b) : b € B}. Then P
is a complete Boolean algebra and y is a Boolean isomorphism. Recalling that the
axioms of vector space are all satisfied for 2 inside V(&) we may write

a-(z+y)=a0(x@y)=a@rd®a®y=a-x+a-vy,
(a+b)- z=(adb)Or=a0rdbOr=a-v+b-x,
(ab) -z =(ab) Oz =a@ (bOz)=a-(b-x),
l-z=10xz=2z (a,bEA; z,y € X).

Since V(B) is a separated universe, the above shows that + and - bring about the
structure of a unital A-module on X. Letting Ax = (A1) -z (A € C,x € X)), arrive
at the structure of a complex vector space on X, with (a) holding. Arguing inside
V(B) note that

xb)=1—-x(b) oz =uz,
x(b) =0 — x(b) ©x =0,

and so, by the definition of x (cf. 5.2.2),

b<[x(b)ox==z]=][x(b)
b* < [x(b) ®x=0]=[x(b)
Hence, x(b) - © = mix{bz, b*0} = h(b)x, which implies (c).

We now examine the Banach properties of the space (27, p). Subadditivity and
homogenuity of the norm p may be written down as

Y ]]7

T
0

pod<@o(pxp), po@=0o(|xp),

where p X p : (z,2) — (p(x),p(x)) and |- | X p: (a,z) — (|a|, p(z)). Considering
the descent rule for composition 3.2.12, obtain

po+<+o(pxp), po()=C()o(l-|xp)

This means that the operator p : X — Z| satisfies 5.3.1(3) and (b). But then
5.3.1(2) holds in view of (a). If p(x) = 0 for some = € X then the equality
[p(x) = p(z)] = 1 implies [p(x) = 0] = 1, and so [x = 0] = 1; i.e.,, z = 0.
Therefore, p is a vector norm. We may derive that p is decomposable on using (b).
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Indeed, if c:= p(x) = ¢1 + 2 (x € X; ¢1,c0 € Ay) then there are aq,a2 € Ay
such that axc = ¢, for k:= 1,2 and a1 + az = 1. (Put ar = cplc+ (1 —e.)) 7},
where e, is the trace of ¢.) Assigning zj:= ay -z (k:=1,2), note x = x1 + x5 and
p(zr) = play - ) = agp(z) = ¢, for k:=1,2.

We are left with demonstrating that X is Dedekind complete. Take an o-
fundamental net s : A — X. If 5(«v, §) = s(a)—s(f) for all o, 8 € A then o-lim,, g po
S(a, 8) = 0. Let 0 : A — 2 stand for the modified ascent of s and put 7(«, ) :=
o(a) — o(p) for all o, € A*. Then 7 is the modified ascent of s and p o T is
the modified ascent of po 5. By 5.2.3, [limpoa = 0] = 1; ie.,, VIB) |= “o is
a fundamental net in .2°.” Since 2  is a Banach space inside V(&); therefore, by
the transfer principle there is an element z € X such that [lim pooy =0] = 1,
where og : A* — 2 is defined by the formula o¢(a) := o(a) — z for all « € A”.
The modified descent of o is the net s¢ : a — s(a) — x with a € A. Using 5.2.3,
conclude that o-limpgsg = 0 or o-lim, p(s(a) —z) = 0. >

The descent of (2, p) is defined to be the universally complete Banach—
Kantorovich space 2| := (2, p)| = (Z'], pl Z)).

5.4.2. Theorem. To each lattice normed space (X, p, E) there is a Banach
space 2 inside V(B) with B ~ %(p(X)*1), such that the descent Z | of X is
a universal completion of (X, p, E'). Moreover, 2" is unique up to linear isometry
inside V(B)

<1 Without loss of generality, assume that E = p(X)*t ¢ mE = #| and
B = %A(F). Put

d(z,y):=p(z —y)*" (z,y € X).

Evidently, d is a B-metric on X. If we equip C with the discrete B-metric dy then
the operations of addition + : X x X — X and multiplication - : C x X — X
are stabilizers. The vector norm p is a stabilizer too. All these claims are pretty
obvious. For instance, regarding multiplication, note that

(o, By) = plaz — By) < (Jelplz — y)) =V (Ja = Blp(y) -
< d(z,y)Vds(a, B)

for a, 0 € C and =,y € X.

Let 2o stand for the Boolean valued representation of the B-set (X, d). Put
po = F~(p), ® = F~(+), and © = F~(-), with .~ the immersion functor
(see Section 3.4). The mappings @ and ©® make 2y into a vector space over C”
with pg : Zo X £y — #Z a norm on Zy. By the maximum principle we may find
2, p € VB such that [ (£, p) is a complex Banach space serving as a completion
of the normed space (20, po) ] = 1. We may also presume that [ 27 is a dense C"-
subspace of 2] = 1. Let © : X — Xo:= 20| be the canonical injection (cf. 3.5.4).
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Since + is a stabilizer acting from X x X to X; the addition + := & | in the
space Xo is uniquely determined from the equality 2 o + = + o (2 x 2), where
1 X2 (z,y) — (1z,2y) is the canonical injection of the B-set X x X (cf. 3.5.4). In
turn, this amounts to the additivity of . By analogy, considering (-):= @/, obtain
10 () = (-)o (s x 1), where x x 2 : (\,z) — (A\,1x) (A € C,z € X). Therefore, 1 is
a linear operator.

Applying the same arguments to pg:= pgl, infer that 1z op = pg o1, where 15 is
the canonical injection of E. Hence, 7 is an isometry, i.e., a mapping preserving the
vector norm under study.

Consider some subspace Y such that +X C Y C 27| and Y is a universally
complete Banach—-Kantorovich space under the norm ¢(y) = pl(y) (y € Y). Since
q is a decomposable norm and Y is a disjointly complete space; therefore, Xy C Y.
Indeed, Xy = mix(2(X)) and by (c) of 5.4.1(2), given x € 27|, we have x =
mix(berxe) if and only if z = 0-) x(be)2(z¢). On the other hand, Y is decomposable
and d-complete. Hence, by 5.3.4 and 5.3.5, Y is invariant under every projection
x — x(b)x, with x € 27|, containing all sums of the above type. By analogy,
Y =mix(Y). If #:=Y7 then [Z0 C ¥ C £ ]| =1, with #| =Y. Assume that
o :w" — % is a fundamental sequence and s is the modified descent of o. Then s
is an o-fundamental sequence in Y and so s has a limit y:= o-lims. From 5.2.3 (4)
it is clear that [y = limo ] = 1. This establishes the completeness of %, and so
the equality 2" = %/, implying X =Y.

Let 2 be a Banach space inside V(B). Assume that 27| is the universal
completion of the lattice normed space X. If ¢/ is the corresponding isometric
embedding of X to Z| then 2’ o1 extends uniquely to a linear isometry of X to a
disjointly complete subspace Zy C Z. The spaces 2y and Z(:= Z| are isometric.
Hence, their completions 2" and % C 2 are isomorphic too. Since % | is a Banach—
Kantorovich space and /X C #| C %|; therefore, | = %|. Consequently,
% = % and so & and Z are linearly isometric. >

5.4.3. Corollary. The following hold:
(1) Each lattice normed space (X, p, E') possesses a universal comple-
tion (mX, py,, mE, 1) unique up to linear isometry. Moreover, to all
x € mX and € > 0 there are a family (z¢)¢e= in X and a partition
of unity (mexe)ecz in Pr(mX) such that

Pm (»’E = Wgz(%)) < epm ().

EeE

(2) A lattice normed space X is linearly isometric with an order dense
ideal of the universal completion of X if and only if X is decom-
posable and o-complete; i.e. X is a Banach—Kantorovich space.
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< The two claims may conveniently be proven together. With the notations
of 5.3.7, assign mX := 2| and p,, := p|. Then (mX,p,,, mE,1) is the universal
completion of X. Fix an order unit e € ET and take z € mX. Clearly, [e € Z] =
[e>0]=]ze 2] =1.Since [ £ is dense in 2| = 1, to each £ > 0 by the
maximum principle there is some element z. € V(5 satisfying

[zc € Zo] =[plx —z.) <e"-e] =1.

Hence, z. € Xy and p,,(z — z.) < ce. Note now that Xy = mix(2(X)) and so
ze looks like » o = mer(we) where (v¢) C X, and (m¢) is a partition of unity in
Pr(mX).

Evidently, an order dense ideal of a Banach—Kantorovich space is decompos-
able and o-complete. Conversely, let X be a decomposable and o-complete lattice
normed space. It is possible to show that Ey:= p(X)*+ is a K-space. Therefore, we
loose no generality in assuming Ej to be an order dense ideal in Z]. Let x € mX
and pp,(x) € Ey. By (1), there exists a sequence (z,) C Xo such that

S|

1
Pm(Tn —x) < —€, pm(z,) < (1 + —) e (new).
n
Hence, x,, € X and x € X, since an o-complete space is d-complete and r-complete.
Thereby,
X ={zemX :p,(x) € Eo};

i.e., X is an order dense ideal in mX.

It remains to establish uniqueness in the claim of (1). Let (Y,q,mE, 1) be
a universal completion of X. In view of 5.2.4 and assertion (2) we may assume that
Y = % |, where % is a Banach space inside V(®), By Theorem 5.3.3, [ there exists
a linear isometry A of 2 onto %] = 1. But then \| is a linear isometry of 2|
onto #|. >

5.4.4. A disjointly complete space (Y, q,dFE), where dE stands for a disjoint
completion of E, is said to be a disjoint completion (d-completion) of a lattice
normed space (X,p, E) if there exists a linear isometry ¢ : X — Y such that
Y = mix(+.X).

A Banach—Kantorovich space (Y, q,0F), together with a linear isometry z :
X — Y, is an order completion or o-completion of a lattice normed space (X, p, E)
provided that every decomposable o-complete subspace Z C Y, containing 1.X,
coincides with Y.

If E = mFE then an o-completion of X is a universal completion of X (see 5.3.3).

Given a subset U C Y, introduce the notations

rU:={y:= 7’;111_{20 Yn * (Yn)nen C U},
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oU:= {y:= o-limyq, : (Ya)aeca C U},
dU .= {y:: O—Z TelYe - (yg)geg C U},
£e=
where A is an arbitrary directed set, (7¢)¢cz is an arbitrary partition of unity in
Pr(Y), and the limits and sum exist in Y.

5.4.5. Every lattice normed space admits an o-completion and d-completion
each unique to within a linear isometry.

< Recall that dEE C oEF C mE. Put
Y:={zemX :p,(x) € oE}.
Then Y is an o-completion and diX is a d-completion of X. >

We always assume that a lattice normed space X is contained in an o-comple-
tion X of X.

5.4.6. Every o-completion X of a space X satisfies the equality X = rdX.
Moreover, if X is decomposable and Ey := p(X)*+ is a vector lattice with the
principal projection property then X = 0X.

<1 The first part of the assertion follows from 5.4.3 (1). Take an z € X and
find a net (z,) C X converging in order to x. Endow X with the equivalence and
preorder by the formulas

2y = ple—2) =ply - 2),

2=y ple—2) 2ply—2)
If Ey is a lattice with the principal projection property then there exists a projection
7 € Pr(X) such that

mp(x —y) + 7 p(x — 2) = p(xr —y) Ap(z — 2).
Letting u:= my + 7* 2z, note that
p(x —u) = p(x —y) Ap(z — 2);

therefore, y < w and z < u. Thus, the preordered set (X, <) is directed upward.
Hence, the factor set A:= X/~ with the factor order is an upward-directed ordered
set. Now, consider a net (z4)aca, where z, € a (v € A). The net (p(x — 4))aca
decreases by construction. Put e:= inf p(z — x,,), where the infimum is calculated

in oF. By the equality X = rdX, to e > 0, there exist a family (z¢) C X and
a partition of unity (m¢) C PBr(X) such that

Dm (:C — O—Z ng,g) < epm ().

Considering 5.3.4, infer

e= Z mee < Zng(w —x¢) = p(m - O—Z ng,g) < ep(z).

Hence e = 0 and z = o-limz,. >
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5.4.7. A decomposable lattice normed space is o-complete if and only if it is
d-complete and r-complete.

<1 Necessity was mentioned in 5.3.5. Sufficiency follows from 5.4.6. >

5.4.8. Let (X,p, E) be a Banach-Kantorovich space, E = p(X)1+, and A:=
Orth(E). Then X admits a unique structure of a faithful unital A-module such
that the natural representation of A in X becomes an isomorphism between the
Boolean algebras Br(E) C A and Pr(X). Moreover,

plax) = |alp(z) (x € X, ac A).

< We have to apply 5.4.1(2). In particular, by virtue of 5.4.1(2)(c), the
Boolean algebra (X)) coincides with the set of the multiplication operators x —
x(b)x, where b € B. >

A Banach space 2" inside V(B) is said to be a Boolean valued representation
for a lattice normed space X if 2| is the universal completion of X.

5.4.9. Theorem. Let 2 and % be the Boolean valued representations of
Banach—Kantorovich spaces X and Y normed by some universally complete K-
space E. Let B(2,%) be the space of bounded linear operators from 2 to
% inside V(B), where B := %(E). The immersion mapping T — T~ is a linear
isometry between the lattice normed spaces g(X,Y) and LB(X,%)].

< By Theorem 5.4.3 (2), without loss of generality we may assume that F =
R, X =Z|,and #| =Y. Take a mapping .7 : Z — % inside V(&) and put
T:= 7]. Let p and 0 be the norms of the Banach spaces 2™ and %'. Put p:= p|
and ¢:= 0], and let + stand for addition in each of the spaces 2", ¢, X, and Y.
The linearity and boundedness of .7 imply the formulas

To+=40(TxT), 00T <kp,

where 0 < k € #Z]. The rules for ascending and descending composition allow us
to paraphrase the above formulas as

To+=40(TxT), qoT <kp.
But this means that 7' is linear and bounded. Let K be the set constituted of
0 <k € %] such that q(Tz) < kp(x) (x € X). Then KT coincides with {k € Z :

0 o7 < kp} inside Vv (B),
Appealing to 5.3.2(2), derive

VB £ |T| = inf(K) = inf(K1) = |-
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Hence, the mapping .7 +— 7 | preserves the vector norm. To justify the linearity of
the mapping, it suffices to check its additivity. Given 7, % € ZLP(2°, %)/, note
that

(P + R)(x) = (A + R)(x) = Ta+ T
= Jile+ Ble = (Al + Fl)x

inside V(B) for every 2 € X. Consequently, (71 +.%)| = F11+Z2|. So, the descent
is a linear isometry of Z5(2", #)| onto the space of all extensional bounded linear
operators from X into Y. It remains to observe that every bounded linear operator

from X into Y is a stabilizer or, which is the same, satisfies the inequality [z =
0] < [Tz = 0]. Indeed, if b:= [x = 0] then x(b)z = 0 by 5.4.1(2); therefore,

x(0)q(Tz) < x(b)p(z) = p(x(b)z) = 0.

Hence, q(x(b)Tx) = 0 or x(b)Tx = 0. Appealing to 5.4.1(2) again, conclude that
b<[Tx=0]. >

5.4.10. Theorem. Assume that X is a normed space and X is the completion
of X. If Z is the completion of the R"-normed space X" inside V(B), then the
universally complete Banach—Kantorovich space 2’| is linearly isometric to the
space C(Q, X)), with Q) the Stone space of % |.

< Identify the K-spaces #Z | and C(Q); and apply Theorem 5.4.2 to the
lattice normed space (X,p,Z|), with p(x) = ||z|| - 1. Using the notation of the
proof of 5.4.2, note that 2y = X”*. Hence, 2’| := (2|, ¢, Z]) is the universal
completion of (X, p, Z]).

For simplicity, assume that X C 2°|. From 5.4.3 we deduce that to u €
Cso(Q, X) and € > O there are a family (z¢) C X and a partition of unity (Q¢) C
Clop(Q) for which the step function u., equal to x¢ on the set Q¢, obeys the
estimate |u—u.| < el. Put 7 (u.) := mix(bex¢) where be stands for the member of
B corresponding to the clopen set Q¢. Now, |7 (u.)| = |uc|. Hence, 7 is a linear
isometric embedding of the subspace of all vector functions of the shape u.. If

e — 0 then |us — ul o), 0, and so (7(u1/n)) is an r-fundamental sequence. Since
2| is complete, Z°| contains the limit v:= r-lim .7 (uy,,). Assigning 7 (U):= v,
obtain a linear isometric embedding .7 : Co (Q, X) — Z°|. If Z:=1im(.7) then Z

is a decomposable o-complete subspace of 2| and X C Z. By Theorem 5.4.2 and
the definition of 5.3.6, conclude that Z = 27|. >

5.4.11. Assume that X and Z are the same as in 5.4.10. Assume further
that 2 is the dual of X inside V(B). Then the spaces 2| and E,(X'), with
E = C(Q), are linearly isometric.
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< Apply Theorem 5.4.9 to Y := E and X := (X,p, F), with p(z) = ||z|]1.
Deduce that the spaces 27| := LB (2, #)| and L,(X, E) are linearly isometric.
To complete the proof, refer to 5.3.10. >

5.4.12. COMMENTS.

(1) Theorems 5.4.1, 5.4.2, and 5.4.9, the main results of the current
section, belong to A. G. Kusraev, cf. [123, 128].

(2) The completeness criterion of 5.4.7 was formulated by A. G. Kus-
raev in [122] under the hypothesis that the norm lattice £ is Dedekind complete.
The article [123] gives a proof in a more general case of a decomposable vector
multinorm. The hypothesis about the Dedekind completeness of E was waived in
[110]. In the case of an Archimedean vector lattice; i.e., X = E, this fact is due to
A. 1. Veksler and V. A. Geiler [247].

(3) It was A. G. Pinsker who began studying universal completion for
a K-space (cf. [104]). He established in particular that each K-space has a uni-
versal completion unique up to isomorphism. Proposition 5.4.3 (1), abstracting the
Pinsker Theorem to lattice normed spaces, was in fact established in [123]. About
Theorem 5.4.5 on order completion of a lattice normed space, consult [123, 128].
The assertion of 5.4.6 that X = 0X belongs to A. E. Gutman. It was A. I. Veksler
who proved 5.4.6 for the case of an Archimedean vector lattice (cf. [245]).

(4) Theorem 5.4.10 is a particular case of the general construction of
the Boolean completion of a uniform space which was suggested by E. I. Gordon
and V. A. Lyubetskii [161]. Theorem 5.4.11 is a simple consequence of 5.3.10
and a relevant result by E. I. Gordon on representation of operators with abstract
norm [63].

5.5. Spaces with Mixed Norm

In this section we distinguish an important class of Banach spaces which is
connected with the concept of vector norm.

5.5.1. A normed vector lattice (Banach lattice) we call a vector lattice E that
is simultaneously a normed space (Banach space) whose norm is monotone in the
following sense: For all z,y € E, if |x| < |y| then ||z| < |ly||-

Let (X, p, E') be a lattice normed space, with a normed vector lattice E serving
as the norm lattice of X. We may then equip X with the mixed norm or composite
norm by putting

Hzll[:= llp(@)] - (z € X).

In this event the normed space X := (X, ||| - |||) is also referred to as a space
with mixed norm, a composite normed space or even a mizred norm space. Since
Ip(x) — p(y)| < p(x — y) and the norm of E is monotone, the vector norm p is a
continuous mapping from (X, ||| - |||) to E.
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5.5.2. Suppose that F is a Banach lattice. Then (X, |||-|||) is a Banach space
if and only if (X, p, E) is complete with respect to relative uniform convergence.

< Take a fundamental sequence (z,,) C X. Without loss of generality, assume
that |||z,41 — 2a]|| < 1/n3 (n € N). Put

en:=p(r1) + Z kp(xgy1 —xr) (n €N).

k=1
Proceed with the estimates

n4l1

lensi—enll = 1| S kp(@ass — )
k=n-+1

n+l n+l 1

< Y bllmn—all< Y 5 0
k=n+1 k=n+1

Observe that (e,) is a fundamental sequence and so E contains the limit e :=
lim,, o0 €. Since e,y > €, (n,k € N); therefore, e = sup(e,,). If n > m then

n+l

mp(Tpy1 — Tpn) < Z kp(pi1 — k) < epqr —en <e.
k=n-+1

Hence, p(xn41—x,) < (1/m)e implying that (z,,) is an r-fundamental sequence. Us-
ing the hypothesis of r-completeness, find z:= r-lim,,_, o x,. Clearly, lim,,_, |||z —
n|[ = 0.

Suppose that (z,,) C X is an r-fundamental sequence; i.e. p(x, — ;) < Age
(m,n,k € N; m,n > k), where 0 < e € E and limy_,oc Ay = 0. Then |||z, —z,,||| <
Mi|lell — 0 as & — oo. Consequently, we may find x := lim, ., z,. The vector
norm p acts continuously from (X, ||| - [||) to (E,||-||). Therefore, passage to the
limit in norm in the inequality p(x,, —x,) < A\xe as m — oo leads to the inequality
p(x — x,) < A\pe for all £ < n. Hence, z = r-lim, o x,. >

5.5.3. Let F' be an ideal of E. Recall that, given Y:= {z € X : p(z) € F'} and
q:=p Y, the 3-tuple (Y, q, F) is the restriction of X relative to F' or F'-restriction
of X. If X is a Banach—Kantorovich space then so is Y. If X is r-complete and
F' is a Banach lattice then Y is a Banach space with mixed norm or a composite
Banach space.

Take a Banach space (27, p) inside V) and an order dense ideal F in Z].
The F-restriction of 2| is the F-descent of 2 or the descent of Z relative to F.



246 Chapter 5

The F-descent is denoted by F'(.2"). More explicitly, the F-descent of 2" is the
triple (F+(2),p, F), where

FY (Z)={ze Z|:pl(z) e F}, p:=(pl) ] EHZ).

If a Banach lattice E is an ideal of Z| then E'(2") is a composite Banach space.

In the case when FE is a K-space of bounded elements, i.e., the order ideal of
Z| generated by the order unit 1 € Z|, we call the E-descent of 2 the bounded
descent of X. Moreover, the bounded descent functor we call the resultant functor
E! which sends 2 to E}(27). Also, we use the notation 2°|*:= E(Z).

5.5.4. The above definitions make it natural to raise the question: What Ba-
nach spaces are linearly isometric to E-descents and, in particular, to bounded
descents of Banach spaces inside V(B)? Clearly, the answer depends upon geom-
etry. Skipping details, we briefly consider the case of bounded descent which we
need in the sequel.

Let X be a normed space. Suppose that .Z(X) has a complete Boolean algebra
of norm one projections % which is isomorphic to B. In this event we will identify
the Boolean algebras £ and B, writing B C Z(X). Say that X is a normed B-
space if B C .Z(X) and for every partition of unity (b¢)¢ez in B the two conditions
are met:

(1) If bex =0 (€ € E) for some x € X then z = 0;
(2) If bex = bexe (€ € E) for x € X and a family (z¢)eez in X then
[z]| < sup{[lbeze| : € € E}.

Conditions (1) and (2) amount to the respective conditions (1’) and (2/):

(1") To each x € X there corresponds the greatest projection b € B
such that bx = 0;

(2) If z, (z¢), and (be) are the same as in (2) then ||z|| = sup{||beze] :
£ €=}

From (2') it follows in particular that

= max |brz|
k=1,...,n

Xn: bkl‘
k=1

for x € X and pairwise disjoint projections by,...,b, in B.

Given a partition of unity (be), we refer to x € X such that (V&) bex = bexe
as a mizing of (z¢) by (be). If (1) holds then there is a unique mixing x of (x¢) by
(be). In these circumstances we naturally call « the mixing of (z¢) by (b¢).

Condition (2) may be paraphrased as follows: The unit ball Ux of X is closed
under mixing.
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5.5.5. Theorem. For a Banach space X the following are equivalent:
(1) X is a decomposable space with mixed norm whose norm lattice is
a K-space of bounded elements;
(2) X is a Banach B-space.

< (1) — (2) Appeal to the appropriate definitions and 5.3.4.

(2) — (1) Suppose that X is a Banach B-space and J : B — % is the cor-
responding isomorphism of B onto the Boolean algebra of projections %. Denote
by E the ideal that is generated by the identity in the universally complete K-
space of all B-valued spectral functions (cf. 5.2.8). Take finite valued element
d:=3" \b, € E, where \1,..., A\, € R, the family {b1,...,b,} is a partition of
unity in B, and Ab stands for the spectral function e : y — e(u) € B equal to the
zero of B for y < X and equal to the unity of B for > . Put J(a):=>"1" , A, J(b,)
and note that J(«) is a bounded linear operator in X. Calculating the norm of
J(a), obtain

|J(e)|| = sup || J()z| = sup sup {|lmz| - | NI}
llz]|<1 llz||<1 *=1,...,n

= sup sup{[|mazf |A]: [[z]] < 1} = max{[Ai], ..., [Anl}-

1=1,..., n

On the other hand, the norm |lal/s of a member « of the K-space of bounded
elements E coincides with max{|A1],...,|A\n|} too. Hence, J is a linear isometry of
the subspace Ej of finite valued members of E to the algebra of bounded operators
Z(X). It is also clear that J(af) = J(a) o J(B) for all a, § € Ey. Since Ej is
norm dense in F and .Z(X) is a Banach algebra; therefore, we may extend J by
continuity to an isometric isomorphism of E onto a closed subalgebra of Z(X).
Assigning za:= ax:= J(a)z for x € X and a € F, make X into a unital E-module
so that
lezl} < Izl lafleo (o€ B, 2 € X).

Moreover, aUx + fUx C Ux for |a| + |3] < 1. Define the mapping p: X — E, by
the formula
p(z):=infla € EL :x € aUx} (v € X),

with the infimum taken in the K-space E. If p(z) = 0 then to £ > 0 there are
a partition of unity (m¢) C B and a family (a¢) C E4 such that meae < €1 and
x € agUx for all £, But then mex € meaeUx C eUx. Since the unit ball Ux
is closed under mixing; therefore, x = mix(mez) € eUx. The arbitrary choice of
€ > 0 implies = 0. If x € aUx and y € fUx for some «, 3 € E4, then, putting
v:=a+ B+ €l, we may write down

t+y=v(tr+yy) ev(y laUx + 71 BUx) C yUx.
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Consequently, p(x + y) < a + 3 + €1; and taking the infimum over «, [, and ¢
yields p(x +y) < p(z) + p(y). Furthermore, granted = € B and = € X, observe the
equalities

mp(x) =inf{mra:0<a € E, x € aUx}
=inf{a € E; : 7z € aUx } = p(7z).

But then, for « = > A\,m,, with {m1,...,7,} a partition of unity in B, infer that
plaz) = mp(hz) =Y m|\p(z) = |o|p(x).
=1

Hence, p(az) = |a|p(x) for all & € E. Therefore, (X, p, E) is a decomposable lattice
normed space.

Show now that the norm of X is a mixed norm; i.e., ||| = ||p(x)| o for all
x € X. Take 0 # z € X and put y = z/||z||. Then y € Ux and p(y) < 1.
Consequently, p(z) < ||z|| - 1 or [[p(2)]lcc < ||| - [|1]|cc = ||z||. Conversely, given
e > 0, we may find a partition of unity (m¢)ecz in Pr(E) and a family (ag)e C Ey
such that meae < p(z) +e1 < (||p(z) 100 +¢) -1 and z € aeUx (£ € Z). Whence
mexe € meagUx C ([|p(2)lloc + ) - melUx C (|lp(#)]oc + €)Ux. Consequently,
|mez|| < |lp(2)|loc + €. The arbitrary choice of ¢ > 0, together with 5.5.4(2),
implies that ||z|| < |[p(z)]/co- >

5.5.6. A normed B-space X is B-cyclic if we may find in X a mixing of each
norm bounded family by any partition of unity in B. Considering 5.5.4, note that
X is a B-cyclic normed space if and only if, to a partition of unity (b¢) C B and a
family (x¢) C Ux, there is a unique element € Ux such that bex = beae for all &.

(1) A Banach B-space X is B-cyclic if and only if X is disjointly com-
plete as a lattice normed space.

<1 This is evident from the definitions. >

An isometry 2 between normed B-spaces is a B-isometry if ¢ is linear and
commutes with every projection in B. Say that Y is a B-cyclic completion of a
B-space X if Y is B-cyclic and there is a B-isometry 2 : X — Y such that every
B-cyclic subspace of Y containing 2(X) coincides with Y.

(2) A normed B-space is a B-cyclic Banach space if and only if the
corresponding lattice normed space is o-complete.

< The claim follows from 5.4.7 and (1) on considering that completeness
in norm amounts to completeness with respect to relative uniform convergence,
cf. 5.5.2. >
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(3) Each Banach B-space possesses a B-cyclic completion unique up to
B-isometry.
< The claim follows from 5.4.5 and (2). >
We are now ready to answer the question of 5.5.4.

5.5.7. Theorem. A Banach space X is linearly isometric to the bounded
descent of some Banach space inside VB) if and only if X is B-cyclic.

< Apply 5.4.1, 5.4.2, 5.5.5, and 5.5.6 (2). >
_ Take a normed B-space X. Denote the norm completion of X by X. Note that
X is a Banach B-space, since every projection b € B admits a unique extension to
the whole of X which preserves the norm of b. By 5.5.6 (3), X possesses a cyclic
B-completion which is denoted by X. Applying Theorem 5.5.7, take a Banach
space 2 inside V(&) whose bounded descent is B-isometric with X. The element
2 € VB is the Boolean valued representation of X.

5.5.8. Let X and Y be normed spaces such that B C £ (X) and B C Z(Y).
An operator T': X — Y is B-linear if T' commutes with every projection in B; i.e.,
boT =Tobforallbe B.

Denote by Z5(X,Y) the set of all bounded B-linear operators from X to Y.
In this event W:= Z5(X,Y) is a Banach space and B C W. If Y is B-cyclic then
so is W. A projection b € B acts in W by the rule T — bo T (T € W).

We call X#:= Zg(X, B(R)) the B-dual of X. If X# and Y are B-isometric
to each other then we say that Y is a B-dual space and X is a B-predual of Y. In
symbols, X = Y.

5.5.9. Theorem. Assume that X is a normed B-space and Y is a B-cyclic
Banach space. Let 2 and % stand for the Boolean valued representations of X
and Y. The space £p(X,Y) is B-isometric to the bounded descent of the space
L(Z, %) of all bounded linear operators from 2" to % inside V(B). Moreover, to
T € £p(X,Y) there corresponds the member .7 := T1 of VB) determined from
the formulas | . : 2 — % | =1 and [ Tw = Tx] = 1 for all x € X, where 1
stands for the mapping that embeds X into 2| and Y into % |.

<1 Without loss of generality, assume that X and Y are the bounded descents
of some Banach spaces 2 and # (cf. 5.5.6(3) and 5.5.7). Put X, := 27| and
Yo:= % |. By 5.4.9, the spaces Z(Z,%)| and £,(Xo, Yp) are linearly isometric.
Moreover, the restriction of .23, (Xo, Yo) relative to B(R) coincides with the bounded
descent of £ (Z°,% ). It suffices to note that each member T of %, (X,Y) admits
a unique extension which preserves the norm of 7. >

5.5.10. Let 2" be the dual of 2. Denote by ~ and ~p the relations of
isometric isomorphy and isometric B-isomorphy between Banach spaces. Suppose
also that X, Y, 27, and # are the same as in 5.5.9.
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(1) The following equivalence holds: X#~pgY « [ 2* ~ %] = 1.
(2) If X is the B-cyclic completion of X then X# = X7

5.5.11. COMMENTS.

(1) Spaces with mixed norm in the sense of Section 5.5 were studied
in [125]. This article presents various applications of the concept of mixed norm
to Banach space geometry and operator theory. The bounded descent of 5.5.3
appeared in the research by G. Takeuti into von Neumann algebras and C*-algebras
within Boolean valued models [236, 237] and in the research by M. Ozawa into
Boolean valued interpretation of the theory of Hilbert and Banach spaces [194,
200].

(2) The results of this subsection belong to A. G. Kusraev [125]. Later,
analogous properties were established by M. Ozawa [200] in another statement. The
difference is in the fact that the article [200] deals with Banach spaces possessing

an extra module structure which may be reconstructed in every Banach B-space as
seen from 5.4.8 and 5.5.5.

(3) Presenting Theorem 5.5.7, we slightly touch a rich and beautiful
direction of research: Banach space geometry; cf. [35, 149, 154]. Banach space
with complete Boolean algebra of projections was studied irrespectively of Boolean
valued analysis in [44, 214, 246].



Chapter 6

Boolean Valued Analysis of
Banach Algebras

The theory of Banach algebras is one of the most attractive traditional sections
of functional analysis. This chapter presents the basic results of Boolean valued
analysis of involutive Banach algebras.

The possibility of applying Boolean valued analysis to operator algebras rests
on the following observation: If the center of an algebra is properly qualified and
perfectly located then it becomes a one dimensional subalgebra after immersion in
a suitable Boolean valued universe V(3). This might lead to a simpler algebra. On
the other hand, the transfer principle implies that the scope of the formal theory
of the initial algebra is the same as that of its Boolean valued representation.
Theorems 6.1.5 and 6.1.6 elaborate this claim for a general Banach algebra as well
as a C*-algebra.

Further exposition focuses on analysis of AW *-algebras and AW*-modules
which transform into AW*-factors and Hilbert spaces in V(#); cf. Theorems 6.2.4
and 6.2.8.

The dimension of a Hilbert space becomes a Boolean valued cardinal referred
naturally to as the Boolean dimension of the AW*-module depicting the space.
Here a rather delicate effect reveals itself, the so-called cardinal shift: standard
cardinals may glue together when embedded in VB). In other words, the bases of
isomorphic AW *-modules may differ in power. This also implies that every type I
AW*-algebra decomposes into the direct sum of homogeneous subalgebras in many
ways. I. Kaplansky conjectured the fact as far back as in 1953. These results are
set forth in Sections 6.3 and 6.4.

Leaning on the results about the Boolean valued immersion of AW*-modules
and AW *-algebras, we further derive the function representations of these objects.
To put it more precisely, we prove that every AW*-module is unitarily equivalent
to the direct sum of homogeneous AW*-modules consisting of continuous vector
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functions ranging in a Hilbert space. An analogous representation holds for an ar-
bitrary type I AW*-algebra on replacing continuous vector functions with operator
valued functions continuous in the strong operator topology. The relevant facts are
presented in Section 6.5.

We call an AW *-algebra embeddable if it is *-isomorphic with the double com-
mutant of some type I AW*-algebra. Each embeddable AW *-algebra admits a
Boolean valued representation that is a von Neumann algebra or factor. We give
several characterizations for embeddable AW *-algebras. In particular, we prove in
Section 6.6 that an AW *-algebra A is embeddable if and only if the center valued
normal states of A separate A.

6.1. The Descent of a Banach Algebra

The previous chapter paves a way to Boolean valued representation of Banach
spaces. We now proceed to involutive Banach algebras.

6.1.1. We recall the preliminaries on restricting exposition to complex alge-
bras. Note also that by an algebra we always mean a unital associative algebra.
An involutive algebra or x-algebra A is an algebra with involution; i.e., a map-
ping x — z* (x € A) satisfying the conditions:
(1) 2™ =z (x € A);
(2) (@+y) =a"+y" (z,y € A);
(3) (Az)*=Xz* (AeC, z e A);
(4) (wy)" =y*z" (z,y € A).
An element x of an involutive algebra is hermitian provided that z* = .
A projection e in A is a hermitian idempotent; i.e., e = e* and e? = e. The symbol
PB(A) stands for the set of all projections of an involutive algebra A. Clearly, the

formula
c<e—c=ce=ec (c,eeP(X))

specifies some order < on the set of projections. We call projections e and ¢ equiv-
alent and write e ~ c if there is an element x in A satisfying z*x = e and zz* = c.
In this case x is a partial isometry with initial projection e and final projection c.
The relation ~ is in fact an equivalence over B(A).

A projection e is a central projection if ex = ze for all x € A. Denote the set
of all central projections by JB.(A).

6.1.2. Granted a nonempty set M C A, define

M*t:={yc A: (Vox € M)zy = 0};
tM:={x e A: (Vy € M)zy =0}
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Call M+ the right annihilator of M and M, the left annihilator of M.

General properties of annihilators imply that the inclusion ordered sets of all
right and all left annihilators are Dedekind complete lattices. The mapping K —
K*:= {z* : x € K} is an isotonic bijection between these lattices since (M*1)* =
L(M*) and (- M)* = (M*)*+.

A Baer x-algebra is an involutive algebra A such that, to each nonempty
M C A, there is some e in B(A) satisfying M+ = eA. Clearly, this amounts to
the condition that each left annihilator has the form +M = Ac for an appropriate
projection c. To each left annihilator L in a Baer x-algebra there is a unique pro-
jection ¢y, € A such that © = zcy, for all x € L and ¢y = O whenever y € L+.
The mapping L +— ¢y, is an isomorphism between the poset of left annihilators and
the poset of all projections. The inverse isomorphism has the form ¢ +— (1 — ¢),
with ¢ € PB(A4). An analogous claim is true for right annihilators. This implies
in particular that the poset PB(A) is a Dedekind complete lattice. The mapping
e el:=1—¢, with e € P(A), satisfies the conditions:

ell:e, e/\eL:O, e\/elzl,
(enc)t =etvet, (eve)t =et Act,

e<c—eV(etNe)=c

In other words, (P(A), A, V, L) is an orthomodular lattice (cf. [14]).

6.1.3. A norm | - || on an algebra A is submultiplicative if

lzyll < llzll lyll - (z,y € A).

A Banach algebra A is an algebra furnished with a submultiplicative norm making
A into a Banach space. If A is an involutive Banach algebra satisfying

lva*|| = l|l=[I*  (z € A)

then A is called a C*-algebra.

An element x of a C*-algebra A is positive whenever = = y*y for some y € A.
The set A4 of all positive elements is an ordering cone and so (A, Ay ) is an ordered
vector space. Treating a C*-algebra as an ordered vector space, we always imply
the order that is conventionally induced by A..

6.1.4. A Banach algebra A is B-cyclic with respect to a complete Boolean
algebra B of projections of A provided that A is a B-cyclic Banach space in the
sense of 5.5.6 and every member of B is a multiplicative projection, i.e.

m(zy) =n(z)n(y) = xny =n(z)y (x,y € A, m € B).
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The definition of B-cyclic involutive algebra appears on requiring additionally that
every member of B is x-preserving, i.e.

w(x*) = (mrx)* (re€ A, e B).

Finally, the definition of B-cyclic C*-algebra is evident.

Recall that we consider only unital algebras. With this in mind, let 1 be the
unity of A and identify each projection b € B with the element b1. If A is involutive
then b1 is a central projection of A in the sense of 6.1.1. In this event we write
B C P.(A). The record B C A means that A is a B-cyclic Banach algebra. Note
that a C*-algebra A is B-cyclic whenever to every partition of unity (b¢)ecz and
to every bounded family (z¢)¢cz C A there is a unique x € A satisfying bex = bexe
for all £ € =.

Each complex K-space of bounded elements with base B and fixed unity ex-
hibits an example of a B-cyclic C*-algebra (cf. 5.1.3 and 5.2.5(5)). This algebra is
clearly unique up to *-isomorphism. We denote this algebra by B(C). We will often
identify B(C) with the bounded part of the descent % | of the field € of complex
numbers inside V(B). The algebra B(C) is also referred to as the Stone algebra
with base B denoted sometimes by .7 (B).

Take B-cyclic algebras A; and As. A bounded operator ® : Ay — A, is a B-
homomorphism whenever ® is B-linear in the sense of 5.5.8 and multiplicative:
O(zy) = @(x) - (y) for all z,y € A. If A; and A, are involutive algebras and
some B-homomorphism @ is x-preserving, i.e., ®(z*) = ®(z)* for all x € A;; then
® is a *-B-homomorphism. Hence, A, and A, are B-isomorphic whenever there
is an isomorphism acting from A; to Ay and commuting with projections in B. If
a B-isomorphism is x-preserving then we call it a %-B-isomorphism.

6.1.5. Theorem. The bounded descent of a Banach algebra inside V(B) is
a B-cyclic Banach algebra. Conversely, to each B-cyclic Banach algebra A there is
a Banach algebra < inside V(B) such that A is isometrically B-isomorphic to the
bounded descent of <. Moreover, this algebra </ is unique up to isomorphism.

< Take a B-cyclic Banach algebra A. By Theorem 5.5.7 there is a Banach
space 7 in VB) whose bounded descent Ay is a B-cyclic Banach space admit-
ting an isometric B-isomorphism with A. Without loss of generality, assume that
Ao = A. Multiplication on A is extensional. Indeed, if b < [z =u] A [y = v] with
x, Yy, u, v € A then, by item (b) of 5.4.1(2),

0 = 2x(b)(y —v) + x(b)(z — u)v
— X(b)(zy —uv) = 0 — x(b)(wy) = x(b)uv — b < [zy = uv].

Let ® stand for the ascent of the multiplication - on A. It is easy that © is a binary
operation on &/ and the space ./ with the operation ® is an algebra. If p is the
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vector norm of the space A then |a|| = ||p(a)]e and [p(a) = p(a)] = 1 for all
a € &/ where p is the norm of &/ (cf. 5.5.5). Show that p is a submultiplicative
norm, ie. p(ry) < p(x)p(y). To this end, recall (cf. 5.4.1(2) and 5.5.5) that
A is a Banach module over the ring B(R), with B(R) the bounded part of Z |.
Furthermore, p maintains the equality

p(r) =inf{a € ET 12 € aUa} (x € A).

Hence, submultiplicativity of p follows from the fact that the unit ball U,4 is closed
under multiplication; i.e., the containments x, y € U4 imply xy € U,. Therefore,
po (-) < (-)o (px p). Using the rules for ascending mappings (cf. 3.3.11), we see
that [po® < ®o (pxp)] =1, i.e, [pis a submultiplicative norm] = 1. We
finally infer that </ is a Banach algebra inside V(®). To show uniqueness of A
argue as follows: Assume that o7 and <% are Banach algebras inside V(). Let ¢
be an isometric isomorphism between the bounded descents of .} and %. Then g
is an extensional mapping and v := g7, the ascent of g, is a linear isometry between
the Banach spaces @] and o%. Multiplicativity of ¢ follows from the formulas

boo=glo()T=(g0 (NT=(()o (gxgN=()To(gl xgl) =0 (Y x )

with ® standing for the operations of multiplication on .2/ and % and (-) symbol-
izing the operations of multiplication in the bounded descents of o) and ..
Assume now that <7 is a Banach algebra inside V&) and A is the bounded
descent of «7. We know that A is a B-cyclic Banach space (cf. 5.5.11). If x is the
canonical isomorphism of B onto the base (E) then b < [z =0] < x(b)z = 0 for
all z € A (cf. 5.4.1(2)). Considering the definition of x and the obvious implication

x(b) =0V x()=1— (Vo e A)(Vyc A)(x(b)zy = (x(b)x)y = = (x(b)y)),

take arbitrary z,y € A and deduce that

[x()zy = zx(b)y = (x(D)z)y] =[x(b) =1] vV [x(b) =0] =bVd" =1.

This shows that the projection m, : z — x(b)x, with x € A, enjoys the needed
property: myzy = (mpx)y = x (mpy) for all x,y € A. Thus, A is a B-cyclic algebra. >

6.1.6. Theorem. The bounded descent of a C*-algebra inside V() is a B-
cyclic C*-algebra. Conversely, to each B-cyclic C*-algebra A there is a C*-algebra
o/ inside VB) such that the bounded descent of < is x-B-isomorphic with A.
Moreover, this C*-algebra </ is unique up to *-isomorphism.



256 Chapter 6

< If A is a B-cyclic C*-algebra then the structure of a Banach .¥(B)-module
on A possesses the additional property that (ax)* = ax* for all @« € B(R) and
x € A. As before, B(R) stands for the real part of the complex Banach algebra
S (B). Indeed, if a:= Y, \pm with Ay, ..., A, € Rand 7y, ..., ™, € €(F(B)),
then

(Oé.I‘)* = Z)\k (ka)* = Z)\kﬂ'kx* = ax™.
k=1 k=1

Involution is an isometry on every C*-algebra and so U} = Us. We may conclude
that

r€aly o xx* €d’Uy (v€ A, ac.?(B)).

Hence, p(zz*) = p(x)?. In particular, the involution on A is an isometry with

respect to the vector norm p, i.e. p(z*) = p(x) for all x € A. Note also that if
(4, p) is a Banach algebra inside V(5)| A is the bounded descent of <7, and p is the
restriction of p| to A; then the descent of the involution on A obeys the conditions
[(Vz € )p(xz*) = p(x)?] = 1 if and only if p(zz*) = p(x)? for all z € A. It
suffices to appeal to Theorem 6.1.5 and offer some elementary arguments. >

6.1.7. Theorem. Let A be a B-cyclic Banach algebra such that every element
x € A, satisfying the condition (Vb € B)(bx = 0 — b = 0), is invertible. Then A is
isometrically B-isomorphic to the Stone algebra with base B.

<1 By Theorem 6.1.5 we may treat A as the bounded descent of some Banach
algebra o7 € V(B) By hypothesis, every nonzero element of & is invertible. Indeed,
we may calculate the following Boolean truth value:

c=[(Vo)(z € A N2 #0— (F2)(z=a"1))]
MU =2 we A [z £0] =1}

By 5.4.1(2) (c), the equality [z # 0] = 1 amounts to the condition x(b)x = 0 <
b = 0. Hence, if [x # 0] = 1 then we may find the inverse z=! of z in A
and [(3z)(z = z7!)] = 1. Consequently, ¢ = 1. Applying the Gelfand-Mazur
Theorem inside V(&) note that the algebra < is isometrically isomorphic to the
field of complex numbers % inside V(B). But then A is isometrically B-isomorphic
with the bounded descent of ¢ which is the Stone algebra with base B (cf. 6.1.4). >

6.1.8. Theorem. Assume that A is a B-cyclic Banach algebra, . (B) is the
Stone algebra with base B, and ® : A — (B) is a B-linear operator. Assume
further that ®(1) = 1 and eg(,) = 1 for every invertible element x € A. Then ® is
multiplicative, i.e., ®(zy) = ®(x)P(y) for all z,y € A.
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< Arguing like in 6.1.7, let := ®7. Then [¢ : &/ — % is a linear functional | =
1. Moreover, [¢(z) # 0 for every invertible x € A] = 1. By the GleasonZelazko—
Kahane Theorem [ ¢ is a multiplicative functional | = 1. This implies multiplicativ-
ity for ® in much the same way as we use in 6.1.5 while proving submultiplicativity
for the norm p. >

6.1.9. Theorem. Assume that A is a B-cyclic commutative Banach algebra
with involution, . (B) is the Stone algebra with base B, and ® : A — ./(B) is a B-
linear operator. Assume further that K is the set of all positive B-linear operators
U: A— (B) satisfying V(1) < 1. If ® € K then the following are equivalent:

(1) ®(zy) = ®(2)2(y) (z,y € A);
(2) ®(ea*) = D(@)P(x") (x € A);
(3) ® € ext(K), where ext(K) denotes the set of extreme points of K.
< With the notation of the proof of Theorem 6.1.8, we may assert that [.o/
is a commutative Banach algebra with involution, and ¢ : & — % is a positive
functional satisfying ¢(1) < 1] = 1. Let J# consist of all positive linear functionals
Y on o satisfying (1) < 1. It is evident that v — (¢/]) | A is an affine bijection A
between the convex sets # | and K := {U]: ¥ € K}. Moreover, [¢ € ext(.#)] =
1 & M) € ext(K). We are left with applying the scalar version (in which case
S (B) = €) of the claim inside V(B), This ends the proof. >

6.1.10. We agree to let B-Hom(A;, A3) stand for the set comprising B-homo-
morphisms from A; to Ay. We also agree that Hom” (@, o%) symbolizes the ele-
ment of VB) which depicts the set of all homomorphisms from @7 to ..

(1) Assume that @/ and </, are Banach algebras inside V(B) and A;
and A, are their respective bounded descents. If ® € B-Hom? (A, As) and ¢:= P71
then [ € Hom® (e, o%)] = 1 and [ ||¢|| < C] = 1 for some C' € R. The mapping
® — ¢ is an isometric bijection between B-Hom(A1, A3) and Hom?® (<7, o) | *°.

< All claims with the exception of multiplicativity ensue from 5.4.9. The fact
that ¢ and ® are multiplicative may be justified in much the same way as in the
proof of uniqueness in 6.1.5. >

(2) Assume that o7, and g/ are involutive Banach algebras inside V(B)
while ® € B-Hom(A;, Ay) and ¢ € Hom® (o7, o) correspond to one another under
the bijection of (1). Then the equality [ ¢ is x-preserving| = 1 holds if and only if
® is x-preserving.

<1 Appealing to 5.5.4 and 6.1.6 completes the proof. >

6.1.11. Assume that < is an involutive Banach algebra inside VB) and A
is the bounded descent of «/. Then x € A is a hermitian element or a positive
(central) projection if and only if [ x is a hermitian element or a positive (central)
projection)] = 1.
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<1 This is obvious. >

6.1.12. COMMENTS.

(1) J. von Neumann started the study of involutive operator algebras,
inspired by the mathematical problems of quantum mechanics, cf. [177, 178]. This
traditional connection with theoretical physics is still alive (cf., for instance, [19]).
However, the present-day theory of involutive topological algebras contains several
rather abstract and esoteric fields of research, raising many subtle mathematical
problems. To enter this field, the reader may consult [6, 38, 40, 95, 151, 174, 207,
211, 224, 229, 230, 257].

The study of C*-algebras was originated by I. M. Gelfand and M. A. Naimark
in 1943. The principal structural properties of C*-algebra are connected with pos-
itivity. As regards the preliminaries of involutive algebras, consult [12]. See [6, 38,
39, 146, 173] for the details of C*-algebras and [40, 211, 230], for the details of von
Neumann algebras.

(2) G. Takeuti started studying C*-algebras and von Neumann algebras
by using Boolean valued models with [236, 237]. Theorem 6.1.6 belongs to him.
Theorems 6.1.7 and 6.1.8 are Boolean valued interpretations of the Gelfand—Mazur
Theorem and the Gleason—Zelazko-Kahane Theorem, ranking as classical facts of
functional analysis (see, for instance, [146, 210]).

Note also the monograph [33] which deals with applications of Boolean valued
models to independence problem in the related section of analysis.

6.2. AW™*-Algebras and AW *-Modules

In this section we present results on Boolean valued representation of the ob-
jects indicated in the title.

6.2.1. An AW*-algebra is a C*-algebra presenting a Baer x-algebra. More
explicitly, an AW*-algebra is a C*-algebra whose every right annihilator has the
form eA with e a projection. By the way, we note that a better term for an AW ™*-
algebra is a Baer C*-algebra.

A C*-algebra A is an AW *-algebra if and only if the following conditions are
satisfied:
(1) Every orthogonal family in B(A) has a supremum;
(2) Every maximal commutative x-subalgebra Ay of A is a complex
K -space of bounded elements.

The space Z(H) of all bounded linear endomorphisms of a complex Hilbert
space H exhibits an example of an AW *-algebra. Recall that the structure of
a Banach algebra in .Z(H) results from the conventional addition and composition
of operators and the routine operator norm. The involution in .Z(H) is the taking of
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the adjoint of an operator. Observe that every commutative AW *-algebra, referred
also to as a Stone algebra, is a complex K-space of bounded elements with the unity
of multiplication serving as a strong order unit.

6.2.2. Spectral Theorem. To each hermitian element A of an AW *-algebra
A there is a unique resolution of identity \ — ey, with A € R, in B(A) such that

a= / Adey.

—llall

Moreover, an element x € A commutes with a if and only if xe) = exx for all A € R.

< Recall that the term “resolution of identity” in B(A) means the same as
in the case of a Boolean algebra; i.e., we call so every function A — ey that sat-
isfies 5.2.6 (1-3) (cf. 5.2.8). Every maximal commutative x-subalgebra of A which
contains a is a complex K-space by 6.2.1(2). Hence, the sought representation
ensues from the Freudenthal Theorem 5.2.14. The claim about commuting follows
from the fact that the element a and the set {ey : A € R} generate the same
maximal *-subalgebra. >

6.2.3. Theorem. An AW *-algebra A is a B-cyclic C*-algebra for every order
closed subalgebra B of the complete Boolean algebra B. (A).

< Let U denote the unit ball of A. It suffices to demonstrate that to every
partition of unity (b¢)eez C B and every family (ag¢)cez C U there is a unique
element a in U satisfying beae = bea for all £ € E. Assume first that a¢ is hermitian
for all £ € =. Then the family (bea¢) consists of pairwise commuting hermitian
elements since (beag) - (byay,) = (beby) - (agay) for £ #n.

Denote by Aj the maximal commutative x-subalgebra of A that includes (beag).
By 6.2.1(2), Ay is a complex K-space of bounded elements. Hence, Ay contains the
element a = 0—2565 beag, where o-summation is done in Ag. Clearly, beag = bea
for all £ € Z. On the other hand, —1 < a¢ < 1 implies that —1 < a < 1, and so
Jall < 1.

Uniqueness is now in order. Assume that for some hermitian element d € A
we have bed = 0 for all £ € =. By 5.2.6 (10),

eX'=bfvel=1=¢5 (A€R, A>0),

el;fd:bg/\ef\l:O:e?\ (AeR, A<0).

The equalities bé V e&l = 1 and b¢ A e‘f\ = 0 are equivalent with the respective
inequalities e‘f\ > be and e‘f\ < bgl. Therefore, e&l =1 for A > 0 and e&l =0 for A <0;
i.e. the spectral function of d is that of the zero element. Consequently, d = 0.
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In the general case of arbitrary a¢ € U, use the presentation ae = ug + ive,
where ¢ stands for the imaginary unity, and ue and ve are uniquely determined
hermitian elements of U. The above shows that there are hermitian elements u, v €
U satisfying beu = beug and bgv = beve for all £ € Z. Observe that a = u +
is a sought element. Indeed, b¢a = beag for all £ € E. Moreover, the hermitian
clements agag belong to U, and bea™a = beaiag for all £ € =. Only one element
meets these conditions. Since a*a fits in, we see that a*a € U. Whence a € U for
lal* = [la*all < 1. &>

6.2.4. Theorem. Assume that < is an AW*-algebra inside V(B) and A is
the bounded descent of «/. Then A is also an AW *-algebra and, moreover, B.(A)
has an order closed subalgebra isomorphic with B. Conversely, let A be an AW *-
algebra such that B is an order closed subalgebra of the Boolean algebra .(A).
Then there is an AW *-algebra o7 in V(B) whose bounded descent is %-B-isomorphic
with A. This algebra </ is unique up to isomorphism inside V(5),

<1 By Theorems 6.1.6 and 6.2.3 we only need to prove that the C*-algebras
A and o are Baer. The last claim is immediate on using 6.1.11 and the rules for

ascending and descending polars which are annihilators in our case (cf. 3.2.13(2)
and 3.3.12(6)). >

6.2.5. The center of an AW*-algebra A is the set 2°(A) comprising z in A,
that commute with every member of A; ie. Z(A):={z€ A: (Vz € A)zz = zz}.
Clearly, Z°(A) is a commutative AW *-subalgebra of A, with A1 € Z(A) for all
AeC. If Z(A)={A\1: X e C} then the AW*-algebra A is an AW*-factor.

Theorem. If o/ is an AW *-factor inside VB) then the bounded descent A of
o/ is an AW*-algebra whose Boolean algebra of central projections is isomorphic
with B. Conversely, if A is an AW*-algebra and B := B.(A) then there is an
AW*-factor o/ in VB) whose bounded descent is isomorphic with A. This factor
is unique up to *-isomorphism inside V(&)

<1 Apply 6.2.4 and recall that the descent of the two-element Boolean algebra
{0,1} is isomorphic with B (cf. 4.2.2). >

6.2.6. Suppose that A is a commutative AW *-algebra and B is a complete
Boolean algebra of projections of A. Consider a unital A-module X. The mapping
(-]): X x X — Ais a A-valued inner product if for all z,y,z € X and a € A the
following conditions are satisfied

(1) (x|x) >0; (z|x) =0« x=0;
(2) (zly) = (y, )%
(3) {az|y) = alz|y);
(4) (x+ylz)=(z|z)+ (y]|2).
Using a A-valued inner product, we may introduce the norm in X by the
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formula

(5) [llz[ll:== V(x| z)]| (z € X),
and the vector norm

(6) |z]:=+/(z|z) (z € X).

In this event |||z]|| = |||z]|| for all z € X, since ||a|| = ||(v/a)?| = ||/a||? for every
positive a € A. Therefore, the formula (5) defines a mixed norm on X (cf. 5.5.1).

6.2.7. Theorem. The pair (X, |||-|||) is a B-cyclic Banach space if and only
if (X, ||) is a Banach—Kantorovich space.

< Note that 6.2.6 (6) gives a decomposable norm since |bx| = b|z| for all x € X
and b € B according to 6.2.6 (3). By Theorem 5.5.2, the normed space (X, ||| - |||)
is complete if and only if (X, |-|) is r-complete. Furthermore, it is clear that the
B-cyclicity of (X, |||-|||) amounts to the disjoint completeness of (X, |-]). The above
remarks justify 5.4.7, so completing the proof. >

An AW™*-module over A is a unital A-module equipped with a A-valued inner
product and possessing each of the properties whose equivalence is stated in

6.2.8. Theorem. The bounded descent of an arbitrary Hilbert space in V(B)

is an AW*-module over the Stone algebra .#(B). Conversely, if X is an AW*-
module over .7 (B), then there is a Hilbert space 2" in V(B) whose bounded descent
is unitarily equivalent with X . This space is unique to within unitary equivalence
inside V(B),

< Without loss of generality, we may assume that .(B) C %|. Suppose that
Z is a Hilbert space inside V(&) and X is the bounded descent of 2°. Then the
pair (X, |-]), with |-| the descent of the norm of .27, is a Banach—Kantorovich space
and the pair (X, ||| - ||]), with |||z]|| = ||]=||| for all z € X, is a B-cyclic Banach
space (cf. 5.5.7). In particular, X is a unital module over ./(B). Suppose that
(]-) € VB is the inner product in 2" and (- | -) is the descent of (-|-). Tt is
easy to check that (- | -) satisfies 6.2.6 (1-4) for all z, y, z € 27| and a € ¥ |.
If 2, y € X then [|(z]y)| < |z| - y[] = 1. Hence, [(z]y)| < || [y]- Since
|z|, |y| € -7 (B); therefore, (z|y) € #(B). Thus, the restriction of (- |-) to X x X
denoted by the same symbol, is a . (B)-valued inner product on X. It suffices
to note that |x| = /(z|x), since [||z|| = /(x|z)] = 1 and the descent of the
function ,/ : Z% — %% depicts the square root in .7(B).

Now, consider an AW*-module X over .(B). By Theorem 5.4.2, the Boolean
valued representation 2~ € V(B of the Banach-Kantorovich space (X, |-|, (B))
is a Banach space inside V(5B). We may thus assume that X C 2°|. Let (- |-) stand
for the ascent of the ./(B)-valued inner product (-|-) in X. Then (-|-) is an inner
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product on 2" inside V(B). Arguing as above, we see that [||z| = /(x| ) for all
x € 2] =1,since |z| = /(z|x) for all z € X.

Suppose that # is another Hilbert space inside V() and the bounded descent
Y of % is unitarily equivalent with X. If U : X — Y is a unitary isomorphism

then w:= U7 is a linear bijection from 2 to %. Since U enjoys the property
(-]Yo (UxU)={(]-), note inside VB that

(1)o (uxu)={[) T xUN) = ((-])o (UxUNT=([)T=C(])

Hence, u is a unitary equivalence between 2  and #'. This ends the proof. >
As usual, we call 2" the Boolean valued representation of an AW *-module X.
Suppose that ZB(2°, %) is the space of bounded linear operators from 2~
to % inside V(B) (cf. 5.4.9). Let Hom(X,Y) stand for the space of all bounded
A-linear operators from X to Y where X and Y are AW *-modules over the commu-
tative AW*-algebra . (B). As before, we let .(B) stand for the bounded descent
of the field C. It is easy that Hom(X,Y) = Z5(X,Y) (cf. 5.5.9).

6.2.9. Theorem. Suppose that 2" and % are Hilbert spaces inside V(P). Let
X and Y stand for the bounded descents of 2 and % . For every bounded A-linear
operator ® : X — Y the element ¢ := ®1 is a bounded linear operator from Z~
to % inside VB). Moreover, [||¢|| < ¢*] = 1 for some ¢ € R. The mapping
® — ¢ is a B-linear isometry between the B-cyclic Banach spaces Hom(X,Y") and
LB, ).

<1 Appealing to 5.4.9 and 5.5.9 completes the proof. >

6.2.10. We now state some corollaries.

(1) Denote by AW*-mod-.#(B) the category of AW *-modules over the
Stone algebra .#(B) and bounded .¥(B)-linear operators. Also, consider the cate-
gory Hilbert((f ) whose objects are Hilbert spaces inside V(&) and whose morphisms
are bounded linear operators f : 2~ — % inside V(B satisfying [||f|| < ¢"] for

some ¢ € R. Theorems 6.2.8 and 6.2.9 may be paraphrased as follows:

Theorem. The bounded descent and immersion functors establish equivalence
of the categories Hilbert'?) and AW*-mod-(B).

(2) Put End(X):= Hom(X, X) and Z(2):= £5(2,2). From 6.2.9
it follows that End(X) and £ (27)]™ are isometrically B-isomorphic. Since the
space of all bounded operators .Z(.2") is an AW *-factor inside V(5) then .Z(X)]|*
is an AW*-algebra (cf. 6.2.5). An isometric B-isomorphism between End(X) and
L(2)|7 is an isomorphism between algebras provided that the multiplication of

End(X) is the composition of operators and the adjoint of an operator 7" in End(X)
is defined by the rule (T'x | y) = (z | T*y) for all z,y € X.
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Theorem. The space End(X), furnished with above operations, is an AW*-
algebra.

6.2.11. We will now demonstrate that immersion in a Boolean valued universe
preserves the type of an AW *-algebra. The type of such an algebra A is determined
from the structure of the lattice of projections in A. Consequently, we have to
trace changes with the qualification of a projection which happens in the process
of Boolean valued representation.

Recall the relevant definitions. Take an AW *-algebra A. A projection m € A
is called: (a) abelian if the algebra mwA7 is commutative; (b) finite, if for every
projection p € A from 7 ~ p < 7 it follows that p = 7; (c¢) infinite, if 7 is not finite;
(d) purely infinite, if m does not contain nonzero finite projections. As usual, the
phrase “a projection 7 contains a projection p” stands for the inequality p < 7.

An algebra A has type I if each nonzero projection in A contains nonzero
abelian projection. An algebra A has type II if A does not contain nonzero abelian
projections and each nonzero projection in A contains a nonzero finite projection.
An algebra A has type III if the unity of A is a purely infinite projection. An algebra
A is finite if the unity of A is a finite projection.

6.2.12. Theorem. Suppose that <7 is an AW *-algebra inside V(B) and A is
the bounded descent of <f . For every projection m € B(A) the following hold:
(1) = is abelian < [ 7 is abelian] = 1;
(2) = is finite <> [ 7 is finite] = 1;
(38) w is purely infinite < [ is purely infinite] = 1.
< The claim of (1) is obvious. Furthermore, note that for m,p € PB(A) the
formulas 7 ~ p, 7 < p, and © < p may be rewritten as algebraic identities (cf. 6.1.1):

T~ p ezt =n ANt =p,
TSP TP= P =T,

TS pe T~ AT <P

Multiplication, involution, and equality in A appear as the descents of the
corresponding objects in .«7. Therefore,

T<per<p]=1,
TSspelrse]l=1

To prove (2), recall the formula

[(Vz € o )p(x) = d(2)] = N{[¢@)]:z € 7], [w(x)] =1},
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and the equality B(«7)] = P(A). Then, write down the chain of equivalences:

[ is finite] =1
S[(VpeP@)r~p<mom=p]=1
c(VpePA)[r~p<m]=1=[r=p]=1
< (VpePAr~p<T—T=0p

We arrive at (3) similarly, thus completing the proof. >

6.2.13. Theorem. Suppose that algebras A and </ are the same as in 6.2.12.
Then the following hold:
(1) A is finite < [ < is finite] = 1;
(2) A has type I < [ <7 has type I| = 1;
(3) A has type Il < [/ has type II] = 1;
(4) A has type III < [ </ has type III] = 1.

< All claims are immediate from 6.2.12 and definitions. >

6.2.14. COMMENTS.

(1) The modern structural theory of AW *-algebras and AW*-modules
originates with the articles [105-107] by I. Kaplansky. These objects appear natu-
rally by way of algebraization of the theory of von Neumann operator algebras.

(2) The main results of the current section, Theorems 6.2.4, 6.2.8, and
6.2.9, belong to M. Ozawa [194-200]. Our exposition is somewhat different as basing
on the representation theorems of Chapter 5. Theorems 6.2.12 and 6.2.13 must be
attributed to G. Takeuti [236].

(3) JB-algebras serve as real nonassociative analogs of C*-algebras and
von Neumann operator algebras. The theory of J B-algebras stems from the article
[92] by P. Jordan, J. von Neumann and E. Wigner. This theory is an established
section of functional analysis from the mid sixties. The articles [2] and [243] re-
flect the stages of progress in JB-algebras. This theory flourishes and expands its
applications. Among the main directions of research we may list a few: structural
properties and general classification of JB-algebras, nonassociative integration and
quantum probability, geometry of states of J B-algebras, etc. (cf. [7, 8, 75, 213] and
the bibliography therein).

(4) We now state a typical result on Boolean valued representation of
J B-algebras by analogy with Theorem 6.2.4. Assume that B is a subalgebra of
the Boolean algebra of central idempotents of a JB-algebra A. We call A a B-
J B-algebra provided that to every partition of unity (e¢)eec= in B and every family
(x¢)ecz there is a unique B-mixing x:= mix¢cs (ecx¢) in A. The following result
is available on Boolean valued representation of a JB-algebra (cf. [127]).
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Theorem. The bounded descent of a JB-algebra inside V(B) is a B-JB-
algebra. Conversely, for each B-JB-algebra A there is a JB-algebra </ whose
bounded descent is B-isomorphic with A. This algebra </ is unique up to isomor-
phism inside VB). Moreover, [ </ is a JB-factor] = 1 if and only if the bounded
part of the descent #| coincides with Z(A).

6.3. The Boolean Dimension of an AW *-Module

To each AW*-module A we may uniquely assign some nonstandard cardinal,
the Hilbert dimension of the Boolean valued representation of A. The external
deciphering of this leads to the concept of Boolean dimension.

6.3.1. Suppose that X is a unital AW*-module over a commutative AW *-al-

gebra A. A subset & of X is a basis for X provided that

(1) (x|y) =0 for all distinct =,y € &;

(2) (x|x) =1 for every x € &;

(3) the condition (Ve € &)(x|e) = 0 implies z = 0.
We say that an AW*-module X is A-homogeneous if X\ is a cardinal and X has
a basis of cardinality .

Granted 0 # b € B, denote by (b) the least cardinal v such that an AW*-
module bX is y-homogeneous. If X is homogeneous then s(b) is defined for all
0 # b € B. Hence, s is a mapping of BT := {b € B : b # 0} to some set of
cardinals. We can demonstrate that s is a multiplicity function; i.e., »(sup(be)) =
sup(s(be)) for every family (be) C B. We shall say that an AW*-module X is
strictly v-homogeneous if X is homogeneous and y = »(b) for all nonzero b € B. If
~ is a finite cardinal then the properties of y-homogenuity and strict y-homogenuity
of an AW*-module are equivalent. It is convenient to assume that »(0) = 0.

Denote by |M]| the cardinality of M; i.e., a cardinal bijective with M. The
record [dim(2) = A] = 1 signifies that V(®) = “the cardinality of every or-
thonormal basis for a space 2  equals \.” We now present the Boolean valued
interpretation of homogenuity and strict homogenuity.

6.3.2. Theorem. For an AW*-module X to be A\-homogeneous it is necessary
and sufficient that [dim(Z") = [\|] = 1.

< By Theorem 5.4.2; assume that X C 2°|. The mapping (- | -) and the descent
of the form (- | -) agree on X x X. Therefore, for all z, y € X and a € A, the following
are equivalent: (z|y) =a and [ (z|y) = a] = 1. We thus see that the orthogonality
relation on X is the restriction to X of the descent of the orthogonality relation
on Z . From these observations it follows that a subset & of X is orthonormal if
and only if [ &7 is an orthonormal set in 2" ] = 1. Applying the descent rules for
polars to orthogonal complements in X and .2, infer (&7)%] = (£1])*+. Observe
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also that &+ = (&£1])1. Hence, &1 = (&1)*. In particular, &+ = 0 if and only
if [(£7)F = {0}] = 1. Hence, & is a basis for X only on condition that [& is
a basis for 2] = 1. If |&| = XA and ¢ : A — & are bijections then the modified
ascent 7 is a bijection of \* to &71. Conversely, suppose that Z is a basis for
Z and [¢ : A — Z is a bijection] = 1 for some cardinal A. In this case the
modified descent p:= ] : A — Z| is injective. Consequently, the set & := im(y)
has cardinality A. Moreover, as shown above, & is orthonormal. We are left with
observing that 7| = mix(&) = &1, i.e., [£]1= 2] = 1. Finally, & is a basis for
X, which completes the proof. >

6.3.3. Theorem. For an AW*-module X to be strictly A-homogeneous it is
necessary and sufficient that [dim(Z2) = A" ] = 1.

< Suppose that X is a strictly A-homogeneous module. By Theorem 6.3.2
[dim(Z") = |A\*|] = 1. On the other hand, there is a partition of unity (b, )a<p in
the Boolean algebra B such that |A\"| = mix,<g(bo"). Since by < [ £ = by 2" |;
therefore, b, < [dim(by,Z") = a”]. Consider the set B, := [0,b,]:={b' € B: V' <
bo}. If by # 0 then B, is a complete Boolean algebra. In the respective universe
V(Ba) we observe that V(Be) = “b, 2 is a Hilbert space and " = dim(by2").”
The space b, X is the bounded descent of the Hilbert space b, 2 inside V(Ba).
Consequently, b, X is an a-homogeneous AW *-module. Furthermore, V(Be) |= “q”
is a cardinal” and so « is a cardinal too. By the definition of strict homogeneity,
A < a. Hence, b, = 0 for a < A. Therefore, [A* < |A*|] = 1. Thus, [A\* = [A\]] =
1; since the formula [|A\"| < A*] = 1 holds by the definition of cardinality. We
may now conclude that [dim(2) =A"] =1

Assume the last equality holding. Note that A is a cardinal, since \" is a car-
dinal inside V(®). By 6.3.2 X is A\-homogeneous. If X is ~-homogeneous for
some 7 then, appealing to 6.3.2 again, we obtain [dim(2") = |7v"|] = 1. Hence,
[A" = |7 < ~4"] =1 and so A < 7. The same arguments will apply to every
AW *-algebra bX with 0 # b € B provided that we substitute V%) for V(5
Thus, X is a strictly A-homogeneous AW *-module. >

6.3.4. We now introduce the main concept of the current section. We call a
partition of unity (by)yer in B the B-dimension of an AW*-module X provided
that I' is a nonempty set of cardinals, by # 0 for all v € I', and b, X is a strictly
~v-homogeneous AW*-module for every v € I'. In this event we write B-dim(X) =
(by)yer. Note that the members of the B-dimension of an AW *-module are pairwise
distinct by the definition of strict homogenuity. We say that the B-dimension of
X equals v (in symbols, B-dim(X) = ~) if I' = {y} and b, = 1. The equality
B-dim(X) = v means evidently that X is strictly y-homogeneous. We may define
the multiplicity function s of 6.3.1 in the case of an arbitrary AW*-module X
by the formula s(b) = sup{%(b’ )b < bV e hb}, where the set hb comprises
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b" < b such that b’X is homogeneous. Clearly, if B-dim(X) = (by) er then sx(b) =
sup{y €' :bA b, # 0}.

6.3.5. Theorem. Suppose that (by)ycr Is a partition of unity in B, with
by #0 (y €TI') and I' a set of cardinals. Then B-dim X = (by)er if and only if
[dim(Z2") = mixyer(byy")] = 1.

< As was noted above, we may identify b,X with the bounded descent of
the Hilbert space 0,2 inside V(B+) where B, := [0,b,]. By virtue of 6.3.4
v-homogenuity for b,X amounts to the formula b, = [dim(b,2") = v ]P» <
[dim(2) = 4" ]Z. But then the equality B-dim(X) = (b,)er holds if and on-
ly if by < [dim(Z) = "] (y € I'), since by < [Z = 0,27] = [dim(Z") =
dim(b,Z")]. In turn, the last formulas imply that [ dim (X) = mixycr(b,7")] = 1.
This ends the proof. >

6.3.6. We will now find which partition of unity may serve as the B-dimension
of an AW™*-module. Take some cardinal A. Granted b € B and 3 € On, denote by
b(3) the set of all partitions of b having the form (by)aeg. Define the [0, b]-valued
metric d on b(/3) by the formula

d(u,v):= ( \/ ta A va)*(u = (ua), v=(v4) €b(3)).

a€ep

Observe that (b(8),d) is a Boolean set. Granted v € On, write b(8) ~ b(y) if there
is a bijection between b(/3) and b(y) which preserves the Boolean metric; i.e., there
is a B-isometry between these B-sets. We call the Boolean algebra B and its Stone
space A-stable provided that A\ < « for all nonzero b € B and each ordinal « in
b(A) ~ b(a). A nonzero element b € B is A-stable by definition whenever [0, b] is
a A-stable Boolean algebra.

6.3.7. Theorem. A partition of unity (by)~cr in a complete Boolean algebra
B, which consists of pairwise distinct elements serves as the B-dimension of some
AW*-module if and only if I" consists of cardinals and b., is a y-stable element for
every v € I'.

< Put A := mix,cr(byy"). Inside V) we may find a Hilbert space 2,
satisfying [dim(Z") = |A|] = 1. By 6.3.5, B-dim(X) = (by)~er if and only if
[I1Al = A] = 1. The last relation amounts to the estimates

by <[IW'[=7"] (veD).

The inequality b, < [|y"| = v"] for a nonzero b, means that V002D |z 47 = |41,
Consequently, it remains to demonstrate that the y-stability of the Boolean algebra



268 Chapter 6

By = [0,b] and the formula V(5o |= 4~ = |4*| hold or fail simultaneously. Note
that

[v"=1"]=[(Va€On)(v" ~a—9" <a)]

:/\{[fyAwaA]]éﬂvAga]] :a € On}.

Clearly, [v" = [7v"|] = 1 if and only if c:= [y ~ "] < [v" < a”] for every
ordinal a.. If ¢ # 0 then v < a. Furthermore, the inequality ¢ < [v" ~ a” ] means
that ¢(y) =~ ¢(a). Thus, the equality [y" = |y"|] = 1 amounts to the 7-stability of
the Boolean algebra By. >

6.3.8. COMMENTS.

A. G. Kusraev studied the Boolean dimension of an AW*-module in [126], using
the same definition as in 6.3.4. Prior to this research, M. Ozawa had defined the
Boolean dimension of an AW *-module as the dimension of any Hilbert space serving
as a Boolean valued representation of the module in question, i.e., as an internal
object of a Boolean valued universe [195]. So, the definition of B-dimension in 6.3.4
is an external decoding of the definition by M. Ozawa. Theorems 6.3.2 and 6.3.3
are demonstrated in [126] and [195]. Theorem 6.3.7 may be found in [126, 195].

6.4. Representation of an AW *-Module

In this section we prove that every AW*-module may be represented as the
direct sum of a family of modules of continuous vector functions. Moreover, this rep-
resentation is unique in a definite sense. Denote by Cx(Q, H) the part of Coo (Q, H)
that consists of vector functions z satisfying |z| € C(Q) (cf. 5.3.7(5)).

6.4.1. Suppose that () is an extremally disconnected compact space, and H
is a Hilbert space of dimension \. The space Cy(Q, H) is a A-homogeneous AW *-
module over the algebra A:= C(Q,C).

< Let (-]-) stand for the inner product of H. Introduce some A-valued inner
product in Cx(Q, H) as follows. Take continuous vector functions u : dom(u) — H
and v : dom(v) — H. The function ¢ — (u(q)|v(q)), with ¢ € dom(u) N dom(v),
is continuous and admits a unique continuation z € C(Q) to the whole of Q. If z
and y are the cosets containing vector functions u and v then assign (z|y):= z.
Clearly, (-|-) is a A-valued inner product and |z| = /(x| z) for all z € Cx(Q, H).
Since Cx(Q, H) is a Banach-Kantorovich space; therefore, Cx(Q, H) is disjointly
complete. Moreover, Cx(Q, H) is a Banach space whose norm satisfies the equalities

[zl = [lzlllc = VI(z|2)ll (2 € C4(Q, H)).

Suppose that & is a basis for H. Given e € &, introduce the vector function
€:q+ e with g € Q, and put & := {€ : e € &}. It is easy to note that & is
a basis for Cx(Q, H). Summarizing, conclude that Cx(Q, H) is a A\-homogeneous
AW*-module, with A = dim(H). >



Boolean Valued Analysis of Banach Algebras 269

6.4.2. We need another auxiliary fact. Denote by P-lin(A) the set of all linear
combinations of the members of A with coefficients in P.

Suppose that X is a vector space over F and P is a subfield of F. Then X" is
a vector space over the field F* and (P-lin(A))" = P*-lin(A") for every A C X.

< The first claim is evident, since the proposition “X is a vector space over
F” presents a bounded formula. By the same reason, (P-lin(A))" is a P"-linear
subspace in X" which contains A”. Therefore, P*-lin(A") C (P-lin(A))". Con-
versely, suppose that an element x in X has the form }, _ a(k)u(k), where
neN a:n—P andu:n — A Then o : n* — P, u" : n* — A",
and 2" = ), .. a"(k)u" (k). Consequently, 2" € P-lin(A"), which proves the
inclusion (P-lin(A))" C P*-lin(A"). >

6.4.3. Theorem. Suppose that H is a Hilbert space and A = dim(H). Sup-
pose further that ¢ is the completion of the metric space H" inside VB). Then
[ 7 is a Hilbert space and dim(7) = |A\"|] = 1.

< By definition, .7 is a Banach space. If b(-, ) is the inner product on H
then b : H® x H" — C” is a uniformly continuous function admitting a unique

continuation on the whole of J# x . We let (-|-) stand for this continuation.
Clearly, (-|-) is an inner product on % and

VO e el = V(z]z) (ze€2).

Hence, [ 7 is a Hilbert space ] = 1. Suppose that & is a Hilbert basis for H. Show
that [ £ is a basis for 5 ] = 1. Orthonormality for &" ensues from the definition
of inner product on 7. Indeed, this is seen from the following calculations:

[(vz e &) (@]a) =11 = AL@a") =1] = A [bz.2) =1°] = 1

re& TEE
[(Vo,ye &) (@#y— (@y)=0)]= A [2"#y"]
T,YyesE
= [y =0]= A [b°@"y")=0]= A [bz,y)"=0"]=1.
z,y€E T, YyeE
TAY TAY

Since H” is dense in 4 and C*-lin(&") C €-lin(&"); therefore, we are left
with showing only that C*-lin(&") is dense in H". Take x € H and € > 0. Since &
is a basis for H, there is z. € C-lin(&) satistying ||z —z.|| < €. Hence, [|Jz"—z"|| <
e"] =1 and [z} € (¢-lin(&))" ] = 1. Recalling 6.4.2, conclude that the formula

(Vze H) (V0 <e €R") (3z. € C*-1in(&") (|l — x| <€)
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is satisfied inside V(P); i.e., [C-lin(&") is dense in H*] = 1. It remains to note
that if ¢ is a bijection between the set & and the cardinal A then ¢" is a bijection
between & and \* inside V(B). This ends the proof. >

We list a few corollaries.

6.4.4. In the hypotheses of Theorem 6.4.3 the bounded descent of a Hilbert
space A inside V(B) is unitarily equivalent to the AW*-module Cy(St(B), H),
where St(B) is the Stone space of B.

< This ensues for 5.4.10 and 6.4.1. >

6.4.5. Let M be a nonempty set. The bounded descent of the Hilbert space
lo(M") inside V(P) is unitarily equivalent to the AW *-module Cy (St(B),la(M)),
where St(B) is the Stone space of B.

< Assign H = l3(M) in Theorem 6.4.3 and recall the formula [dim(s#) =
|M"|] = 1. We now see that [ .7 and l3(M") are unitarily equivalent | = 1. This
completes the proof. >

6.4.6. Suppose that A = dim(H) is an infinite cardinal. The AW*-module
Cx(Q, H) is strictly \-homogeneous if and only if ) is a A\-stable compact space.

< Apply 6.3.3, 6.3.7, and 6.4.3 to complete the proof. >

6.4.7. To an arbitrary infinitely dimensional Hilbert spaces H, and Hs, there is
an extremally disconnected compact space () so that the AW*-modules Cx(Q, Hi)
and Cx(Q), Hs) are unitarily equivalent.

< Put A := dim(Hy) (k = 1,2). There exists a complete Boolean algebra B
such that the ordinals A? and )\g have the same cardinality inside V(B) (cf. [11,
83]). The claim follows from 6.4.3 and 6.4.4. >

6.4.8. Let k = 1,2. Suppose that Hy is a Hilbert space and Ay := dim(H}) >
w. Suppose further that the AW*-module C4(Q, Hy) is strictly A\,-homogeneous.
If the modules Cy(Q, Hy) and Cx(Q, Hz) are unitarily equivalent then the Hilbert
spaces H, and H, are unitarily equivalent too.

< From 6.3.3, 6.4.3, and 6.4.4 we see that [A; = [A]| = [A;] = Ay ] = 1.
Therefore, A\ = A\o. >

6.4.9. An AW*-module X is B-separable if there is a sequence (x,) C X
such that the AW*-submodule of X, generated by the set {bz, : n € N, b € B},
coincides with X. Obviously, if H is a B-separable Hilbert space then the AW ™*-
module Cx(Q, H) is B-separable.

6.4.10. To every infinitely dimensional Hilbert space H, there exists an ex-
tremally disconnected compact space ) such that the AW*-module Cx(Q, H) is
B-separable, with B standing for the Boolean algebra of the characteristic functions
of clopen subsets of ().
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< Put Hy := l3(w) and Hy := H in 6.4.7 and use the separability of ls(w) to
complete the proof. >

6.4.11. Theorem. To each AW*-module X there is a family of nonempty
extremally disconnected compact spaces (Q~)~ycr, with I' a set of cardinals, such
that () is y-stable for all v € I and the following unitary equivalence holds:

X =~ Z®C# (Q% ZZ(V))'

verl

If some family (Ps)sca of extremally disconnected compact spaces satisfies the
above conditions then I' = A, and P, is homeomorphic with Q)., for all v € T

<1 By Theorem 6.2.8 we may assume that X is the bounded descent of a Hilbert
space 2 inside V(B). Suppose further that B-dim(X) = (b,),er and Q. is the
clopen subset of the Stone space of B which corresponds to b, € B; i.e., the
support of b. We make use of the fact that X is the direct sum of the spaces of the
form b,.X, with b, X unitarily equivalent to the bounded descent of the space b, 2"
inside V(B where B, = [0,b,]. By 6.3.5, note that b, < [dim(b,2") = 7"].
Consequently, given a nonzero b., conclude that V(B = “b, 2" is a Hilbert space
of dimension 4" .” Appealing to the transfer principle, infer that V(B+) = « by Z
is unitarily equivalent to l3(y").” By virtue of 6.4.5, the bounded descent of l5(y")
in V(B+) is unitarily equivalent to the AW *-module Cx(Q~,12(7)). Suppose that
u, € V(B is a unitary isomorphism from b,.2 onto la(y") inside V(B+), and U,
is the bounded descent of u,. Then U, establishes unitary equivalence between the
AW*-modules by X and Cx(Q~,12(7)). By definition, the element b, € B, together
with the compact space ), is vy-stable.

Assume now that some family of extremally disconnected compact spaces
(Ps5)sca obeys the same conditions as (Q~)yer. Then Pj is homeomorphic with
some clopen subset Pj§ of the Stone space of B. Moreover, Pj is d-stable. If
Ps:= P; N Q4 and b,s is the corresponding element of B then the AW*-modules
Cy(Psy,12(0)) and Cy(Psy,l2(7y)) are unitarily equivalent to the same member
bsyX. Furthermore, the compact space Ps, must be J- and ~y-stable simultane-
ously. According to 6.4.6 and 6.4.8, Psy, = @ or l(d) ~ la(7y), implying 6 = .
Therefore, P, =Q, (y€T). >

6.4.12. COMMENTS.

All results of the current section are taken from [126]. Propositions 6.4.7 and
6.4.11 show that for infinite cardinals a@ < ( there is a AW*-module that is ~-
homogeneous for all a < v < 8. The last fact was established by M. Ozawa [195,
197].



272 Chapter 6

6.5. Representation of a Type I AW *-Algebra

Using the results of the preceding section, we now obtain a function represen-
tation of a type I AW *-algebra. Throughout this section we assume that A stands
for an arbitrary type I AW *-algebra, A denotes the center of A, and B is a complete
Boolean algebra of central idempotents of A so that B C A C A.

6.5.1. Suppose that Bj is the set comprising b € B such that bA is a ho-
mogeneous algebra. Given b € By, denote by s(b) the least cardinal A for which
bA is a A\-homogeneous AW*-algebra. Granted an arbitrary b € B, put »(b) :=
sup{s(b’) : b’ < b, b’ € Bp}. We thus define some function s on B that takes
values in a set of cardinals. Call s the multiplicity function of A. An element
b € B, as well as the algebra bA, are called strictly A-homogeneous provided that
#2(b') = Xfor 0 £ b < b. We also say that b and bA are of strict multiplicity A.
There exists a unique mapping 7¢ : I' — B such that I' is some set of cardinals
each of which is at most (1), the family (3(7)) er is a partition of unity in B,
and the element 77(7y) has strict multiplicity « for all v € I'. This partition of
unity (3(7))~er is a strict decomposition series of an AW*-algebra A. It is easy
to note that if A = End(X) for an AW*-module X, then the strict decomposition
series of A coincides with B-dim(X), and s coincides with the multiplicity function
of 6.4.1. The multiplicity functions » and »’ on the Boolean algebras B and B’,
together with the corresponding partitions of unity 3 and s/, are referred to as
congruent if there is an isomorphism 7 of B onto B’ such that » o m = 3. As we
see, the congruency between 3z and »’ implies that these functions have the same
domain. Moreover, 7 03 = .

6.5.2. Suppose that @ is some extremally disconnected compact space, H is
a Hilbert space, and .Z(H) is the space of bounded linear endomorphisms of H.

Denote by €(Q,.Z(H)) the set of all operator functions u : dom(u) — Z(H)
defined on the comeager sets dom(u) C @ and continuous in the strong operator
topology.

Ifue&(Q,Z(H)) and h € H, then the vector function uh : ¢ — u(q)h, with
q € dom(u), is continuous thus determining a unique element uh € C(Q, H) from

the condition uh € uh (cf. 5.3.7(5)). Introduce an equivalence on €(Q,.Z(H)) by
putting u ~ v if and only if v and v agree on dom(u) N dom(v). If @ is a coset of
the operator function u : dom(u) — £ (H) then @h:=uh (h € H) by definition.

Denote by SCw(Q,-Z(H)) the set of all cosets @ such that u € €(Q,.Z(H))
and the set {|ah]|: ||h|| < 1} is bounded in Coo(Q).

Since |uh| agrees with the function ¢ — ||u(g)h|| on some comeager set; the
containment 4 € SCw(Q, Z(H)) means that the function ¢ — ||u(q)||, with ¢ €
dom(u), is continuous on a comeager set. Hence, there are an element |t| € Co (Q)
and a comeager set Qp C @ satisfying |@|(q) = ||u(q)| for all ¢ € Qy. Moreover,
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|@] = sup{|ah] : ||h|| < 1}, where the supremum is taken over Cr, (Q). We naturally
equip SC (Q, Z(H)) with the structure of a *-algebra and a unital C', (Q)-module
by means of the operations

(u+0)(g)= u(g) + v(g) (q € dom(u) N dom(v)),
(uwv)(q):=u(q) ov(q) (g € dom(u) N dom(v)),
(av)(q):= a(q)v(q) (g € dom(a) N dom(v)),
u*(q):=u(q)* (¢ € dom(u)),

with u,v € €(Q, Z(H)) and a € Cs(Q). Furthermore, we note the following

@+ o] < |a] + [2],
jaol < Jal - 191,
lav| = [al|?], |@-a*| = |a]".
Ifue SC(Q,Z(H)) and the element & € Coo (Q, H) is determined by a continu-
ous vector function z : dom(z) — H then we can define 47 := uxr € C(Q, H), with
uz : q — u(q)x(q) where ¢ € dom(u)Ndom(x), since the last function is continuous.

We also have
|az| < la]-|z] (z € Cxu(Q, H)).

It follows in particular that
|| =sup {|az| : z € Coo(Q, H),|z| < 1}.

Denote the operator x — ux by ;.
We now introduce the following normed *-algebra

SCx(Q, Z(H)):={v € SCx(Q, Z(H)) : |v] € C(Q)},
ol = llvlllee (v € SC4(Q, Z(H))).

6.5.3. Theorem. To each operator U € End(Cx(Q, H)) there is a unique
element u € SC4(Q, Z(H)) satisfying U = S,. The mapping U — u is a *-
B-isomorphism of End(Cx(Q, H)) onto A:= SCx(Q, £ (H)). In particular, A is
a A-homogeneous algebra. Moreover, if () is a A-stable compact space then A is
a strictly A-homogeneous AW *-algebra, with A\ = dim(H).

< First of all note that the operator S,, obeys the inequality |S,z| < |u]| - |z|
for all z € C(Q, H). Consequently, given u € SCx(Q, Z(H)), we see that S, acts
in Cx(Q, H) as a bounded linear operator. Moreover,

[Sull = sup [[|Suz|lloc = sup sup|uz|(¢g) = sup [ul(q) = [ull.
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Clearly, Sy« = S,* for all u € SCx(Q, Z(H)). Therefore, the mapping u — S, is
a *-B-isomorphic embedding of SC4(Q, Z(H)) into End(C4(Q, H)). Prove that
this embedding is surjective. The mapping U € End(Cx(Q, H)) is a dominated
operator; i.e., U obeys the inequality |Uz| < f - |z| for all z € Cx(Q, H), where
f=sup{|Uz|:|x| <1} € C(Q). By Theorem 5.3.13 there is an operator function
u : dom(u) — Z(H) satisfying the conditions: (1) the function ¢ — (u(q)h|g) is
continuous for all g, h € H; (2) there is a function ¢ € C(Q) such that |u(q)| <
¢(q) for all ¢ € dom(u); (3) Uz = ax for all x € Cx(Q, H) and |u| = f. Thus,
U = S; and we are left with justifying only that u is continuous in the strong
operator topology. Recalling the definition of the least upper bound of a set in the
K-space C(Q), we may observe that [|u(q)|| = |u|(g) for all ¢ € Qo where Qq is
some comeager subset of Q). Therefore, substituting QoNdom(u) for dom(u) if need
be, we may assume that ¢ — ||u(q)|| is a continuous function. Together with the
above condition (1), this implies the continuity of u in the strong operator topology;
ie,ue€ SCu(Q,Z(H)). The rest of the theorem ensues from 5.3.4(3). >

We say that the families of nonempty compact sets (Q-) er and (Ps)sca are
congruent provided that I' = A, and @ and P, are homeomorphic to one another
for all y € T

6.5.4. Theorem. To each type I AW *-algebra A there is a family of nonempty
extremally disconnected compact spaces (Q~)~er such that the following conditions
are met:

(1) T is a set of cardinals and ()., is vy-stable for each v € T';
(2) There is a *-isomorphism:

A=Y S0H(Qy, L (12(7))).
yel

This family is unique up to congruence.

<1 By Theorem 6.2.5 we can assume that A is the bounded descent of an AW *-
factor A in V(B In this event A has type I, and so A ~ B(2") where 2" is a Hilbert
space inside V(B), Hence, we see that A is *-isomorphic with End(X), where X
stands for the bounded descent of Z". Suppose that B-dim(X) = (by)er, and Q4
is the clopen subset of the Stone space of the Boolean algebra B which corresponds
to b, € B. By virtue of 6.3.7, @, is a 7-stable compact space. So (1) holds.

Theorem 6.4.11 yields the following unitary equivalence X ~ Z?er Cu(Q~, 12(7)).
Hence, note the next x-isomorphism of AW *-algebras:

End(X) >~ Y7 End(C4(Q,, 12(7))).
~yel

Appealing to Theorem 6.5.3, we arrive at the sought condition (2).
Uniqueness ensues from 6.4.11. >
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6.5.5. Corollary. The following hold:

(1) Every type I AW*-algebra splits into the direct sum of strictly
homogeneous components. This decomposition is unique up to *-
isomorphism;

(2) Two type I AW *-algebras are x-isomorphic to one another if and
only if they have congruent multiplicity functions or, which is the
same, congruent strict decomposition series.

< This assertion ensues from (1) on observing that in the representation of
6.5.4 the dimension of A is congruent to the partition of unity (x~)~er, with x,
the characteristic function of the set @, in the disjoint sum of the family (Q~). >

(3) Suppose that I' is a set of cardinals and (b-) is a partition of unity
in B which consists of nonzero pairwise distinct elements. Then (b, )~cr Is a strict
decomposition series of some AW *-algebra if and only if b, is y-stable for all v € T'.

<1 This ensues from 6.3.7 and 6.5.3. >

6.5.6. COMMENTS.

(1) The main results on function representation, Theorems 6.4.11 and
6.5.4, were established by A. G. Kusraev in [62]. M. Ozawa had classified the
type I AW*-algebras in somewhat different form in [195] (cf. 6.5.5(2)). The true
distinction lies in the fact that the invariant, characterizing a type I AW *-algebra
to within #-isomorphism in the M. Ozawa research, is a Boolean valued cardinal;
i.e., an internal object of the Boolean valued universe in question. The definition
of 6.5.1 does not appeal to the construction of the Boolean valued universe.

(2) Observe that 6.4.8 and 6.5.5(2) imply a negative solution to the
I. Kaplansky problem of unique decomposition of a type I AW *-algebra into the
direct sum of homogeneous components. M. Ozawa gave this solution in [196,
197]. As we can see from 6.4.8, the failure of uniqueness is tied with the effect of
the cardinal shift that may happens during immersion into V&) (cf. 3.1.13(1)).
The cardinal shift is impossible in the case when the Boolean algebra of central
idempotents B under study satisfies the countable chain condition (cf. 3.1.13(2))
and so the decomposition in question is unique. I. Kaplansky established uniqueness
of the decomposition on assuming that B satisfies the countable chain condition and
conjectured that uniqueness fails in general [107].

6.6. Embeddable C*-Algebras

Type I algebras have the simplest structure in the class of all AW*-algebras.
Most attractive is an algebra that may be presented as the double commutant of
a type I AW*-algebra. Such an algebra is called embeddable. Moreover, as we
may deduce from the results of Section 6.2, an embeddable algebra transforms into
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a von Neumann algebra if embedded in a suitable Boolean valued universe. That
is how a possibility opens up of translating the facts of von Neumann algebras
into the corresponding results about embeddable algebras. The current section
demonstrates this technique by a few examples.

6.6.1. We give the necessary definitions and facts.

(1) Assume that H is again a Hilbert space, and Z(H) is the space of
bounded endomorphisms of H. Granted M C Z(H), recall that the commutant
M’ of M is the set of all members of £ (H) commuting with every element of M
(cf. 6.2.5). The double commutant or bicommutant of M is the set M" := (M')’.
Clearly, M’ is a Banach operator algebra with unity the identity operator 1:= Ip.
A von Neumann algebra over H is a x-subalgebra A’ of Z(H) coinciding with the
double commutant of itself, i.e. A = A”. The center of a von Neumann algebra A
is the set Z°(A) := AN A’. A von Neumann algebra A is a factor provided that
the center of A is trivial; i.e., in the case when Z(A)=C-1:={z-Iy: X e C}.

(2) Double Commutant Theorem. Let A be an involutive operator
algebra over a Hilbert space H and Iy € A. Then A coincides with the double
commutant A" of A if and only if A is closed with respect to the strong operator
topology of £ (H) or, which is the same, closed with respect to the weak operator
topology of £ (H).

(3) Sakai Theorem. A C*-algebra A is x-isomorphic with a von Neu-
mann algebra if and only if A is the dual of some Banach space.

(4) A C*-algebra A is B-embeddable if there are a type I AW *-algebra
N and a x-monomorphism 2 : A — N such that B = P.(N) and +(A4) = 1(A)", with
1(A)” standing for the double commutant of 2(A) in N. Note that in this event
A is an AW*-algebra and B is a regular subalgebra of P.(A4). In particular, A is
a B-cyclic algebra (cf. 6.2.3). If B = B.(A) and A is B-embeddable, then A is
called centrally embeddable. Granted a C*-algebra A, say that another C*-algebra
A is embeddable if A is B-embeddable, with B some regular subalgebra of P.(A).
Recall that we always assume that each of the C*-algebras under study is
unital. Also, the record B C A means that A is a B-cyclic algebra.

6.6.2. Theorem. Suppose that </ is a C*-algebra inside V(®) and A is the
bounded descent of o/. Then A is a B-embeddable AW *-algebra if and only if </
is a von Neumann algebra inside VB). Moreover, A is centrally embeddable if and
only if <7 is a factor inside V(5.

< Suppose that A coincides with the double commutant of A in a type I
AW*-algebra N and, moreover, P.(N) = B. By 6.2.5 and 6.2.13, we may assume
that N is the bounded descent of some type I AW*-factor .4 inside V(5. Since
A" C N and A” = A; therefore, we clearly see that [« = ATC N] = 1 and
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[« = (A1) = A"1= &/] = 1. Hence, o is the double commutant of <7 in
A, It remains to note that every type I AW *-factor of .4 is isomorphic with the
algebra B(.7¢) for some Hilbert space 7.

Conversely, suppose that [/ is a von Neumann algebra] = 1. This means
that [« is the double commutant of &/ in the endomorphism space Z() of
A = 1 for some Hilbert space . inside V(B), Let N stand for the bounded
descent of £ (). Then N is a type I AW*-algebra, cf. 6.2.13(2). Moreover, A
is the double commutant of A in N and B.(N) = B, cf. 6.2.5. The second claim
follows from Theorem 6.2.5 which reads that <7 is a factor inside V&) if and only
if B.(A) = B. >

6.6.3. We now characterize an embeddable C'*-algebra. Recall that, given
a normed B-space, we denote by X# the B-dual of X (cf. 5.5.8). Say that a C*-
algebra A is B-dual if A includes a Boolean algebra B of central projections and A
is B-isometric with the B-dual X# of some normed B-space X. In this event, say
that X is B-predual to A and write Ay = X.

6.6.4. Theorem. A C*algebra is B-embeddable if and only if A is B-dual.
Every B-predual space is unique to within B-isometry in the class of B-cyclic
Banach spaces.

< Suppose that A is a C*-algebra and B  B.(A). By Theorem 6.1.6, we may
assume that A coincides with the bounded descent of some C*-algebra &7 in V(B),

Using the Sakai Theorem inside V(5) and applying the transfer principle, ob-
serve that [ </ is a von Neumann algebra] = [« is linearly isometric with the dual
2" of some Banach space 2 ]. If X is the bounded descent of the Banach space
Z then X# is B-linearly isometric with the bounded descent of 27 (cf. 5.5.10).
By Theorem 6.6.2 note now that if A is B-embeddable then A is also a B-dual
algebra. Moreover, Ay = X is a B-cyclic space.

Conversely, assume that A is B-dual and A4 = X for some normed B-space
Xp. If X is the B-cyclic completion of X then XSZ7E = X#, which implies Ay = X.
Denote by 2 the Boolean valued representation of X. Then &/ ~ Z'#. By
Theorem 6.6.2, A is a B-embeddable algebra.

Suppose now that each of the B-cyclic spaces X and Y serves as B-predual
of A. Denote by 2 and & the representations of X and Y in V(). Observe that
[ 2 and % are predual to &7 | = 1. A predual of a von Neumann algebra is unique
up to linear isometry. Consequently, [ 2" and % are linearly isometric] = 1. Since
X and Y coincide with the bounded descents of 2~ and % respectively, conclude
that X and Y are B-isometric. >

6.6.5. Theorem. Assume that N is some type I AW*-algebra and A is an
AW*-subalgebra of N including the center 2 (N) of N. Then the algebra A and
the commutant A’ of A in N are of the same type I, II, or III.
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<1 According to 6.2.5 and 6.2.13 we may suppose that N and A are the bounded
descents of some algebras .#” and o7 inside V(B) where B = PB.(N), [N = L(H#)
for some Hilbert space .’ ] = 1 and [« is an AW *-subalgebra of .#"] = 1. Thus,
4/ is a von Neumann algebra inside V(B). The claims in question hold for every
von Neumann algebra (cf. [211]); i.e., &/ and &/’ have the same type I, II, or III.
Furthermore, A’ coincides with the bounded descent of &7’ since &/'| = (&/])°
where (-)° is the taking of the commutant of a subset of the algebra .4#°|. We
complete the proof by appealing to Theorem 6.2.13 again. >

6.6.6. Theorem. Suppose that a C*-algebra A is Byp-embeddable for some
regular subalgebra By of ‘B.(A). Then A is B-embeddable for every regular subal-
gebra By of P.(A).

< Suppose that A is the double commutant in a type I AW *-algebra N and
B.(N) = By. Suppose that B is a regular subalgebra of the Boolean algebra B.(A)
and, moreover, By C B. Denote by € (B) the C*-algebra that is generated by B.
Since B is a regular subalgebra, € (B) is an AW *-subalgebra in N (cf. 6.2.1(1,2)).
Furthermore, '(B) includes the center of N since By = P.(N). By Theorem 6.6.4,
the commutant ¢’ (B)" = B’ of the algebra ¢’ (B) in N has the same type as €' (B).
But ¢ (B) is a commutative AW *-algebra. Hence, € (B)’ is a type I algebra. Since
¢ (B) is commutative, we see that the center of € (B)’ coincides with €' (B). Since
% (B) lies in the center of A; therefore, the commutant A’ of A, calculated in N, is
included in %' (B)’. Consequently, the double commutant of A in € (B)’ coincides
with the double commutant of A in N; i.e., A is a double commutant in €' (B).
Whence A is a B-embeddable algebra. >

6.6.7. Corollary. The following hold:
(1) A C*-algebra A is embeddable if and only if A is centrally embed-
dable;
(2) A von Neumann algebra A is B-embeddable for every regular sub-
algebra B of P.(A).

6.6.8. Suppose that A is a C*-algebra and B C A. A linear operator T : A —
B(C) is positive if T(xz*x) > 0 for all x € A. A positive B-linear operator 7' is
a state if ||T'|| = 1. We call a state T' normal if T'(sup(z,)) = sup(T'(z4)) for every
increasing net (z,) of hermitian operators which has a supremum. The set of all
B(C)-valued states of A separates A if the positivity of z € A amounts to the fact
that Tz > 0 for every B(C)-valued normal state 7. We call a B(C)-valued state
a center valued state when this leads to no confusion.

Monotone completeness of a C*-algebra A means that every upper bounded
increasing net of hermitian elements of A has a least upper bound. It is an easy
matter to check that A is monotone complete whenever so is the Boolean valued
representation of A.
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6.6.9. Theorem. Assume that </ is a C*-algebra inside VB) and A is the
bounded descent of o/. Given a B(C)-valued state ® on A, note that [p:= &7
is a state on &/ | = 1. Every state on </ has the form ® 1, where ® is some
B(C)-valued state on A. Moreover, a state ® is normal if and only if [ := @1
is a normal state ] = 1.

< The first part of the theorem follows from 5.5.9. Suffice it to say that the
mapping ® — @:= @ preserves positivity since P(A4)T= p(A+T) = p(A4). The
claim about normal states is easy on recalling the rules for ascending and descending
polars (cf. 5.2.13 and 5.3.12). >

6.6.10. Theorem. For a B-cyclic C*-algebra A the following are equivalent:
(1) A is a B-embeddable algebra;
(2) A is monotone complete and the set of all B(C)-valued states on A
separates A.

<1 By Theorem 6.1.6, we may assume that A is the bounded descent of a C*-
algebra o7 inside V(B), By Theorem 6.6.2 A is B-embeddable if and only if [/ is
a von Neumann algebra] = 1. Now we make use of the following fact: a C*-algebra
A is a von Neumann algebra if and only if A is monotone complete and the normal
states of A separate A. Omitting a few details, we expatiate upon existence of
normal states. Suppose that .7, (&) is the set comprising the normal states of the
algebra o7 inside V(B) and .7, (<7, B) is the set comprising all normal B(C)-valued
states on A. The mapping ® — ¢ := ® 71 is a bijection between .7, ()| and
(A, B) (cf. 6.6.9).

Assume that .7, (A, B) separates A. Granted a nonzero x € A, find ¢y €
Zn(A, B) satisfying ®ox # 0. Since ® is B-linear; therefore, [0 # x| < [Po(x) #
0]. Recalling the rules for calculating Boolean truth values, write

[ -7 () separates < |
=[(Vz e ) (z#0— (Fp € S (F)) px) #0)]

= Nlz#0]= \/ [2(x)#0]

z€A ®c.S,(A,B)
> N\l #0]=[®(x) #0] = 1.
TEA

Consequently, .7, (7) separates &/ inside V(B),

Conversely, assume the last assertion true. Given x € A, note that b:= [z #
0] > 0. By the maximum principle, there is some ¢ in .7, (&) ] such that b <
[o(z) # 0]. Suppose that @ is the restriction to A C 7| of the operator ¢ |.
Then @ € .7, (A, B) and b < [®(x) # 0]. Consequently, the trace eq(,) of ®(x) is
greater than or equal to b (cf. 5.2.3(5)). Hence, ®(x) # 0. >
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6.6.11. Theorem. For an AW *-algebra A the following are equivalent:
(1) A is embeddable;
(2) A is centrally embeddable;
(3) The center valued normal states of A separate A;
(4) A is a P.(A)-dual space.
< Appeal to 6.6.4, 6.6.7(1), and 6.6.10. >

6.6.12. COMMENTS.
(1) All results of this section belong to M. Ozawa [196, 199, 200].

(2) There exist other various classes of ordered and involutive algebras
to which we may apply the technique of Sections 6.2-6.6 (see [28, 213]). Among
the most important of them we mention the class of JB-algebras.

(3) By way of illustration, we state a simple Jordan analog of Theo-
rem 6.6.10 which was established in [127].

Theorem. Let A be a B-JB-algebra. Then A is B-dual if and only if A is
monotone complete and the B(C)-valued normal states on A separate A.

Moreover, if A is B-dual then the B-predual of A is the part of the B-dual A%
of A which consists of order continuous operators.

(4) Regarding other applications of Boolean valued analysis which are
close to the topic of the current chapter, consult [93, 112, 134-136, 179, 180, 183~
190, 194-200, 236, 237].

Other applications of Boolean valued analysis are reflected also in [67, 68, 117,
121, 123-126, 128-137, 143-145].



Appendix

This Appendix contains some preliminaries to set theory and category theory.

A.1. The Language of Set Theory

Axiomatic set theories prescribe the bylaws of sound set formation. In evoca-
tive words, every axiomatics of set theory describes a world or universe that con-
sists of all sets we need for adequate expression of our intuitive conception of the
treasure-trove of the “Cantorian paradise,” the all-embracing universe of naive set
theory. Present-day mathematics customarily expounds and studies any attractive
axiomatics as a formal theory. We readily acknowledge that a formal approach has
proven itself to be exceptionally productive and successful in spite of its obvious
limitations stemming from the fact that mathematics reduces only in part to the
syntax of mathematical texts. This success is in many respects due to the paucity
of formal means since the semiotic aspects, if properly distinguished, invoke the
insurmountable problem of meaning. The list of achievements of the formal ap-
proach contains the celebrated Godel completeness and incompleteness theorems,
independence of the continuum hypothesis and of the axiom of choice, Boolean
valued analysis, etc.

The cornerstone of a formal theory is its language. Intending to give the latter
an exact description and to study the properties of the theory, we are impelled to use
another language that differs in general from the original language. It is in common
parlance to call this extra language the metalanguage of our theory. The metalan-
guage mostly presents a collection of fragments of natural languages trimmed and
formalized slightly but heavily enriched with numerous technical terms. The tools
of the metalanguage of a theory are of utmost importance for metamathematics.
Since we are interested in applicable rather than metamathematical aspects of an
axiomatic set theory, we never impose extremely stringent constraints on the meta-
language of the theory. In particular, we use the expressive means and level of rigor
that are common to every-day mathematics.
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A.1.1. Each axiomatic set theory is a formal system. The ingredients of the
latter are its alphabet, formulas, axioms, and rules of inference. The alphabet of a
formal theory is a fixed set A of symbols of an arbitrary nature, i.e., a Cantorian
set of letters. Finite sequences of letters of A, possibly with blanks, are called ex-
pressions, or records, or texts. If we somehow choose the set of ®(A) of the so-called
“well formed” expressions by giving detailed prescriptions, algorithms, etc.; then
we declare given a language with alphabet A and call the chosen expressions well
formed formulas. The next step consists in selection of some finite (or infinite) fami-
lies of formulas called axioms in company with explicit description of the admissible
rules of inference which might be viewed as abstract relations on ®(A). A theorem
is a formula that results from axioms by successively using finitely many rules of
inference. Using common parlance, we express this in a freer and cozier fashion as
follows: the theorems of a formal theory comprise the least set of formulas which
contains all axioms and is closed under the rules of inference of the theory.

A.1.2. Of primary interest for us is a special formal language called a first-
order language of predicate calculus.
Recall that the signature o of a language is a 3-tuple (F, P,a), where F' and
P are some sets called the set of function or operation symbols and the set of
predicate symbols, respectively, while a is a mapping of F'U P into the set of natural
numbers. Say that v € F U P is an n-ary symbol or n-place symbol whenever
a(u) = n. Regarding the alphabet of a first-order language of signature o, we
usually distinguish
(1) the set of symbols of signature o, i.e., the set F' U P;
(2) the set of wvariables composed of lower case or upper case Latin
letters possibly with indices;
(3) the set of propositional connectives: A, conjunction; V, disjunction;
—, implication; and ~, negation;
(4) the set of the symbols of quantifiers: V, the symbol of a universal
quantifier, and 3, the symbol of an existential quantifier;
(5) the sign of equality =;
(6) the set of auziliary symbols: (, which is the opening parenthesis; ),
which is the closing parenthesis; and, which is a comma.

A.1.3. In the language of set theory we distinguish terms and formulas.

(1) A term of signature o is an element of the least set of expressions
of the language (of the same signature o) obeying the following conditions:

(a) Each variable is a term;
(b) Each nullary function symbol is a term;

(c) If feF,a(f) =n,and ty,...,t, are terms then f(t1,...,t,)
is a term.
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(2) An atomic formula of signature o is an expression of the kind

tq :t27 p(ylv"'7yn)v q,

where t1,t2,y1,..., Yy, are terms of signature o, the letter p stands for some n-ary
predicate symbol, and ¢ is a nullary predicate symbol.

(3) Formulas of signature o constitute the least set of records obeying
the following conditions:

(a) Each atomic formula of signature o is a formula of signature o;

(b) If v and v are formulas of signature o then (¢ A ), (¢ V ),
(¢ — 1), and "¢ are formulas of signature o, too;

(c) If ¢ is a formula of signature ¢ and z is a variable then (V)¢
and (3z)e are formulas of signature o too.

A variable x is bound in some formula ¢ or belongs to the domain of a quantifier
provided that = appears in a subformula of ¢ of the kind (Vx)y or (3z)¢. In the
opposite case, = is free in . We also speak about free or bound occurrence of a
variable in a formula. Intending to stress that only the variables x1, ..., x, are free
in the formula ¢, we write ¢ = p(z1,...,x,), or simply p(x1,...,2,). The words
“proposition” and “statement” are informally treated as synonyms of “formula.”
A formula with no free variables is a sentence. Speaking about verity or falsity of
@, we imply the universal closure of ¢ which results from generalization of ¢ by
every free variable of . It is also worth observing that quantification is admissible
only by variables. In fact, the words “first-order” distinguish this syntactic feature
of the formal languages we discuss.

A.1.4. The language of set theory is a first-order language whose signature
contains only one binary predicate symbol € and so it has neither predicates other
than € nor any function symbols. So, set theory is a simple instance of the abstract
first-order theories. We agree to write z € y instead of € (z,y) and say that x
is an element of y or a member of y. It is also in common parlance to speak of
membership or containment. As usual, a formula of set theory is a formal text
resulting from the atomic formulas like z € y and = = y by appropriate usage of
propositional connectives and quantifiers.

Set theory (or strictly speaking, the set theory we profess in this book) bases
upon the laws of classical logic. In other words, set theory uses the common logical
axioms and rules of inference of predicate calculus which are listed in nearly every
manual on mathematical logic (see, for instance, [48, 108, 217]). Note also that the
instance of predicate calculus we use in this book appears often with some of the
epithets classical, or lower, or narrow, or first-order and is formally addressed as
the first-order classical predicate calculus with equality. In addition, a particular set
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theory contains some special nonlogical axioms that legitimize the conceptions of
sets and classes we want to explicate. By reasonably varying the special axioms, we
may come to axiomatic set theories that differ in the power of expression. This ap-
pendix describes one of the most popular axiomatic set theories, Zermelo—Fraenkel
theory symbolized as ZF or ZFC if the axiom of choice is available.

A.1.5. Among the best conveniences of any metalanguage we must mention
abbreviations. The point is that formalization of the simplest fragments of workable
mathematics leads to bulky texts whose recording and playing back is problematic
for both physical and psychological reasons. This is why we must introduce many
abbreviations, building a more convenient abridged dialect of the initial symbolic
language. Naturally, this is reasonable only if we ensure a principal possibility of
unambiguous translation from the dialect to the original and vise versa. In accord
with our intentions, we will not expatiate on the exact technique of abbreviation
and translation and adhere to every-day practice of doing Math. For instance, we
use the assignment operator or definor := throughout the book, with no fuss about
accompanying formal subtleties.

A.1.6. We now give some examples of abbreviated texts in the language of
set theory. These examples rely to intuition of naive set theory. We start with the
most customary instances. Here they are

(F'z) p(z):= Fz)p(x) A (V) (Vy)(p(z) Ap(y) — 2 =y);
Bz ey)p:=Fz) (v €y A y);
(Vzey)p:=(Va) (x €y — ),

with ¢ a formula. As usual, we put z # y:= "(z =y) and z ¢ y:= ~(z € y). Also,
we use the routine conventions about the traditional operations on sets:

u=Uzr=U(x):=(Vz)(z Eu— (Jy € x)z € y);
u=Nr=N(x):=Vz)(z€u— Vyecx)z€y);
u=y—z=y\z:=V2)(z€u— (z€ynz¢u)).

Given a formula ¢, we introduce the collection 2, (z) of all subsets of x which
satisfies ¢ as follows

u=P,(x):=Vz)(z€u (2 Cx)Ap(2)).
We call a set u empty and denote it by @ if u contains no elements. In other words,

u=2:=Vz)(r€u—x#ux).
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An empty set is unique practically in every set theory and so we refer to & as the
empty set.

These examples use one of the commonest methods of abbreviation, namely,
omission of some parentheses.

A.1.7. The statement that x is the unordered pair of elements y and z is
formalized as follows:
Vu)(u ez s u=yVu=z).

In this event we put {y, 2z} := x and speak about the pair {y, z}. Note that braces
do not belong to the original alphabet and so they are metasymbols, i.e. symbols
of metalanguage.

An ordered pair and an ordered n-tuple result from the Kuratowski trick:

(#,y):= (z,y):= {{z}, {z,y}};

(1, mn)i=(x1, .., Tn) = ((T1, .o, Tp—1), T,y

where {z} := {z,z}. Observe the overuse of parentheses. This is inevitable and
must never be regarded as pretext for introducing new symbols.

The agreements we made enable us to ascribe a formal meaning to the ex-
pression “X is the Cartesian product Y x Z of Y and Z.” Namely, we assign
X:={(y,2) :y €Y,z € Z}. Note also that the nickname “product” is in common
parlance for “Cartesian product.”

A.1.8. Consider the following propositions:

(1) Rel (X);
(2) Y =dom(X);
(3) Z=im(X).

Putting these formally, find
(1) (Vu) (ve X — (3v)(Fw) u = (v,w));
(2) (Vu) (weY < (Fv)Fw) w= (u,v) Nw e X);
(3) Vu) (ueZ - (Fv)(Fw) w=(v,u) ANw € X).
In other words, we state in (1)—(3) that the members of X are ordered pairs,
Y is the collection of the first coordinates of the members of X, and Z comprises
the second coordinates of the members of X. It is in common parlance to say that
Y is the domain of X, and Z is the range or image of X. In this event we refer to

X as an abstract relation.
We express the fact that X is single-valued or Un (X) by the formula

Un (X):= (Vu)(Vor)(Vo2)((u,v1) € X A (u,v2) € X — v1 = v3).
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We put Fnc (X):= Func (X):= Un (z) ARel (X). In case Fnc (X) is valid, we have
many obvious reasons to call X a function or even a class-function. Paraphrasing
the membership (u,v) € X, we write v = X (u), X : u — v, etc. We say that F is
a mapping or function from X to Y, implying that every member of F’ belongs to
X x Y, while F' is single-valued, and the domain of F' coincides with X; that is,

F:X—>Y:=FCXXxY AFnc(F)Adom(F)=X.

The term class-function is also applied to F if we want to stress that F' is a class.

The restriction of X to U is by definition X N (U x Z). We denote it by X | U.
If there is a unique z satisfying (y,z) € X then we put X‘y:= z. We finally let
XY :=im(X [Y). Instead of X “{y} we write X(y) or even Xy when this does
not lead to misunderstanding. It is worth emphasizing that we always exercise
a liberal view on placing and removing parentheses. In other words, we insert or
eliminate parentheses, influenced as a rule by what is convenient or needed for a
formal presentation of a record we discuss.

Abstract relations deserve special attention. Relevant details follow.

A correspondence ® from X to Y is an ordered 3-tuple ®:= (F, X,Y’), where
F' is some subset of the product X x Y. Clearly, Rel (F) holds. It is in common
parlance to say that F' is the graph of ®, in symbols, Gr(®) = F'; while X is the
domain of departure and Y is the domain of arrival or target of ®. Recall that a
relation or a binary relation on X is a correspondence whose domain of departure
and target are the same set X.

The image of A C X under & is the projection of (A xY)N F toY. The
image of A under F'is denoted by ®(A) or simply F'(A). Thus,

®(A)=F(A):={yeY: :3FxecA)((z,y) € F)}.
To define a correspondence ¢ amounts to describing the mapping
.2 d({z})e 2(Y) (zeX),

where Z(Y) stands for the powerset of Y which is the collection of all subsets of Y.
This enables us to identify a correspondence ® with the mapping P, Abusing the
language, we often identify the mapping ®, the correspondence ®, and the graph
of ®, denoting these three objects by the same letter.

The domain of definition or simply domain of ® is the domain of the graph
of ®. In other words,

dom(®):={zx € X : ®(x) # o}.

By analogy, the image of a correspondence is the image of its graph.
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A.1.9. Assume that X and Y are abstract relations; i.e., Rel (X) and Rel (V).
We may arrange the composition of X and Y, denoted by the symbol Y o X, by
collecting all ordered pairs (z, z) such that (z,y) € X and (y,z2) € Y for some y:

Vu)(ueYoX « (Fx)Ty)(F2)(z,y) € XA (y,2) €Y ANu = (z, 2)).
The inverse of X, in symbols X !, is defined as
Vu)(ue X~ = B2)3y)(z,y) € X Au= (y,2)).
The symbol Ix denotes the identity relation or the identity mapping on X, i.e.,
Vu)(u € Ix < (Fx)(z € X ANu= (z,2))).

We elaborate the above for correspondences.

So, assume that ® := (F,X,Y) is a correspondence from X to Y. Assign
F~1:={(y,z) €Y x X : (z,y) € F}. The correspondence ®~!:= (F~1 Y, X) is
the inverse of ®. Consider another correspondence ¥ := (G,Y, Z). Denote by H
the image of (F' x Z) N (X x G) under the mapping (z,y, z) — (z, z). Clearly,

H={(z,2) e XxZ:3yeY)((z,y) e FA(y,2) € G)}.

Hence, H coincides with the composition G o F' of the graphs GG and F'. The corre-
spondence W o &:= (G o F, X, Z) is the composition, or composite, or superposition
of ® and W. We have the following obvious equalities:

(Tod) 1=0"1oU™!, Qo(Vod)=(0oT)od.

A few words about another abbreviation related to correspondences: Consider
¢:= (F, X,Y). The polar m¢(A) of A C X under & is the collection of all y € YV
satisfying A x {y} C Z#. In other words,

mo(A)=7mp(A)={yeY:Vzx e A ((z,y) € F)}.

If ® is fixed then we abbreviate mg(A4) to m(A) and mg-1(A) to 7~ 1(A).
The simplest properties of polars are as follows:

(1) If AcC B C X then n(A) D n(B);
(2) For every A C X the inclusions hold:

Acal(n(A); Axmw(A)C F;

(8) If Ax BC F then B C n(A) and A C 7~ Y(B);

(4) If (A¢)eez is a nonempty family of subsets of X then m({Ugcz Ae) =
ﬂgez T(Ag);

(5) If AC X and B C Y then n(A4) = w(x 1(n(4))) and 7~ 1(B) =
mH(m(r~(B))).
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A.1.10. Provided that Rel (X) A (X NY?)o (X NY?) C X), we call X
a transitive relation on Y. A relation X is reflexive (over V) if Rel (X) A (Iy C X).
A relation X is symmetric if X = X 1. Finally, we say that “X is an antisymmetric
relation on Y if Rel (X)A((XNX~1)NY? C Iy). As usual, we use the conventional
abbreviation Y2:=Y x Y.

A reflexive and transitive relation on Y is a preorder on Y. An antisymmetric
preorder on Y is an order or orderingon Y. A symmetric preorder is an equivalence.

Other terms are also applied that are now in common parlance. Recall in
particular that an order X on Y is total or linear, while Y itself is called a chain
(relative to X) whenever Y2 C X U X 1. If each nonempty subset of the set Y has
a least element (relative to the order of X) then we say that X well orders Y or
that Y is well ordered with respect to the order of X.

A.1.11. Quantifiers are bounded if they appear in the text as (Vz € y) or
(3z € y). The formulas of set theory (and, generally speaking, of every first-order
theory) are classified according to how they use bounded and unbounded quantifiers.

Of especial importance to our exposition are the class of bounded formulas or
Yo-formulas and the class of the so-called X1-formulas. Recall that a formula ¢ is
bounded provided that each quantifier in ¢ is bounded. Say that ¢ is of class X1 or
a Yi-formula if ¢ results from atomic formulas and their negations by using only
the logical operations A, V, (Vz € y), and (Fx).

Clearly, every bounded formula is of class o1. However, it is false that every
o1-formula is bounded. Moreover, there are formulas not belonging to the class o;.
The corresponding examples follow. We start with bounded formulas.

A.1.12. The proposition z = {x,y} amounts to the bounded formula
rezNyezANNuez)(u=xzVu=y).

So, the definition of ordered pair is a bounded formula. The same holds for the
definition of product since we may rewrite Z = X x Y as

VzeZ)Fzxe X)3yeY)(z=(z,y))
ANVze X)VyeY)) (FzeZ) (z=(z,y))-

Another bounded formula reads “a mapping F' from X to Y” (see A.1.8). Indeed,
the above shows that ' C X x Y is a bounded formula. Moreover, bounded are
the expressions dom(F') = X and Un (F'), equivalent to the respective formulas

Vzxe X)FyeY)3ze F)(z=(z,y));
(Vo1 e FY Ve F)(Vz e X) (Vi €Y)(Vy2 €Y)
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(z1 = (2,y1) AN 22 = (x,92) — Y1 = Y2).

A.1.13. The statements, that x and y are equipollent, or equipotent, or x and
y have the same cardinality (symbolically, z ~ y), each implying that there is
a bijection between x and y, are all equivalent to the following ¥;-formula:

ANH(f:x—yAim(f) =y AUn(f ).

However, this fact is not expressible by a bounded formula. The notion of abstract
relation gives another 3;-formula:

Rel (X):= Vu € X)(3v)Fw)(u= (v,w)).

Out of the class oy lies the following formula stating that a set y is equipollent to
none of its members:

(Ve ey) (z~y).

A.1.14. COMMENTS.

(1) It goes without saying that we may vary not only the special axioms
of a first-order theory (see A.1.4) but also its logical part, i.e., the logical axioms
and rules of inference. The collections of the so-resulting theorems may essentially
differ from each other. For instance, eliminating the law of the excluded middle
from the axioms of propositional calculus, we arrive at intuitionistic propositional
calculus. Intuitionistic predicate calculus (see [60, 90]) appears in a similar way.

(2) The modern formal logic was grown in the course of the evolution
of philosophical and mathematical thought with immense difficulties. The classical
predicate calculus originates with the Aristotle syllogistic whereas the origin of
intuitionistic logic belongs elsewhere. Other logical systems, different essentially
from the two systems, were invented in various times for various purposes. For
instance, an ancient Indian logic had three types of negation, expressing the ideas:
something has never exist and cannot happen now, something was but is absent
now, and something happens now but will disappear soon.

(3) Asis seen from A.1.6 and A.1.7, abbreviations may appear in for-
mulas, in other abbreviations, in abbreviations of abbreviations, etc. Invention of
abbreviating symbols is an art in its own right, and as such it can never be for-
malized completely. Nevertheless, systematization and codification of the rules for
abbreviation is at the request of both theory and practice. Some of these systems
of rules (exact descriptions, introduction of function letters, etc.) can be found in
the literature [29, 77, 108].
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A.2. Zermelo—Fraenkel Set Theory

As has been noted in A.1.4, the axioms of set theory include the general logical
axioms of predicate calculus which fix the classical rules for logical inference. Below
we list the special axioms of set theory, ZF;-ZFg and AC. The theory, proclaim-
ing ZF1—7ZF¢ as special axioms, is called Zermelo—Fraenkel set theory and denoted
by ZF. FEnriching ZF with the axiom of choice AC, we come to a wider theory
denoted by ZFC and still called Zermelo—Fraenkel set theory. Note that we supply
the formal axioms below with their verbal statements in the wake of Cantor’s ideas
of sets.

A.2.1. We often encounter the terms “property” and “class” dealing with ZFC.
We now elucidate their formal status. Consider a formula ¢ = ¢(z) of ZFC (in
symbols, ¢ € (ZFC)). Instead of the text ¢(y) we write y € {x : ¢(z)}. In other
words, we use the so-called Church schema for classification:

y €{z:9(x)}:=0(y).

The expression y € {z : ¢(z)} means in the language of ZFC that y has the
property ¢ or, in other words, y belongs to the class {z : ¢(z)}. Bearing this in
mind, we say that a property, a formula, and a class mean the same in ZFC. We
has already applied the Church schema in A.1.6 and A.1.7. Working with ZFC, we

conveniently use many current abbreviations:

U:= {x: 2 =z} is the universe of discourse or the class of all sets;
{z:p(@)} € U= (32)(Vy)e(y) <y € 2
fo s o), b(@)}i= o p(a)} N {z : d(@)):
rUy:=Wz,y}, znynz:=n{z,y,z}....

We are now ready to formulate the special axioms of ZFC.

A.2.2. Axiom of Extensionality ZF,. Two sets are equal if and only if
they consist of the same elements:

(Vo) (Vy)(V2)(z € x oz € y) o =1).

Note that we may replace the last equivalence by — without loss of scope, since
the reverse implication is a theorem of predicate calculus.

A.2.3. Axiom of Union ZF,. The union of a set of sets is also a set:

Vz)Fy)(V2)Fu)(uezNz €x) > 2 €Y).



Appendix 291

With the abbreviations of A.1.6 and A.2.1, ZF5 takes the form

(Vz) Uz e U.
A.2.4. Axiom of Powerset ZF3. All subsets of every set comprise a new
set:
Vz)3y)Vz)(z €y <« (Vu)(u € z = u € x)).
In short,

(Vz)2(z) € U.
This axiom is also referred to as the aziom of powers.

A.2.5. Axiom of Replacement ZF 4». The image of a set under every bi-
jective mapping is a set again:

(Va)(Vy)(V2) ez, y) Np(x,2) =y = 2)
— Va)(3b)((Fs € z)(Tt)p(s,t) <t €y).

In short,

(V) (Vy)(V2)(p(z,y) Ap(x, 2) =y = 2)
— Va){v: (Ju € a)p(u,v)} € U).

Here ¢ is a formula of ZFC containing no free occurrences of a. Note that ZF,e
is a schema for infinitely many axioms since a separate axiom appears with an
arbitrary choice of ¢ € (ZFC). Bearing in mind this peculiarity, we often abstain
from using a more precise term “axiom-schema” and continue speaking about the
axiom of replacement for the sake of brevity and uniformity.

Note a few useful corollaries of ZF .

A.2.6. Let ¢ = 9(z) be a formula of ZFC. Given a set z, we may arrange
a subset of x by selecting the members of x with the property 1, namely,

(Vz){ze€x:y(x)} € U.

Our claim is ZF4¢, with ¥ (u) A (u = v) playing the role of ¢. This particular form of
the axiom of replacement is often called the axiom of separation or comprehension.

A.2.7. Applying ZF4, with the formula
ou,v)=u=2—-v=2)A(u#g —v=y)

to the set z:= P (X (2)), we deduce that the unordered pair {x,y} of two sets (cf.
A.1.7) is also a set. This assertion is often referred to as the aziom of pairing.
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A.2.8. Axiom of Infinity ZFs5. There is at least one infinite set:
Fz)(@exn(Vy)(yer—yU{y}t€x)).

In other words, there is a set x such that @ € z, {@} € =z, {2,{g}} € =,
{9,{9},{2,{9}}} € x, etc. The cute reader will observe a tiny gap between
formal and informal statements of the axiom of infinity. The vigilant reader might
suspect the abuse of the term “infinity.” In fact, the axiom of infinity belongs to
the basic Cantorian doctrines and so some mystery is inevitable and welcome in
this respect.

A.2.9. Axiom of Regularity ZFg. FEach nonempty set x has a member
having no common elements with x:

Vz)(z#A2 — (3y) (yexzAynNe =9)).

Another name for the axiom of regularity is the axiom of foundation.

Applying ZFg to a singleton, i.e., a one-point set x:= {y}, we see that y ¢ y.
Speaking a bit prematurely, we may note, on taking z:= {z1,...,x,}, that there
are no infinitely decreasing €-sequences r1 > 123 ... %, D ....

A.2.10. Axiom of Choice AC. To each set x there is a choice function on x;
i.e., a single-valued correspondence assigning an element of X to each nonempty
member of X; i.e.,

(V)3 f)(Fne (f) Aw C dom(f)) A (Vy € x)y # 2 — fy) € y.

Set theory has many propositions equivalent to AC (cf. [84]). We recall the
two most popular among them.

Zermelo Theorem (the well-ordering principle). Every set may be well or-
dered.

Kuratowski—Zorn Lemma (the maximality principle). Let M be a (partial-
ly) ordered set whose every chain has an upper bound. Then to every x € M there
is a maximal element m € M such that m > x.

A.2.11. The axiomatics of ZFC enables us to find a concrete presentation for
the class of all sets in the form of the “von Neumann universe.” The starting point
of our construction is the empty set. An elementary step consists in forming the
union of sets of the subsets of available sets, thus making new sets from those avail-
able. Transfinite repetition of these steps exhausts the class of all sets. Classes
(in a “Platonic” sense) may be viewed as external objects lying beyond the von
Neumann universe. Pursuing this approach, we consider a class as a family of sets
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obeying a set-theoretic property given by a formula of Zermelo—Fraenkel theory.
Therefore, the class consisting of some members of a certain set is a set itself (by
the axiom of replacement). A formally sound definition of the von Neumann uni-
verse requires preliminary acquaintance with the notions of ordinal and cumulative
hierarchy. Below we give a minimum of information on these objects sufficient for
a “naive” definition. A more explicit presentation is given in Section 1.5.

A.2.12. A set x is transitive if every member of x is a subset of x. A set x
is an ordinal if x is transitive and totally ordered by the membership relation €.
These definitions look in symbolic form as follows:

Tr(z):=Vy € z)(y Cz):= “xis a transitive set”;
Ord (z):=Tr(x) AN(Vy e x)(Vz € x)
(y€zVzeyVz=y):= “risan ordinal.”

We commonly denote ordinals by lower case Greek letters. Every ordinal is endowed
with the natural order by membership: given (3, v € a, we put

Yy<BeoyeBVy=p0.

The class of all ordinals is denoted by On. So, On:= {«a : Ord («)}.

An ordinal is a well ordered set; i.e., it is totally ordered and its every subset
has the least element (which is ensured by the axiom of regularity). We can easily
see that

aceOnAfeOn—-acefVa=0VpEan;
a€OnAfBea— (€ On;
a € On — aU{a} € On;
Ord (@).

The ordinal o+ 1:= aU{a} is called the successor of a or the son of a. A nonzero
ordinal other than a successor is a limit ordinal. The following notation is common:

Ki:={a€On:(35) Ord(B) Na=0F+1Va=0a};
Ki:={a € On: «a is a limit ordinal};
0:=9g, 1:=04+1, 2:=1+1,...,

w:=1{0,1,2,...}.

This is a right place to recall that the continuum we talk about so much in this
book is simply the powerset of w.
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A.2.13. It is worth observing that ZFC enables us to prove the properties
of ordinals well known at a naive level. In particular, ZFC legitimizes transfinite
induction and recursion. We now define the von Neumann universe, purposefully
omitting formalities.

Given an ordinal «, put

Vo= | 2(Vp),
B<a

e, Vo ={z:(30) (B €anz CVg)} More explicitly,

Vo= &;
Vot1:= P2 Vy);
Vgiz U V., if B € K.
a<f

Assign

V.= U V.

a€On

Of principal importance is the following theorem, ensuing from the axiom of
regularity:
(Vz) (Ja) (Ord (o) Az € V).

In shorter symbols,
U=V.

Alternatively, we express this fact as follows: “The class of all sets is the von
Neumann universe,” or “every set is well founded.”

The von Neumann universe V, also called the sets, is customarily viewed as
a pyramid “upside down,” that is, a pyramid standing on its vertex which is the
empty set. It is helpful to look at a few “lower floors” of the von Neumann universe:

Vo=2, 1 ={o}, b, ={2,{2}},...,
V, =1{9,{9},{9,{2a}},...},....

A.2.14. The representation of the von Neumann universe V as the “cumula-
tive hierarchy” of (Va)acon makes it possible to introduce the concept of the ordinal
rank or simply the rank of a set. Namely, given a set x, put

rank(z):= a least ordinal v such that = € V4.
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It is easy to prove that

a € b — rank(a) < rank(b);
Ord () — rank(a) = oy
(V)(Vy) rank(y) < rank(z) — (p(y) — ¢(z)) = (Va)p(z),

where ¢ is a formula of ZFC. The preceding theorem (or, more precisely, the schema
of theorems) is called the principle of induction on rank.

A.2.15. COMMENTS.

(1) E. Zermelo suggested in 1908 an axiomatics that coincides practical-
ly with ZF1-ZF3, ZF5, A.2.5, and A.2.6. This system, together with the B. Russel
theory of types, is among the first formal axiomatics for set theory.

The axioms of extensionality ZF; and union ZF, were proposed earlier by
G. Frege (1883) and G. Cantor (1899). The idea of the axiom of infinity ZF5
belongs to J. W. R. Dedekind.

(2) The axiom of choice AC seems to be in use implicitly for a long time
before it was distinguished by G. Peano in 1890 and B. Levy in 1902. This axiom
was formally introduced by E. Zermelo in 1904 and remained most disputable for
many years. The axiom of choice is part and parcel of the most vital fragments
of modern mathematics. So, it is no wonder that AC is accepted by the working
majority of present-day mathematicians. Discussions of the place and role of the
axiom of choice may be found elsewhere [30, 55, 59, 84, 153].

(3) The axiomatics of ZFC was completely elaborated at the beginning
of the 1920s. By that time the formalization of the set-theoretic language had
been completed, which made it possible to clarify the vague description of the type
of properties admissible in the axiom of comprehension. On the other hand, the
Zermelo axioms do not yield the Cantor claim that each bijective image of a set
is a set. This drawback was eliminated by A. Fraenkel in 1922 and T. Scolem in
1923 who suggested variations of the axiom of replacement. This moment seems to
pinpoint the birth of ZFC.

(4) The axiom of foundation ZF¢ was in fact suggested by von Neumann
in 1925. This axiom is independent of the other axioms of ZFC.

(5) The system of the axioms of ZFC is infinite as noted in A.2.4.
Absence of finite axiomatizability for ZFC was proven by R. Montague in 1960 (see
[55, 73, 153, 254]).

A.3. Categories and Functors

Category theory, alongside set theory, provides a universal language for contem-
porary mathematics. The present book uses categories and functors as convenient
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tools for treating various mathematical constructions and arguments in a uniform
manner when we formulate general properties of mathematical structures. We just

sketch the basic concepts of category theory. Details may be found elsewhere; e.g.,
[21, 163, 244].

A.3.1. A category % consists of the classes Ob #", Mor %", and Com, called
the class of objects, class of morphisms, and law of composition of % and satisfying
the conditions:

(1) There are mappings Z and Z from Mor J# to Ob ¥ such that the
class

Hy(a,b):={a € Mor % : 9(a) = a,%(a) = b},

called the class of morphisms from a to b, is a set for all a,b €
Ob .7,

(2) Com is an associative partial binary operation on Mor /¢ satisfying
dom(Com) = {(a, B) € (Mor ) x (Mor ¥') : 2(8) = #(c) };

(3) To each object a € Ob ., there is a morphism 1, called the iden-
tity morphism of a such that 2(1,) = a = #(1,) and, moreover,
Com(1,,a) = « for Z(a) = a and Com(f, 1,) = 8 for 2(8) = a.

Clearly, the class Mor J#" is the union of the sets H_ (a,b), where a and b range
over Ob.#", and the sets H_ (a,b) and H  (c,d) are disjoint for (a,b) # (c,d).
Given «, € Mor %, we usually write § o a or fSa instead of Com(a, 3). The
containment « € H y(a,b) is often written down as o : a — b; in words,“« is a
morphism from a to b.”

A category 7 is a subcategory of a category % if the following are satisfied:

(1) Ob.Z C Ob.# and H(a,b) C H(a,b) for every pair a,b €
Ob 7,

(2) the composition of 7 is the restriction of the composition of £ to
the class (Mor .7#") x (Mor ). In this event the identity morphism
of each object a € Ob J# coincides with the identity morphism of
this object in the category % .

A subcategory 7 of a category # is full provided that H  (a,b) = H(a,b)
for all a,b € Ob 7.

The product 7 x & of categories ¢ and % is defined by the formulas:

Ob# x A := (Ob.#) x (Ob.¥);
H%X;g/((a, b), (a', b,)) = Hﬁ(a, a') X Hx(b, b’),
(O/,ﬁ/) © (O‘7ﬁ) = (O/Oz, B,ﬁ)a
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where a,a’ € Ob2Z; b,V € Ob . ¥"; a, o’ € Mor s, and 3, 5’ € Mor .7 .

The dual category £ ° of an arbitrary category .# has the same objects and
morphisms as J#. The law of composition Com® of the category .#° is defined by
the rule

(o, B,7) € Com® « (B,a,7) € Com.

In applications the classes of objects and morphisms of a category may and usually
do intersect. However, we lose no generality in assuming that these classes are
disjoint in every category. Indeed, we may mark every object with some extra
label, thus distinguishing objects from morphisms. We presume this agreement
effective throughout.

A.3.3. Consider two categories .77 and % . A covariant functor % : 7 — X
from 7 to 2 is a mapping whose domain comprises all objects and morphisms of
2 and which satisfies the conditions:

(1) If «:a — bis a morphism of J then .7 (a) : .F (a) — .Z (b);
(2) f :a — band B : b — c are morphisms of 5 then .#(Ba) =
F(8)F (a);
(3) If a € Ob JZ then f(la) = 19(a)~

Hence, given a pair of objects a,b € Ob 7, a functor .%# defines the mapping
Fap : Hw(a,b) — Hy(a,b). If F,, is injective (surjective) for all a and b then
F is a faithful (full) functor. A covariant functor from .7° to # (or from . to
J°) is a contravariant functor from 2 to A .

A.3.4. Let 7 and % be categories. Assume given covariant functors .7 :
H — X and b . A — K. A natural transformation of ¥ to ¥4, in symbols
p: F — G, is a mapping ¢ : Ob # — Mor % such that

(1) po:=(a) € Hy(Z(a), #(b)) for all a € Ob 7

(2) for each morphism « : a — b of Z the following diagram commutes

F(a) —"— 9(a)

In other words, ¥ (o), = pp# (). In this event, ¢ is also called a functor mor-
phism.

A natural transformation ¢ : . % — ¢ is a natural equivalence of % and ¥, or
a functor equivalence, or a functor isomorphism between .% and ¥ provided that
¢q is an isomorphism in # for every a € Ob.#. The mappings ¢, ! give rise
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to the natural transformation of ¢ to .# which is denoted by ¢~!. Recall that a
morphism « : a — b is an isomorphism if there is a morphism 3 : b — a satisfying
af =1, and fa = 1,.

A.3.5. Categories  and J# are equivalent if there are functors .% : 7 — &
and ¢4 : # — ¢ such that the functor .#¥ is naturally equivalent to the identity
functor I 5, while the functor 4.% is naturally equivalent to the identity functor I .
Say that each of the functors .% and ¢ implements equivalence or is an equivalence
between 7 and J#; the latter usage slightly abuses the language, of course.

The equivalence relation between categories is reflexive, symmetric, and tran-
sitive.

A.3.6. Categories 7 and ¥ are equivalent if and only if there is a full and
faithful functor % from 5 to ¥ such that, to each object b € Ob.%¥", there
corresponds an isomorphic object of the type % (a), where a € Ob JZ.

A.3.7. Consider two functors ¥ : # — # and ¥ : # — . Assign
to these functors another two functors H? and Hy from the category J° x J
to the category of sets and mappings. Namely, given a € Ob 7, b € Ob .7,
a € Hy(a,a'), and B € Hy (b, b'), put

H7 (a,b):= H,y (F(a),b), Hy(a,b):= Hy(a,9(b)),
H? (o, B) : f — BfF (@), Hg (o, B) : g — 9(B)ga,

where f € H (% (a),b) and g € Hp(a,9(b)).

Say that the functors .# and ¢ are an adjoint pair if the functors HZ and Hy
are isomorphic. In this event, .% is left adjoint to &, and ¥ is right adjoint to 7.

Two left adjoints of .% are naturally equivalent. This enables us to speak about
the left adjoint of .%. The same relates to right adjoints.

The isomorphism ¢ : H¥ — He is referred to as adjunction; while the inverse
isomorphism =1, as coadjunction.

A.3.8. Let J# be a subcategory of a category .. An object b € Ob. % is a
A -reflector of an object a € Ob 7 provided that there is a morphism ¢ : a — b,
such that each morphism « : a — ¢, where ¢ € Ob %", has the form a = ¢ with a
uniquely determined morphism 3 : b — c¢. Say that # is refiective if each object
of ¢ possesses a # -reflector.

A.3.9. A subcategory % of a category ¢ is reflective if and only if the
inclusion functor & — J has a right adjoint # : 7 — X .

The functor Z is called the J# -reflector of .
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A.3.10. By way of example, we consider Sets, the category of sets. The objects
of Sets are all sets, while the morphisms of Sets are arbitrary mappings. Compo-
sition of morphisms in Sets is the routine composition of mappings. Clearly, given
f € Mor Sets we see that Z(f) and Z(f) are the domain and target of f. The
morphism 1, is the identity mapping of a.

Various examples of categories appear as subcategories of structured sets. The
objects of such a subcategory are sets furnished with some structure o (which might
include algebraic operations, relations, norms, topologies, etc.). The morphisms in
this event are mappings that preserve the structure o at least partly. Evidently,
Sets is a category of structured sets with the empty structure.

A.3.11. It also stands to reason to consider a wider category of sets and cor-
respondences Sets,. The classes of objects of Sets and Sets, are the same, whereas
the morphisms of Sets, are all available correspondences. The identity morphism
on a set in Sets, is the identity relation on A. Clearly, Sets, is a category while
Sets is a subcategory of Sets.

A.3.11. COMMENTS.

Categories and functors were suggested by S. MacLane and S. Eilenberg in
1945 in connection with their research into homological algebra. In the subsequent
decades, category theory expanded far beyond the limits of algebraic topology and
began to play a visible role in various branches of mathematics. Our exposition
deals with the minimum minimorum of categories and functors we need in Boolean
valued analysis. More details about categories and functors may be found, for
instance, in [21, 60, 244].
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Dedekind completeness, xii

definable V(B)_class, 98

definor, 284

degenerate algebra, 3

dense subset of a ring, 192

descent of a Banach space, 238
descent of a binary relation, 101
descent of a correspondence, 107
descent of an algebraic system, 156
descent of a category, 109

descent of a class, 98

descent of a mapping, 106

descent relative an order dense ideal, 245
direct Boolean valued interpretation, 141
directed group, 178

discrete B-metric, 125

discrete B-set, 125

discrete element, 202

discrete vector lattice, 202

disjoint complement, 152

disjoint completion, 240

disjoint elements, 3, 229

disjoint mixing, 60, 61

disjoint set, 3, 201

disjointness, 152, 178, 201
disjointness relation, 152
disjointness-preserving operation, 154
distinguished Boolean algebra, 160
distributive lattice, 3

distributive law, 3

domain, 285, 286

domain of arrival, 286

domain of definition, 286

domain of departure, 286
dominant norm, 233

dominant of an operator, 233
dominated operator, 233, 274
double ascent, 114

double commutant, 10, 276
Double Commutant Theorem, 276
double descent, 105

dual category, 297

dual isomorphism, 4

element, 283

embeddable algebra, 252, 276
empty class, 22

empty set, 284
endomorphism algebra, 10
equality sign, 282

equipollent sets, 33, 289
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equipotent sets, 33, 289

equivalence, 298

equivalent category, 298

equivalent classes, 28

equivalent elements, 209

equivalent functions with comeager
domain, 232

equivalent measurable functions, 10

equivalent projections, 252

essential submodule, 196

exhaustion principle, 66

expression, 282

extended Boolean set, 123

extended vector lattice, 201

extensional correspondence, 116

extensional function, 79

extensional mapping, 106

extremally disconnected space, 16

factor, 260, 276

factor algebra, 7

factor class, 38

factor homomorphism, 7
factor mapping, 38
faithful f-algebra, 203
faithful f-ring, 183
faithful functor, 297
falsity, 283

field of fractions, 194
filter, 14

finite algebra, 263

finite class, 94

finite measure, 9

finite measure space, 9
finite ordinal, 31

finite projection, 263
finite signature, 142
finitely complete algebraic system, 144, 146
finitely complete set, 123
finitely independent set of congruences, 145
first-order language, 282
first-order theory, 283
floor, 35

forcing, ix

formal system, 282
formula of signature o, 283
foundation, 205

fraction, 196

free occurrence, 283

free variable, 283

Frege—Russel-Scott Theorem, 38
Freudenthal Spectral Theorem, 226
full algebraic system, 146

full functor, 297

full subcategory, 296

fully contractive correspondence, 125
fully extensional correspondence, 116
function, 286

function inside V(B), 98

function symbol, 282

functor equivalence, 297

functor morphism, 297

fuzzy universe, 40

general position, 128

generalization, 20

generalized continuum hypothesis, 33
generalized problem of the continuum, 33
generic formula, 172

Gordon’s Theorem, 212

graph, 286

greatest lower bound, 2

group with projections, 160

Godel closure, 39

Godel model, 40

Godel operations, 39

Hausdorff B-semimetric, 124
hermitian element, 252

heuristic transfer principle, xii, 210
hexad, 44

Heyting algebra, 12

Hilbert dimension, 265
homomorphism of B-systems, 150
Horn formula, 172

Holder’s Theorem, 188

ideal, 178

ideal of a Boolean algebra, 6
idempotent, 148, 159, 192

identity congruence, 145

identity mapping, 287

identity morphism of an object, 88, 296
identity relation, 287

image, 285

image of a set, 286

imaginary unity, 203

inclusion functor, 298

increasing net, 203

independent set of congruences, 145
indiscriminate congruence, 145
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induction on membership, 38
induction on rank, 38
induction principle, 43
infimum, 2

infinite cardinal, 33

infinite distributive laws, 5
infinite operations, 5

infinite projection, 263
injective hull, 196

injective module, 193
instantiation, 20

integrable function, 223
integrably-closed group, 178
integral domain, 190
interpretation class, 45
interpretation mapping, 143
interpretation of a variable, 45
invariant band, 179

inverse of a correspondence, 287
inverse polar, 151

inverse relation, 287
involution, 252

involutive algebra, 252
irreducible image, 17
isomorphism, 7, 298
isomorphism of B-sets, 125
isomorphism to a B-system, 151
isotone mapping, 7

isotonic mapping, 7

iterated forcing, 177

Jech’s Theorem, 173
join, 2, 178

Kantorovich space, xii, 202
Krull’s Theorem, 15
Kuratowski—Zorn lemma, 292

language of set theory, 283
laterally faithful module, 148
lattice, 2

lattice normed space, xii, 228
lattice ordered algebra, 203
lattice ordered group, 178
law of composition, 296

least upper bound, 2

left adjoint, 298

left annihilator, 253

length of a formula, 25

level, 77

limit interior, 204

limit of a cumulative hierarchy, 35
limit ordinal, 31, 293

limit superior, 204
Lindenbaum—Tarski algebra, 11
linear order, 28, 288

logically valid formula, 150

Lo§’s Theorem, 59, 60
Loomis—Sikorski theorem, 227
lower o-limit, 204

lower bound, 2

mapping, 286

massive submodule, 196
maximal ideal space, 14
maximality principle, 292
maximum principle, 66, 87
meager set, 9, 206
measurable space, 205
measure, 9

meet, 2, 178

member, 283

membership, 283
metalanguage, 281
metasymbol, 285

minorant of a set, 65
minorant set, 65

minorizing set, 65

mixed norm, 244

mixed norm space, 244
mixing, 61, 122, 246

mixing of congruences, 145
mixing-preserving mapping, 112
modified ascent of a correspondence, 136
modified descent of a correspondence, 135
mixing principle, 62

module, 178

modulus, 201, 203
monomorphism, 7, 15
monotone completeness, 278
monotone mapping, 7
monotone norm, 244
multiplicative projection, 253
multiplicative subset, 160
multiplicity function, 265, 272

natural equivalence, 297
natural number, 31

natural transformation, 297
negative part, 201

net, 203
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nilpotent element, 190
nilpotent ideal, 160
nonstandard analysis, vii
nonstandard model, ix
norm bounded set, 230
norm lattice, 228

normal state, 278

normal states separating an algebra, 278
normed B-space, 246
normed vector lattices, 244
norming subspace, 231

Ogasawara’s Theorem, 16

one-element lattice, 3

operator with abstract norm, 233

operation symbol, 282

opposite order, 2

order, 28, 288

order bounded operator, 209

order completion, 240

order continuous operator, 209

order convergence, 203

order convergent net, 228

order ideal, 178

order limit, 203

order on ordinals, 28

order relation, 28

order summable family, 204

order unit, 201

order type, 34

ordered n-tuple, 285

ordered [F-algebra, 203

ordered algebra, 203

ordered group, 177

ordered pair, 72, 285

ordered ring, 183

ordered set, 2

ordered vector space, 200

ordinal, 28, 293

ordinal class, 28

ordinal number, 28

ordinal rank, 35, 294

orthogonal completion of a ring, 194

orthogonal element, 12, 160

orthogonally complete lattice ordered
group, 179

ortholattice, 12

orthomodular lattice, 12, 253

orthomorphism, 209

orthomorphism algebra, 209

pair, 72, 285

partial isometry, 252

partially ordered set, 2

partition of an element, 60
partition of unity, 60

Peano’s axioms, 31

polar, 151, 287

polar decomposition, 206

poset, 2

positive cone, 177, 200

positive element, 177, 253
positive homomorphism, 178
positive integer, 31

positive linear operator, 278
positive operator, 209

positive part, 178, 201

positive set, 201

powerset, 286

predicate, 143

predicate calculus, 283
predicative formula, 24, 81
preorder, 288

preservation of suprema and infima, 7
prime proper ideal, 19

principal band, 201

principal ideal, 6

principal projection property, 201
principle of cardinal comparability, 33
principle of induction on rank, 295
principle of transfinite induction, 31
problem of the continuum, 33
product algebra, 8

product of categories, 296
product order, 7

projection, 159, 201, 252
projection band, 201

proper class, 19

proper filter, 14

proper ideal, 6

property, 290

proposition, 283

proposition algebra, 11
propositional connectives, 282
pseudo-Boolean algebra, 11
pseudocomplement, 11, 50
purely atomic measure, 206
purely infinite projection, 263
purification, 144
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quantifiers, 282
quantum logic, 12

range, 285

rank, 294

rationally complete ring, 192
record, 282

recursion on membership, 38
reduction, 144

reflective subcategory, 298
reflexive relation, 288

regular element, 160

regular open set, 9

regular operator, 209

regular ring, 192

regular subalgebra, 6

regular subalgebra generated by a set, 6
regular topological space, 9
regulator, 229

regulator of convergence, 204
relation, 286

relative uniform convergence, 204
representation method, 19
reproducing cone, 178

resolution of identity, 220
restriction, 286

restriction relative to an ideal, 245
reverse order, 2

Riesz space, 210

right adjoint, 298

right annihilator, 253

ring of fractions, 160

ring of fractions in the Utami sense, 196
ring of quotients, 160

ring order, 183

ring with projections, 160

Sakai’s Theorem, 276
satisfaction in a universe, 81
satisfaction of a formula, 150
satisfaction of a formula inside V(B), 46
satisfaction sign, 46

scalar multiplication, 200
scaling, 200

science of infinity, xii
selfadjoint subalgebra, 10
selfinjective ring, 193
semiprime ring, 160
sentence, 283

sentence algebra, 11

separated Boolean valued universe, 77
separated module, 197

set, 19, 294

set bounded in norm, 230

set of morphisms, 88

set of predicate symbols, 282

sets in general position, 116
signature, 142, 282

signature of a language, 282
similar classes, 28

simple disjointness, 152
single-valued correspondence, 285
singleton, 72, 292

son, 293

space with mixed norm, 244
spectral function, 202

spectral measure, 222, 223
stabilizer, 209

standard element, 56

standard name, 56

standard name functor, 94

state, 278

statement, 283

Stone algebra, 259

Stone algebra with a base, 254
Stone space, 15

Stone space of a Boolean algebra, 14
Stone transform, 16

Stone’s Theorem, 15

Stone—Cech compactification, 16
strict decomposition series, 272
strict multiplicity, 272

strictly v-homogeneous module, 265
strictly A-homogeneous algebra, 272
strictly generic formula, 172
strong homomorphism, 150

strong order unit, 202

subalgebra, 6

subalgebra generated by a set, 6
subcategory, 296

subcategory of structured sets, 299
submultiplicative norm, 253
successor, 293

summation in order, 204
superposition, 287

supremum, 2

symmetric difference, 5, 142
symmetric relation, 288
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target, 286

tautology, 150

tensor product, 8, 176

term, 282

text, 282

theorem, 282

torsion-free group, 161

total family, 202

total order, 28, 288

totally disconnected space, 14
totally ordered group, 177
trace, 202

transfer principle, 67
transfinite number, 28
transitive class, 28
transitive model, 60
transitive relation, 288
transitive set, 293

transfer principle, 87

triple, 23

true formula, 150

true formula inside V(B)| 46
true predicative formula inside V(B), 81
truth inside a universe, 47
truth value, xi, 46
two-element Boolean algebra, 4
two-element lattice, 4
two-valued system, 143

type I algebra, 263

type II algebra, 263

type III algebra, 263

ultrafilter, 14

ultrapower, 60

underlying set, 143

unit element, 201

unity, 3

unity of a lattice, 3

universal algebra, 4

universal class, 22, 81

universal closure, 283

universal completion, 99, 170

universal completion of a lattice normed
space, 230

universal completion of a K-space, 216

universal completion of a lattice ordered
group, 179

universally complete BAP-group, 160

universally complete algebraic system,
144, 146

universally complete Banach—Kantorovich
space, 230

universally complete Boolean set, 123

universally complete class, 99

universally complete lattice ordered
group, 179

universally complete vector lattice, 201

universe, 290

universe of Zadeh fuzzy sets, 40

unordered pair, 72, 285

upper o-limit, 204

upper bound, 2

upward-directed set, 203

variables, 282

vector lattice, 200

vector lattice of bounded elements, 202
vector norm, 228

vector order, 200

verity, 283

verity in a universe, 47

von Neumann algebra, 10, 276

von Neumann universe, 36, 292

von Neumann—Godel-Bernays theory, 19

well founded binary relation, 32
well ordered class, 28

well ordered set, 293
well-ordering, 28

well-ordering principle, 292

Zermelo theorem, 292
Zermelo—Fraenkel set theory, 284, 290
zero, 3

zero divisor, 160

zero field, 188

zero of a lattice, 3
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